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[ Ipeaucrosue

Mb! Tak MPUBBIKAH FOBOPHTb O MAOILIAZH (PUTYpPbI, HAMIPUMEP KBaZpaTa MAH KPYra, HAU
06 06beMe reOMeTPUIECKOr0 TEAA — TAaKOro KakK Ky® HAH NMHpamMHZa, YTO CAOKHO I10-
BEPUTb B HaAMYHE KAaKHUX-AHOO 3araZlok B TOH YaCTH MAaTeMaTHKH, KOTOpasi 3aHHUMAaeT-
cs1 atumu Bbruncaenusamu. Oznako B Hauare XX Beka moabckue matematuku Credan
Banax u Aabgppes Tapckuit npuimAm k npakTH4ECKOMY BbIBOJY, YTO MOXKHO paspesaTb
11ap Ha BOCEMb 4acTeH, a 3aTeM cobpaTh UX B ONPeAEAEHHOM NOpsiZiKe, 6e3 aedopmayui
¥ M3MEHEHHs] pa3MEPOB YacCTeH, TAKHM 00pa30M, YTO TIOAYYHTCS ABa I1apa, PaBHbIX HUC-
xoauomy. Jlpyrumu crosamu, Danax u Tapckuit aokasaru: mMoxHO mepepacrpeseAuTb
4aCTH HEKOEro TPEXMEPHOTO 06bEKTA TaK, YTO ero O6IUMH 06beM YBEAUYHTCS BABOE.

Ora TeopeMa ZeHCTBUTEABHO MapaZloKCaAbHa, BeJb Ha € OCHOBAHUHM MO2KHO CZIEAATh
BBIBOJ, YTO, HallpUMeP, MO2KHO PaspesaTh IIAp U3 TBEPAOrO 30A0Ta HA BOCEMb 4YaCTeH,
a 3aTeM cobpaTb U3 HMX yxke ZBa HCXOZHbIX mapa. OueBHAHO, YTO KazKAbIH U3 HOBbIX
IIaPOB TaK2ke MOKeT ObITb yZBOeH B 0O'beMe, H Tak Janee 40 6eCKOHEYHOCTH, Mbl 6yzeM
yABaHBaTb U yZABaUBaTb 06'beM 30A0Ta, He 100ABAsS IIPH STOM HH €JHHOTO rpaMMa K HC-
XOZHOH MOPUMH.

Cregan Banax Takxke o6Hapy25HA, YTO 3Ty NpoLeAypy HEBOBMO2KHO BOCIIPOU3BECTH
Ha naockocTH. HeBoamozkHO paspesaTh Kpyr Ha KOHEYHOE YHCAO YacTel U 3aTeM cob6paTh
M3 HHX ZBa Kpyra, paBHbIX HcxozaHoMmy. Jlpyrumu caosamu, mpoueaypa 6eckoHeqHOro
yABOEHHsl, BO3MO2KHAs1 JAS LIapa U3 YHUCTOTO 30A0Ta, HEOCYIIECTBHMA JAsl JHUCKA U3 30-
AOTa, KOTOPBIH ObIA 6bl HAEAABHO ABYMEPHDIM.

[Toyemy Mb1 Mo2KkeM yaABOMTb 06beM TeAa, TepepacrpeseAsiss YaCTH, Ha KOTOpbIe OHO
6bIAO pa3pesaHo, HO He MO2KeM CZeAaTh 3TOro ¢ MAocko gurypoit? [ louemy mbi e mo-
’KEM YBEAHYHTb TaKHM 2Ke 06pasom naomazab kpyra? B camom au zeae mbl B cocTostnum
YBEAHYMTb BZBOe 06beM 30A0TOTO IHiapa, He A06aBAsAs MaTepuu? OTa KHHra B 3HauHM-
TeAbHOH Mepe MOCBSAIIEHa TOMY, YTO6bI aTh TOYHbIH OTBET Ha 3TH BOMPOChI. A B MoHcke
OTBETOB Mbl [IOTOBOPHM O Pa3AHYHBIX THIaX GECKOHEYHOCTEH, O TOM, YTO TAKOE HAa CAMOM
ZieAe TIAOCKasi pUrypa, H 06 o6beKTax, y KOTOpbIX 60AbLIE OZHOTO H3MEPEHHs!, HO MeHbllIe
zByx. B urore Mb1 yBHAMM, 4TO MaTeMaTHueCKas TeopHsi, MOCBAILEHHAsl pacyeTy AAHH,
nAoIaZed ¥ 06beMOB, HAMHOrO 60Aee CAO2HA, TAyOOKa U HHTEpeCcHa, YeM MO2KET IOKa-

3aTbCs Ha HepBbIﬁ B3rAAZ.






[raBa 1

JAuHa, naomazab u o6bem

B 1924 roay mnoabckue martematuxu Credpan DBamax (1892—1945) u Anndpea
Tapckuit (1901—-1983) ony6aukoBaru cTaTbio, B KOTOPOH ZOKa3aAH, YTO €CTb CIOCO6
pa3zieAMTb LIap Ha BOCEMb YacTei, U3 KOTOPbIX, He M0/JBEPrasi HX HUKAKHM e(pOpMaLHsaM
M MCKazKeHHsM, MOKHO cobpaTb JBa Illapa, PaBHbIX HCXoZHOMy (Tak HasbiBaeMbIH
napazokc yasoenus mapa). | IpeactaBum cebe cepuueckHuil masA U3 BOCbMH 4acTeH,
U3 KOTOPbIX, HUYEro He 106aBAss U He y6aBAsis, MOKHO cO6paTh ABe Cepbl, HAEHTHIHbIE

HCXOH,HO;I, KaK IIOKa3aHO Ha PHCYHKE.

~(R-G%9”
S-3- 2

EcrecTBeHHO, 3TO 3asBAEHHE MOAHOCTBIO MPOTHBOPEYHT HHTYHUMH W 3JpaBOMY
CMBICAy, H3-3a 4ero TeopeMa, JOKasaHHas Dawaxom u TapckuM, wM3BecTHa Kak
napagokc banaxa — Tapckoro. Oanako peub uzeT He 0 MapasoOKCe UAH IPOTHBOPEUHH,
a 06 aBCOAIOTHO AOKa3aHHOW MaTEMAaTHYECKOH TeOpeMe, TaKOH 2Ke CIIPaBEJAHBOH, Kak,
Hanpumep, usBecTHas TeopeMa | [ugaropa.

OsnauaeT AM 3TO, YTO Mbl MOMKEM YBEAMYHTb 06beM C(epbl M3 30A0Ta, MPOCTO
pa3pesaB ee Ha YaCTH U TOMEHSB HX MeCTaMH, 6e3 JIOTIOAHMTEAbHOTO MaTepHaia?
Jla v Boo6111e, MO2KHO AM yABOUTb 06beM, HH4ero He 206aBAss? OTBeTbl Ha 3TH BOIPOCHI
3aBHUCAT OT IIPABUABHOIO IIOHMMAHHs MaTEMaTHYECKHX CBOUCTB 06beMa, KOTOPbIH
SIBASIETCSl MEPOH TpeXMepHbIX 06beKToB (MbI BblHCAsEM 06beM cdepbl, Kyba, KOHyca
¥ Tak Janee).

Ho npe:xzae yem roBoputb 0 Mepe TpexMepHbIX O6bEKTOB, MPOAHAAHSHPYEM Mepy

OJHOMEPHDbIX Oﬁ’beKTOB, TO €CTb INOCMOTPHM, KaK OIpeAEeAsdeTCs AAHHaA KpHBOﬁ.



ONMVHA, NNOWALDb Y OBbEM

[nvHa KpuBoK

O6bIuHblii 4eAOBEK CYMTAaeT CAOBa «IIpsIMasi» M «KPHBasg» AHTOHMMAaMH, OZHAKO
B MaTeMaTHKe IpAMble AHHHH — 3TO 4YacCTHble CAyyau KpuBbix. JleiicTBuTEABHO,
KPHBYIO MOKHO OTIPEZIEAHTD KaK TPaeKTOPHIO, KOTOPYIO OMUCHIBAET TOUKA, ABHKYILAsCS
I10 MAOCKOCTH MAH B TIPOCTPAHCTBE, M 3Ta TPAEKTOPHs BIIOAHE MOKET ObITb MPSMOM;
HalpUMep, OHa MO2KET TIPEeJACTaBAATb COGOH OTPe3OK, TO €eCTb HacTb MPSMOM,
PACTIONO2KEHHYIO MKy ABYMSI HETOBH2KHBIMU TOUKAMH.

B cBoio ouepesp, AruHA KPUBOH, MOHUMaeMOH Kak TPAEKTOPHs ABUKYILEHCs TOUKH,
onpezeAsieTcs: Kak obllee paccTOsiHMe, MpoiAeHHoe 3Tol Toukod. Kak usmepsiercs ato
paccTosiaue? To ecTb Kak BBIMHCASETCA AAMHA KPUBOH?

[pouecc usmepenus npeanoraraeT cyliecTBOBaHHE eAMHHLbI U3MEPEHHS!, KOTOpas,
€CAM TOBOPHTb O JAHMHE, SBASIETCS OTPE3KOM, BbIGPAHHBIM MPOH3BOAbHO. Y HAC €CTb
OTPE30K, KOTOPOMY Mbl HasHa4yaeM JAHHY, PaBHYIO 1; IIOTOM MbI TOBOPHM, YTO 3TOT
OTPE30K paBeH MeTPy, APAY, MHAE, AOKTIO MAH A06OH apyroit mepe aaunbl. Koraa b
3asBAsIEM, YTO H3MepseMasi IAMHa paBHa 3,5 (MeTpa, MHAM H Tak ZaAee), TO UMEEM B BUZY,

YTO Hallla €JHHHLIa H3MEPEHUA IIOMEIUAETCSA B 9TOM OTPE3KE POBHO TPH C IIOAOBHHOH pasa.

Eaunuua usmepenus

—_ } } } 1 Javna = 3,5

Ho kax BbIMHCAMTb, CKOABKO pas MOMeIaeTcsi OTPE30K Ha KPHBOAMHEHHOM ITyTH?
B stoM cayuae Heo6x0a1uMO IpHGErHYTh K MOCA€Z0BATEABHOMY TIPUOAHKEHHIO SHAUEHHSI.

Hanpumep, na gurype caeBa nsobpazkeHa KpuBas, AZAMHY KOTOPOH Mbl XOTHM H3MEPHTD.
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JUTVHA, NNOLWLALL M OBBEM

Ha ¢urype B 1enTpe Mbl MpPOCTaBUAM HEKOTOpbIE TOYKHM Ha KPHMBOH M COEJHHHAH
COCeZIHHE TOYKH OTPe3KaMH; CyMMa JAMH 3THX OTPE3KOB JaeT HaM MPHOAM3HTEAbHYIO
obmyto aruny kpusoit. (OTpesku 06pasyroT 10MaHYI0 AUHUIO, KOTOPask ABAAETCS He YeM
MHDbIM, KaK CepHeHl MOCAeZ0BATEAbHbIX OTPE3KOB; 3aKpbITas AOMaHas AMHHS — 3TO
mHozoyzoavruk ). Ha npasoit purype mMbi oTMeTHAM 60AbIIIE TOYEK, TOITOMY MTOAyUEHHAsT
AOMaHasi AMHMSI ZJaeT Ayulllee NpHUOAMceHHe, Goaee GAM3KOE K peaAbHOH JAMHE KPHBOM.
Yewm 60AbI1Ie TOUEK MBI OTMETHM, TeM TOUHee 6yZeT MOAyYeHHOE MPUGAHAKEHHOE 3HaUeHHe.

[Tockoabky B Bcex MPUOAMKEHHSAX HCTIOAb3YIOTCS MIPSMbIE OTPE3KH, MPOLIECC pacyeTa
JAMHBI KDHBOH 06bIMHO Ha3bIBAIOT CNPAMACHUCM STOH KPHBORL.

IToT MeToz BriepBble ObIA TIpeAAozkeH B 3moxy aHTuuHoctH, B Il Beke z0 H.5.
Apxumes Cupakysckuii HCMOAb30BaA €ro JAs BbIYHCAEHHS JAMHbI OKPY2KHOCTH.
Chavara y4eHbIH HauepTHA TPABUAbHbIH IIECTHYTOABHHK, BIHCAHHBIH B OKPY2KHOCTD,
TO €CTb MHOTOYTOABHHK C IIECTbIO PaBHbIMH CTOPOHAMM, BCE BEPIIHHbI KOTOPOTrO
HaxozsaTca Ha KpuBoH (¢purypa caeBa). CyMma ZAMH CTOPOH IIECTHYTOABHHKA, TO €CTb

€ro nepumemp, Aa€T HaM IM€PBOE l'IpH6}\H?KeHHC K ZAHHE OKPY2KHOCTH.

arem Apxumez BbIMMCAHA [IEPUMETP IPABHABHOTO MHOTOYTOAbHHUKA ¢ 12 cToponamu,
TaKzk€ BIIICAaHHOTO BOKPY?KHOCTD ( (pUrypaBLIEHTPE ), TOAYUHB ellle 60AbILee TPUOAHKEHHE.
Jlaree OH BbIMMCAMA MEpHUMETP MPABUABHOTO MHOTOYTOAbHHKA ¢ 24 cToponamu ((urypa
CrpaBa) ¥ POZOAZKHA TaK, yBEAHUHBAsi YHCAO CTOPOH BABOE, [TOKA He OLIEA 10 TepUMeTpa
NPaBUABHOTO MHOroyroAbHuKka ¢ 96 croponamu. [lpogorxuts pacuernt emy nomernaro
OTCYTCTBHE yA06HOH cucTeMbl 3anuck uudp. Ecan paanyc okpyxuoctu pasen 1 (to ectb
eCAM paMyC — 3TO OTPE30K, KOTOPDIH Mbl TIPHHSAH 32 €/IMHMILY U3MEPEHHUs ), TO JAHHA

okpykHocTH paBHa 2T = 6,28318... C apyroii cToponbl, nmepuMeTp MPaBHABHOTO

11



OMHA, NNOWALDb U OBBEM

mHoroyroabuuka ¢ 96 croponamu pasen 6,28206... Apxumes, noAbsysch ZOCTYyHbIMU

eMy criocobamH, CMOT IPHUOAHU3BHTD STOT PE3YAbTAT K

6+§ =6,2816901...,
71

NMAPAZIOKC

BbluucneHne AnnHLI OCHOBLIBAETCA HA MAEE O TOM, YTO €C/IK Y HAc eCTb IOMaHas JIMHKUA, KoTopas
c6MKaeTcs C KpMBOIA, TO CyMMa J/IMH OTPE3KOB YacTei 3To TIOMaHOW NWHUK BCe 6onblue conmaerca
C peanbHOM JIMHOM YKa3aHHOM KPUBOHA.

XoTa 3Ta uaes no CytT BEPHa, HYKHO 04EHb YETKO ONPeAeNnuTb 3HaYeHWe CN0Ba «CONUKAETCa».
Bo3bMeM B KayecTe KpuBoii C 0TPE30K ANMHOM 1 (CM. PUCYHOK), @ B KayecTBe NepBOi IOMaHOM
(Ha30BeMm ee P,) — Ty, 4T0 CHOPMUPOBAHA M3 ABYX OTPE3KOB, KOTOPbIE BMECTe C C COCTaB/IoT ABa
PaBHOCTOPOHHMX TPEYrO/IbHMKA (N1€Bas YacTb PUCYHKA). O6was AnvHa P, B 3TOM cyyae paBHa 2.

PZ
ANAANAAA
€ C G

C noMowWbio TOYEK, PAacNONOMEHHbIX Ha CEPEeAUHAX CTOPOH TPEYroibHUKa, NpOBeAeM BTOPYIO
NOMaHy10, P,, ¥ TakuM e 06pa3om — ellle 0aHY, P, U Tak aanee.

CoortBetcTByloue nomaHble 6yayT Bce Gonblue conmmatbes ¢ otpe3kom C. lonas Takum 06pa3om
A0 P, HanpuMep, Mbl yBMAUM, HTO BbICOTA MUKOB HACTONbKO Mana (NOPSAKA 0AHON MUNIUOHHOH),
4TO JIOMaHyI0 Ye He OTIUYUTL HEBOOPYKEHHBIM [1a30M OT oTpe3Ka C. CnegoBatesnbHo, AnuHbl P, P,
P, P,, ... Bce 6obwe npubaumaiotcs K Anvne C. OAHAKO Mbl 3aMeYaeM, YTO BCE JIOMaHbIe HMetoT
L/MHY 2, B TO BpeMs KaK anvHa C paBHa 1.

O6bsicHeHMe 3TOro napajoKca B 3HAYEHUU TepPMUHA «cOAMMKaTbCA». A3bIKY MaTeMaTUKu
CBOMCTBEHHA BbICOKAs TOYHOCTb, NO3TOMY rOBOPSA «OMaHas, Kotopas CONMMKaeTca C KpUBOM»,
Heo6X04UMO TOYHO OTMETUTb, KaKUM 06pa3oM 3T0 NpoucxoauTt. Hanpumep, 0AHO U3 YCNOBUIA COCTOUT
B TOM, 4T0O6bl BCE BEPLWMHbI MHOTOYrO/IbHUKA NEKanu Ha KPUBOM, U 3TO YCNOBUE HEBBLINOAHUMO ANs
nomahbix P,, P, P,, P,, ... B Halem npumepe.

12



ANVHA, NNTIOWA/ZL U OBBEM

YTO ZEHCTBUTEABHO SBASIETCS XOPOUIMM NPHOAMKEHHEM, TIOCKOABKY €CAH 6bl eMHHIeH
u3MepeHHsi 6bIA MeTp (TO ecTb ecau 6b1 AUAMETP OKPY?KHOCTH GbIA paBeH ABYM MeTpaMm),
TO pasHULIA MY PEaAbHOH AAMHON OKPY2KHOCTH M IIPHOAM2KEHHEM, BbIYHCAEHHDBIM
Apxumegom, cocraBura 6b1 okoro 1,15 mm. Kpome Toro, ecam pasgerurn 27 u 6+§

71
Ha 2, MbI MO2KEM TaK2K€ CAeAaTb BbIBOJ, YTO ApXHMCZL HalllEeA 3Ha4Y€HHE

10
3+— =3,1408...
71
B KauecTBe NMPHOAHMKEHHOTO K T, U 3TO OZHO U3 AYHIIHX MPHOAHAKEHHDIX 3HAYEHHH.

[TocMoTpuM, Kak BBIMHCASIOTCS TTEPUMETPBI TIPABHABHBIX MHOTOYTOABHHKOB C 3, 6,

12, 24 u Tak aaree cTopoHaMH, BIMCAHHBIX B OKPY?KHOCTb ¢ pazuycom 1.

Loy

Ha pucynke OA, OB u OC — paauycni okpyxxuoctn; AB — oana u3 cropon
NPaBUABHOrO MHOTOYTOABHHKA C YHCAOM CTOPOH 1, AnuHy AB Mbr 0603Haunm kak L
B 10 Bpemsi kKak AC (u CB) — ozana 13 cTOPOH MPaBHABHOIO MHOTOYTOABHHKA C YHCAOM
cTopon 2Zn, 3Ty AnuHy mbl o6osHaunm L, . Hakoneny, o6osmaunm uepes a arnmy
orpeska OD (caezosarervno, DC pasen 1 — a). [lpumenus Teopemy Ilugaropa

k Tpeyroabuukam ADO u ADC, Bugum, uro:

13



ONWHA, NNOWAb U OBbEM

(1-ay (%) {2

2
WMs stux ypasmenmii caemyer, uro: L, =+/2-y4-(L,)", u Tak kak cTopoHa

TIPaBHABHOTO 11I6CTHYTOAbHMKA paBHa 1, To ectb L g = 1, noayuaercs, uro:

L,=+2- J3 =0,517638... u nepumetp pasen 12L,, =6,211657...

- 2 +~/3 =0,261052... u nepuMeTp paBeH 24L,, = 6,265257...

Ly = \/2 —\2++/2+ J3 =0,130806... u nepuMeTp paBeH 48L, = 6,2787004...
e \/;— \/2 + \/2 ++/2+ \/5 =(,065438... u mepumeTp paBeH 96L,, =6,2820639...

[ Ipuban:xenne Apxumesa k 3HaueHHIO TT, KOTOPOE MbI YTIOMSIHYAH, 9TO NPUOAUZKEHHE

8 CMMOPOHY YMEHBUICHUAA; TO €ECTb HpHﬁJ\HH{eHHOC 3Ha4Y€HHE MEHbIIE€ PEAAbHOrI0. OAHaKO
Apxnmea TaK2K€ BBIYHCAHA HpH6}\H2KEHHOE 3Ha4yeHHe TU 8 CIMOPOHY YBEAUUCHUS; A
9TOro OH HCIIOAb30BaA ITPAaBHAbHbIE MHOI'OYTOAbBHHKH, OITHCAaHHbIE BOKPYT OKPY2KHOCTH,
BMECTO BITHCAHHBIX MHOIOYIOABHHKOB, KaK IIOKa3aHO Ha pPHCYHKE. I_Ipl/lﬁ.’\HPKCHHOC
3Ha4yeHHe TT, KOTOPOe IMOAYYHA Apxumeﬂ, TaKHM CnOCOﬁOM, 6bINO pPaBHO:

3+%53,1428571...

OO

Hrak, MeToab1 aHTHYHOCTH TO3BOASIAM PACCUHMTATD ZAHHBI HEKOTOPBIX 0COOBIX KPUBbIX
TOAbKO Npu6AM3uTeAbHO. MeToz, M03BOAABIINI TOYHO BIYHCAHMTD AAUHY AI060H KPUBOH,

TO €CTb pPaCCYHUTATb, K KAKOMY 3HA4Y€HHIO CTPEMSATCA IMOCAELOBATEADHDbIE HpﬂﬁAﬂmeHHﬂ,

14



ONVHA, NNOWA/Lb 1 OBbEM

ONPEAEJIEHUE METPA

Onpenenutb TOYHO €ANHULY U3MEPEHUst HeNpocTo. Hanpumep, onpeaenexHue MeTpa, KOTopbii AB-
nsetcs 6a30B0M Mepoi AnvHbl B MexayHapoaHOW cucteme eanHUL, (MCnoib3yeTcs BO BCEM MUPE,
Kpome CoeanHeHHbIx LLTatoB AMepuku, bupMbl 1 Jinbepuu), B NoMCKax Hanbonbliein BO3MOKHOM
TOYHOCTM Obl10 NEPECMOTPEHO HECKONLKO pas.

Metp nosisuncs B 1791 roay B pamkax pedopm, npeanoxeHHbix PpaHLy3CKOM peBooLUEN,
¥ M3Ha4anbHO 6bin paBeH OAHOW AECATUMUIIMOHHOM YaCTW YETBEPTH IMHbI 3eMHOT0 MepuaraHa.
OAHaKo MepuanaHbl UMEoT PasHyo AIMHY, a TEXHOIOTMM TOM 3MOXK HE NO3BOISAIU TOYHO U3MEPUTL
ee, noaTomy B 1889 rofy 6b11 CO3aH 3TaN0H METpa — NAATUHO-UPUANEBbIN GPYCOK, KOTOPBbIN 1 ObiN
nometeH B MexayHapogHoe 610po Mep 1 BeCOB, B npeamecTbe Mapuia. bbino ycTaHoBAEHO, Y4TO
ANMHa 3T10ro 6pycKa coctaBnsieT poBHO 1 MeTp.

Bbi6op MaTepuanoB Ans 3ranoHa Obin He CAyvaiHbIM: nNnaTMHa Mano CKIOHHA MEHSTL CBOM pas-
MEpbI NoA BAMSHUEM apbl an xonoaa. OaHaKo Aame MUHUMaNbHOE pacTAXEHUE UM CKaTUe Mo-
POMAaN0 HETOYHOCTb, NO3TOMY Ha OAWHHAALATOW M'eHepanbHOM KOHPEpeHLMK N0 Mepam U Becam,
npoBegeHHow B 1960 roay, MeTp 6bin onpeaeneH kak 1 K 1650763,73, yMHOXEHHOE Ha J/IUHY BOJHbI
OpaHXeBOW IMHUK aTOMa KpUNToHa-86 B BakyyMe. TOMHOCTb 3TOro onpeaenenus B 50 pas Bollue,
yem y atanoHa metpa 1889 ropa.

CoBpeMeHHOe onpegeneHne metpa 6bino npuHato B 1983 roay Ha CemHaguatoi MeHepanbHOM
KOH(®EPEHLMW N0 MepaM U BECaM, U B HEM YKa3aHO, HTO METP — 3T0 PacCTosiHUe, KOTOPOE NPOXOAUT
CBET B BaKyyMme 3a nepuog B 1/299792458 cekyHapl. TO4HOCTb 31010 onpeaenenus B 30 pas Boilue,

yem y onpegenenus 1960 roga.

MnatMHo-UpuaneBbIA 3TanoH
MeTpa, co3gaHHbIn

B 1889 roay v ciykuBLni
OCHOBOV /151 ONpeAeneHus
meTpa fo 1960 roja.
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OTMHA, NNOWA/Lb U OBBEM

3a/laHHbIE OTPE3KAMH, He3aBUCHMO OT KpuBO#H, nosiBuAcst Aumib B konue X VI sexa, kor-
aa Mcaak Hoioron u [orgpua Buabreaom Aeit6uun nesasucumo apyr ot apyra OTKpbIAK
AP depeHIIHaAbHOE HCUHCAEHHE. X OTs ONTMCaHHE 3TOr0 METOAa BbIXOJUT 3a PAMKH KHH-
I'H, OTMETHM, YTO pacyeT AAHHbI KPHBOH 3aTparHBaeT MOHsATHe GecKOHeYHOCTH — 6ec-
KOHEYHO GOABIIOrO ¥ 6eCKOHEYHO MaAOTO: C OJJHOH CTOPOHDI, YHCAO OTPE3KOB, HCIIOAb3Y -
eMbIX NPH MPHOAMAKEHHH, PacTeT 10 6ECKOHEYHOCTH, a C PYTOH — HX JAMHA COKpallla-
eTCs1 IPAaKTHYECKH JI0 HyAsl, HO He CTaHOBMTCS paBHOH eMmy. A Korza Ha CLeHy BbIXOAMT

6CCKOHC‘{HOCTb, Cpa3zy K€ IMOsAABASIOTCA MapaZ0KCbl H HEOYEBHAHDIE YTBEPXKAEHHS.

KPUBASl BECKOHEYHOM AJIUHbI

CywecTByIOT KpUBble 6ECHKOHEYHOM A/IMHBI, KOTOPbIE MOKHO HapK-
coBaTb Ha aucTe 6ymarn KoHeyHou niowaau. NMpumep — rpaduk
OYHKUMK y = sin(%) npu 0 <x < 1. Mo Mepe TOro Kak X CTpEMUT-
csi K 0, KpuBas Kone6netcs no Beptukanu meway O u 1 6ecko-
HEYHOE YMCNO pa3, No3ToMy ee ANnHa 6eCKOHeYHa (Ha PUCYHKe
NOKa3aHbl HEKOTOPbIE U3 3TUX KONeBaHwiA).

KpuBas Konebnetca 6eckoHeyHo, noTomy Yyto mMexay O v 1
€CTb 6ECKOHEYHOE YUCNIO 3HAYEHWI X, NPUA KOTOPLIX BbipameHue
sin (l) PaBHO HyNt0, 6ECKOHEYHOE YUC0 3HAYEHNA, NPU KOTOPbIX
OHO [))(aBHO 1, 1 6ECKOHEYHOE YUCNO 3HAYEHUM, NPU KOTOPBIX OHO
paBHo -1. leictBuTeNbHO, ecann =1, 2, 3, 4, ..., TO BblpaKeHue
paBHo 0 ans Bcex yucen Buaa n_1n paBHo 1 ans BCex yucen Buaa

2 2

— % wn-1- pnsBeex yucen Buaga ———.
(4n+Nm (4n+3)n

Mnowaab MHOrOyroJibHUKOB

B Il Beke a0 n.s. Esxkaua Anrexcanapuiickuii (y ero mocaezosarterei, BeposiTHO,
yunacst Apxumez) HamucaA BbIZAIONIyIOCs KHUTY oz HasBanueM «Hauana reometpum».
B sroii ¢pynaamenrarbnoii pabore EBkana, cpeam mpounx Bonpocos, o6bscHsET, Kak

OCYLLECTBUTb pPa3AHYHbIE IOCTPOEHHSI C IOMOLLbIO AHHEHKH M UHPKYAS], BBIBOZAUT CBOHCTBA
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O7VHA, NNOWA/ZLb Y OBBEM

TPEYrOAbHUKA M APYTMX MHOTOYTOABHHKOB M Jlazke TPOBOJMT aHAAM3 IPOCTBIX HUHCEA,
OCHOBDIBASICb Ha TEOMETPHUIECKHX MeToZaX. DoabmHCTBO Tem, ocBernennbix EBkAnzom
B «Hauarax», y:xe 6piAu U3BeCTHDI B €r0 310Xy, HO 3aCAyTa Y4EHOTO COCTOMT B TOM, UTO
OH CMOT CTPYKTYPHPOBAaTb 3TH 3HAHH.

«Hauanra» oTkpbiBatoTcst HeKOTOPBHIMU OMpeIeAHHAMH, a TaK2Ke HEGOABIIMM KOAMYE -
CTBOM aKCHOM, TO €CTb YTBEP:KAEHHAMH, KOTOpble TIPHHUMAIOTCsI KaK MCTHHHbIE 6e3 70-
KasaTeAbCTB. Bce ocTabHbIE TOAOKEHHS] KHHTH ZIOKAa3bIBAIOTCS TIOCTENEHHO, Ha OCHOBE
STHX aKCHOM H OIpeJleAEHHH.

MHorne HCTOpHKH NpPeANIOAAraioT, YTO CTPYKTypa KHHTH OTBEYaeT JAHAAKTHYeCKOH
ueau, To ectb «Hauara» — 310 B nepsyro ouepeap yuebuuk. Ecau B Hanucanuu yue6uu-
Ka ¥ 3aKAI0YaA0CD [IPeIHAa3HAYEHHE PEYECKOr0 MATEMAaTHKa, TO OH €ro C YCIIEXOM BbIMOA-
HUA: pabota EBkAnAa B TeueHHe MHOTHX BEKOB HCIOAB30BAAACh KaK OCHOBHOH y4eGHHK
reomeTpuH U A0 KoHua XIX Beka cAy:HAa MPUMEPOM AOTHYECKOH CTPOrocTH U 06pas-
LIOM CepPbE3HOro TPYAA — KaK MaTeMaTHYeCKOro, TaK M HayYHOTO B LIEAOM.

Oanako k 1890 roay craro sicubiM, 4TO HecMOTps Ha Bce CBOM ZJOCTOHHCTBA, B Pac-
cyxaennsix «Hauar» 6p1au u HekoTopble po6eabl. X 0TS B TEOPHH Kazi0e 0Ka3aTeAD-
CTBO ZOAZKHO 6BIAO 6bITh OCHOBAHO CTPOTO Ha AKCHOMAX U ONPeZIleAeHHsX, Ha CAMOM ZeAe
EBkanza noabsoBarcss — 6e3ycAoBHO, He 0CO3HABAst 3TOTO — «CKPBITHIMH aKCHOMAaMH»
TO €CTb CBOMCTBaMH, HHTYMTHBHO O4€BH/ZHbBIMH, HO HE M3AO02KEHHBIMH OTKPBITO B Kaue-
CTBE aKCHOM.

Ara npobrema 6pira pemena B 1899 roay seamxum memenxum marematikom /la-
Bugom [uav6eprom (1862—1943). [urbbept onybaukopar kuury «OcHoBanus reome-
TPHH», B KOTOPOH HE TOABKO 5ICHO M YEeTKO ChOPMYAHPOBAA CKPbIThIe akcHoMbl « Hauarx,
HO M TAY6OKO HCCAEZOBaA CTPYKTYpy MaTeMaTHYecKo# Aoruku reometpun EBkanzaa. Ha-
npumep, [MAb6epT NpoanarMsHPOBaA, KakHe U3 CBOHCTB, C(POPMYAHPOBAHHbIX IPEYECKHM
MaTeMaTHKOM, HE MOTYT 6bITb ZOKa3aHbl, €CAH YZIAAHTb HEKOTOpbIe aKCHOMbI. B uact-
HocTH, [MABGEPT HaMKMCaA TPAKTAT O MAOLIAZM MHOTOYTOABHHKOB, OCHOBBIBAsiCh Ha Mee
AeaeHust ux Ha mpeyzoavruku. Vimenno satot Bonpoc Hac u uHTepecyer.

B npeapiaymem pasaene Mbr ckasarH, 4TO eAMHMIIA H3MEPEHHsT AAMHBI MOXKET GbITh
BbIOPaHa MPOM3BOABHO, TO €CTb H3HAYaAbHO OTPE30K, KOTOPOMY HAa3HAYaeTCsl JAMHA,
pasHasi 1 (MeTp, MHASL, AOKOTD, CTaZMil M TaK ZaAee ), MO2KET GbITh BbIGPAH HCXOZS H3 AKO-
6oro kputepusi. Mnaue o6cTout aeno ¢ eaunuiel u3MepeHHs MAOIIAHK: KAK TOABKO OIIpe-
JeAeHa eAMHHLA M3MEPEHHsS! AAMHDBI, €AMHHIA M3MEPEeHHs! MAOIIAJM OTpeZeAseTcs Kak
KBaZpaT, CTOPOHA KOTOPOTO paBHa eauHuue aAuHbl. [ loaToMy ecam B KauecTBe eHHHIIbI
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ONVHA, NIOWALb U OBbEM

AAMHBI BbIGpaH, HaTlpUMep, METP, TO eIMHHLIEH H3MepeH s TIAOILAAK 6yAeT K8aApamHblil
Memp; €CAM eJMHHIA U3MEPEHHS — MHASA, TO eJHWHMIIA U3MEePeHHs MAOLIAAH — KBa-
APAMHAS MUASL, ¥ TAK ZaAee.

Ecau mbl roBopum, Hanpumep, 4To nAomazb (urypbl pasHa 8,5, aTo 3Haumt, uTO
KBazipaT, B3ATbIA 3a €AMHMILY, TIOMEIAeTCsl B 3Ty (UIypy POBHO BOCEMb C MOAOBHHOM
pas. Hanpumep, na caeayromem prcynke Mbl BUZHM MPAMOYTOABHHK, TAOILAZb KOTOPOTO
paBua 8 - 3 = 24 (aruna (ocHoBaHHe) NPAMOYTOAbHUKA HacuuTbiBaeT b = 8 eauuun us-
MEPEHHs IAMHbI, a BbICOTa — h = 3 eZAMHMIIbI U3MepPEHHsT JAMHDI ).

b=8

ITOT NpUMepP HAAIOCTPHPYET OBLIEU3BECTHYIO (POPMYAY, TOBOPSILYIO, YTO ECAH CTO-
POHBI MPAMOYTOAbHHKA paBHbl b 1 h COOTBETCTBEHHO, €ro MAOIIaZb BbIYHCASETCS Kak
b-h.

OcHosbiBasich Ha (POPMyAE AOIIAZH IPAMOYTOABHUKA, Mbl MOKEM BbIBECTH (POPMYAY
nAomazau Aboro Tpeyroabuuka. [ Ipu sTom Mbl 6yzeM uMeTb B BHLY, YTO U3 ABYX OJH-
HaKOBDbIX TPEYTOAbHUKOB (OZMH M3 HHX ZIOAZeH ObITb paspesaH Ha JABe YaCTH) BCeraa

MO2KHO IMOAYYHTD INPSAMOYTOAbHHK, KaK ITOKa3aHO Ha PHCYHKE.

I I I
I I |
I | |
| —_— | | h
h | h |
| I I
| | |
b b b
Mnowaab TpeyronbHUKa paBHa NOMOBMHE NOLLAAM MPSAMOYTONLHUKA C TeM e OCHOBaHMEM U BbICOTOM.
b-h

Mnowaae TpeyroabH1Ka = —5

BbIHCHPlB, KaK BbIYHCAHTD IAOLIAAb TPEYTOAbHHKA, Mbl TyT 2K€ IIOHHMa€M, KaK BbI-
YUCAHUTD NAOLLIaZb MHOTOYIrOAbHHKA, ITIOCKOABKY, KaK 3aMETHA FHJ\bGCpT, A1060H MHOTO-

YTOAbHHK, HE3aBHCHMO OT €ro (popMbl, MO2KET 6bITb pa3zeAeH Ha TPEYTOAbHHUKH.
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ANWHA, NNOWALb U OBBEM

CyMMa MHOroyro/isHuKa paBHa CyMMe naowages TpeyronbHUKOB.

Kak sametur [urn6epr B 1899 roay, ouesuano (xora Banax u Tapckuit mokasaru
HaM: 3TO He TaK y2k M OYEBHJHO), YTO €CAH Mbl PasZeAMM MHOTOYTOoAbHHK P Ha Tpey-
TOABHHKM M M3 HHX cobepeM HOBbIH MHoroyroabHuk P, To y P u P’ 6yaer oaunakosas
nAomazp.

XOTs1 y MHOroyronbHUMKOB pasHas popma,
WX naowaab 0AMHaKoBa.

Kpowme Toro, [uabbepr aokasanr, 4To BepHO M 06paTHOE yTBep:KAECHHE: ECAH Y ABYX
MHOTOYTOAbHHKOB OJMHAKOBasl IAOLLaZb, BCErZa MO2KHO pa3pesaTh OAMH H3 HHUX Ha KO-

HEYHOE YHCAO TPEYTOABHHKOB H COBPATh U3 HUX BTOPOH MHOTOYTOABHHK (3TOT (haKT 6bIA
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ONVHA, NNOWA/LDb U OBBEM

HECKOABKO pa3 He3aBHCHMO JOKa3aH, I03TOMY CEroZHsi OH M3BECTEH KaK TeopeMa Doii-
su — Baaraca — leppuna). Ha caeayromem pucynke Buano, kak pasaeAutb Ha Tpe-
YTOABHHMKH MPAMOYTOAbHHK 5 X 1, 4To6bl MOAy4HTb KBazpaT C MAOLIAZbIO ), TO €CTb
KBazZpaT CO CTOPOHOH /5 .

B
F
A D
E
C
A C F
B D E

Panee Mbl mokasaaH, 4TO ecAM MAoIIAAb (GHUrypbl paBHa 8,5, 9T0 03HauaeT, YTO KBa-
AparT, B3ATbIH 3a eZMHHILY, TIOMEIaeTCs B 3TOH (Urype BOCEMb C TOAOBUHOH pas. leopus
[uAb6epTa nossoAsieT Ham Tenepb, 10 KpaHHeH Mepe AAS MHOTOYTOAbHHKOB, jaTh ropas-
20 60Aee TOYHYIO HHTEPIIPETALMIO: eCAH MAOIIaAb MHoroyroabuuka £ pasna 8,5, sTo
03HAYaeT, YTO ero MOKHO PasJeAUTb Ha TPEYTOAbHHKH TaKHM 06pa30M, YTO U3 MOAYYHB-
mmxcst yacTeil MO2kHO co6paTh npsiMoyroabhuk 8,5 X 1 uau kBagpar co cropoHoii /8,5 .

[uAb6epT cuutan, 4TO TaKOH MOAXOZ MO3BOASET SAEMEHTAPHO ONPEJEAHTD, YTO TAKOE
MAOLIaZlb MHOTOYTOABHHKA, TIPH 9TOM [0, «9AEMEHTapHbIM» IIOHMMAeTCs ONpeJeAeHHe,
OCHOBAaHHOE HCKAIOUMTEABHO Ha 6a30BbIX HMZesX paspesaHus W ckieuBauus. | [romazn
TNPSIMOYTOAbHMKA paBHa A, eCAM MOXKHO paspesaTb ero Ha KOHEYHOe YHCAO YacTeH U 3a-
TeM coBpaTh M3 HUX KBazpar co cTopoHol v/ A. CylecTByeT A Takoe ke SAeMEeHTapHOe
onpezeAeHHe A o6beMa, Mo KpalHeH Mepe AAst o6bema rpocThix TeA? [MabbepT cop-

myauposaa atoT Borpoc B 1900 roay, u uyTb nos:e Mbl ysHaeM OTBeT Ha Hero.
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ANVHA, TNOWAZb Y OBBEM

A ECNY Bbl 3TO BblJ1 HE KBAZIPAT?

XOTA U3 NPaKTUYECKNUX COOOPAKEHNIA eAnMHMLE M3MEPEHNs NiowWwaan 06bIMHO MMeeT GpopMy KBaapara,
HWYTO HE MELLAET el TaKKe 6biTb NPaBUIbHBIM LWECTUYTOILHUKOM, PABHOCTOPOHHUM TPEYroSIbHUKOM
UK Nto6omn Apyro GUrypoit, cnocoGHOM 3aMOCTUTL BCHO
noBepXHOCTb 6e3 HanoMeHuin. Hanpumep, eciu onpeae- 1
JUTb eAVHULY U3MEPEHUS AJINHBI, HET HUKaKUX TEOPETH-
YEeCKMUX NPEensATCTBUI K TOMY, YTOObI €AMHULIENH N3MEPEHNS
MAOoLWaau 6bi1 NPaBUAbHBIN WECTUYrONLHUK CO CTOPOHOM,
paBHOM efuHULE U3MEPEHUA. B aTOM cuTyaluu npea-
CTaBfieHHan durypa umena 6bl NNOWaAb, paBHyo YeTbl-
PEeM WeCTUYroNbHUKaM.

C Apyrow CTOpOHbI, NA0WWaAb WeCTUYroNbHUKa Co CTo-
poHo# 1 paBHa %ﬁ OT N/IOWAAKN KBaapata co CTopo-
HO¥ 1; TO ecTb ecnu 6bl eAMHULEN W3MEPEHUA NNOoLLa-

AW 6blN1 NPaBUAbHbBINA WECTUYTONbHUK CO CTOPOHOM 1,
lnowaab ourypsl paBHa HYeTbIpeM
LIEeCTUYrosibHuKam.

niowanb KBajgpara co CTOPOHOW 1 paBHAnacb 6bl

200
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Mnowaab KPUBOAUHENHDBIX PUryp

Mb1 HasbiBaem KpHBOAMHEHHON AIO6YIO (DUIYpPY, HE OFPaHMYEHHYIO HCKAIOUMTEABHO OT-
pe3KaMH MPSIMOH, TO €CTb AIOOYIO (PUIYPY, KOTOPasi He ABASIETCSI MHOTOYTOABHHUKOM. 3a-
MeTbTe, YTO B BbIPaKEHHH «KPHBOAHHEHHAs! (PUTYpPa» CAOBO «KPUBOAMHEHHAsI» MCIIOAb-

3y€TCsA B IPUBBIYHOM 3HAa4Y€HHH — KaK IPOTUBOIIOAO2KHOCTb HpﬂMOAHHeﬁHOﬁ.




[UIMHA. NIOWAAL ¥ OBbEM

[Tromaap KpHBOAMHEHHOH (PHIYpbI BbIYMCASETCS TIOCPEACTBOM MOCAEZOBATEABHOTO
NPUOAMKEHHS] K TIAOLIAAH MPSIMOYTOABHHKOB, COZEPKAIINXCS B HEH, KaK BUAHO Ha pPH-
cynke. UTtobbl ysHaTh, K KAKOMY 3HAYEHHIO CTPEMSTCS 3TH TIOCAEAOBATEAbHbIE IPUOAK-

2KE€HMus, HCO6XOB,HMO BOCIIOAb30BATbCsA AHq)(pCpCHgHa}\beIM HCYHCAEHHEM.

Mnowaab KBaAPaToB 1 NPSAMOYroNIbHUKOB CTPEMMTCS K MIOLLaAN 3NNNCA.

Ora uzes, Kak U MHOTHE ZIpyTHe MaTeMaTHYECKHe UzeH, 6blaa peaAn30BaHa ellle ApeB-
uumu rpekamu. [ [pumepHo 3a oauH Bek 210 Toro, kak Apxumezs paccuuTaA MPHOAHKEHHE
K YHMCAy T, 0 KOTOpoM Mbl roBopuru panee, EBgoxc Kuuackuit (ox. 390 a0 u.s. —
ok. 337 210 H.3.) NpoBeA TeOPETHIECKOE HCCAEZOBAHUE TIAOLIAZHN KPYTa, TIOAb3YSAChH TeX-
HUKOH MPHUOAMKEHHUS C TOMOIIbIO PABHAbHBIX MHOTOYTOAbHHKOB, BITHCAHHBIX B OKPY2K-
HOCTb.

EBzoxc npumiea k BbiBozy, 4TO MAOIIAZb Kpyra MPsiMO MPOMOPLMOHAAbHA KBaZJPaTy
ero pazgMyca; APYTHMH CAOBAaMH, CyllecTByeT Hekas rnocrosnHasi C, Tmpu 3ToM maomazb
kpyra Bbraucasercsa kak C * r%, rae r — aTo aauna paguyca. Kak b1 3Haem, ata mocrosiH-
Hasl SIBASIETCSI YHCAOM TT, XOTs ero o603HauyeHHe 6bir0 BBegeHo Toabko B X VIII Beke Be-
AMKHM LIBeHLIAPCKUM MaTeMaTHkoM J\eoHapaom DiiaepoM, KOTOPOMY Mbl 06513aHbI TaK2Ke
JPYTHMH H3BECTHbIMH MaTeMaTHYECKHMH 0603Ha4YEHHAMH, TAKAMH KakK ¢ ZAS OCHOBaHHs
HaTypaAbHbBIX AOTapPU(PMOB H i A MHUMOH € HHHULIbI.

Hrax, B 1925 roay Arbppes Tapckuit noctaBua Bompoc, CylecTByeT AH 3AeMeH-
TapHOE OfpeJeAeHHe MAOIAAM KPMBOAHHeHHbIX (uryp. Jpyrumu croBamu, ecan aana
KPHBOAMHe#Has (hurypa naomazabio A, Bcerza AM BO3MO2KHO paspesaTb ee Ha KOHEYHOe
YHCAO YacTeH U cobpaTh 3aT€M M3 HHX KBAaZPaT CO CTOPOHOH JA? Ha NePBbIH B3TAsL]
KazKeTCsl O4€BH/IHbIM, YTO OTBET OTPHIIATEAbHbIH, OHAKO BazKHO OTMETHTb, YTO CyILe-
CTBYIOT HEKOTOPbIE KPUBOAHHEHHbIE (PUTYPbI, KOTOPbIE ZIeHCTBUTEABHO MOKHO Pa3pesaThb

u cobpaTb HX YaCTH B KBaZpaT TakoH :xe naomaau. | [pumep npusesen na pucynke, ocHo-
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ONVHA, NIOWAAb U OBbEM

BaHHOM Ha HAAIOCTPALMM yyeHoro-uccaesoBareas Mapruna [apanepa. dta cturusosan-
Hast aM(opa paspesaHa Ha TPH YaCTH, U3 KOTOPbIX MOKHO cob6paTh KBazZparT.

KBAJIPATYPA KPYTA

[e6uHc, Xvpw 1 Kapyw AoKasanu, 410 He CywecTByeT cnocoba pas3pesartb Kpyr Ha KOHEYHOe YUCIo
yacTei TakuM 06pa3oM, YTo6bl U3 HUX MOKHO 6biN0 co6paTh KBagpar. ATy Npobaemy Henb3a nyratb
C Knaccuyeckon npo6nemon KBaapatypbl Kpyra. Ecnu aaH paguyc kpyra, npo6nema Kagpatyphbi
Kpyra 3aKknto4aeTca B TOM, Y4TO6bl MOCTPOUTb, MCNONb3YS UCKIOYUTENBHO NUHENKY 6e3 AeneHui
1 LMPKYNb, CTOPOHY KBaApaTa, KOTOPbIH WMen 6bl Ty e NoWaab, YT0 U Kpyr. 310 a6CONTHO pas-
Hble NPo61eMbl, MOCKONbKY B Npo6aeme KBaapaTypbl HE TOBOPUTCA O pa3pe3aHuu U CKeUBaHuH,
a B npobneme, peweHHon lebuHcom, Xupem U Kapywem, He roBOpUTCa 0 TOM, Kak U306pa3uTb
JMHWM pa3pe3a (4715 Yero MOryT UCMOob30BaTbCA MO0 He UCMONb30BATLCA IMHENKA M LMPKYAb). Y10
o6uwero y 3atux npo6aem? 06e OHU HepaspewwnMbl.

BbluucneHune oobema

[Tocae ycranoBAeHus: eaMHHIIbI ZAMHBI eMHHLA 06beMa OMpeeAsieTcsl Kak Ky6, pe6po
KOTOPOrO PaBHO €JHHHIIE AAHHDBI. F.cAM eauHMLIel MsMepeHHs AAMHBI SBASETCS MeTp,
TO eZIMHHLIA H3MepeHHsI 06beMa HasbIBaeTCsl KyOMYeCKHM METPOM; €CAM eAHHHLA H3Me-
peHHsl JAMHbI — MHAs], TO eJHHHLIA H3MepeHHs1 obbeMa — KyOHuYecKasi MHASI U TaK Ja-
aee. \MTp, KOTOPDIH Takze OYEHb YaCTO MCMIOAb3YETCS KaK eJHHHIIA U3MepeHHs 06beMa,
0COBEHHO €CAH PeYb HUZET O XKHAKOCTSIX, ONPEAEAsIeTCs] KaK ThICSIYHAsl 4aCTb KyOGHUECKOro

MeTpa.
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ONUHA, NNOWALL Y OBBEM

paccymeﬂﬂe, I'IOZ[,06H06 TOMY, KOTOPbIM Mbl BOCIIOAb3OBAAHCb paHEE AAA MPAMO-
YrOAbHHKA, MMO3BOASAET CAE€AATb BbIBOJ, YTO €CAH TEAO SABASIETCA ﬂpﬂMOﬁ HpHBMOﬁ, pe6pa

KOTOPOH paBHBbI a, b 1 ¢ cOOTBETCTBEHHO, TO ee 06beM BbrMUCAsIeTCs Kak a * b - c.

0O6bem paBeHa b - C.

M1 yzxe roBopuau o Tom, uto B 1900 roay Zlasuza [an6ept mocraBua Bonpoc, cyme-
CTBYET AH SAeMEHTapHOe onpezeAeHHe 06beMa MHOrOrpaHHHKa (MHOTOTPaHHMK — AIO-
6oe TeAo, OrpaHMYEHHOE MHOTOYTOAbHHKAMH, TAaKOe KaK Ky0, MPH3Ma MAM MHpaMHZAa).
Ecau aanbl 1Ba MHOTOrpaHHHKa 0ZIMHAKOBOrO 06'beMa, MO2KHO AH pa3pe3aTh OJHH H3 HHX
Ha KOHEYHOE YHCAO YacTel H co6paTh U3 HUX MHOTOTPAHHHUK, HAEHTHYHbIH BTOPOMY?

Ora 3azaua 6blAa pellleHa Yepes HeKOTOpOoe BpeMs HeMeLKHM MaTeMaTHKoM Maxkcom
Jenom (1878—-1952), kotopbiit z0Kasan, 4TO OTBET Ha STOT BOMPOC OTPHLIATEAbHbIH.
Zen B3sin aBe TpeyroabHbie mupamMuzabl (TO eCTb ZBa TeTpaszapa) OZHOTO H TOTO 2Ke 06b-
eMa, HO TaKHX, YTO HEBO3MOKHO pa3pesaTb OZHY M3 HHX Ha KOHEYHOE YHMCAO 4acTei,
4T06b1 cobpaTh APyTyI0. Firo BHIBOZ COCTOSAIA B TOM, 4TO €/IMHCTBEHHDIH CIIOCO6 AATh dA€-
MeHTapHoe orpezeAeHHe 06beMy — 3TO MPUOGErHYTb K MOCAEZ0BATEAbHbIM MPHOAHzKE -
HHSIM, TIPHYEM NPHOAMZKEHHST B STOM CAyYae JOCTHTalOTCsI ¢ TOMOILbIO KYGOB HAH MPSMbIX
TIPH3M.

Takum 06pasom, MPOCTPaHCTBO HAMHOTO CAO2KHee, HAM MaTeMaTHYecKH Gorade, uem
naockocTb. Ecan B npoctpanctse mbl umeem Teopemy Banaxa — Tapckoro, coraacho ko-
TOPOH 1Iap MOKHO Pa3ZEAHTb Ha YaCTH TaKMM 06pa30oM, YTO6bI TOAYYHTb U3 ITHX YacTeH
/AiBa 11apa, paBHbe 10 06beMy HCXOZHOMY, TO «IIAOCKOH» BEPCHH 3TOH TeOopeMbl He Cy-
1LIECTBYET, TO €CTb HEBO3MO2KHO ZI0Ka3aTh, YTO OKPY2KHOCTb JIEAHTCS Ha KOHEYHOE YHCAO

“acTeH, U3 KOTOPBIX MO2KHO cOOPaTh B OKPY?KHOCTH, PaBHbIE HCXOZAHOH.
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ONVHA, NNOWAZLb U OBbEM

Bepuemcs k BbrumcAeHHI0 06beMa C MOMOILBIO NOCAEAOBATEAbHBIX MPUOAHKEHHH.
Brisesenue gpopMyabl aasa pacuera o6beMa MHPAMUZbI — 3TO MPUOAMKEHHE C TOMOLLbIO
@uryp B popme 3ukkypata (cm. pucynok). Hem Toubiue cTynenn sukkypara, TeM GOAbLLIE
cTpeMHTCA ero o6beM Kk 06bemy nupamuabl. Ha ocHose aTo# KoHCTpyKLMK H ¢ IOMOLLBIO
MeTOZ0B Au(]P(PePeHLIHAAPHOTO HCUHCAEHHST MO2KHO CZeAaTb BbIBOZ, YTO 06beéM IMHpaMHAbI
npeAcTaBASeT cob60i TPeTh 06beMa IPU3MbI C TeM ke OCHOBAaHHEM H BbICOTOH. lakoe ke
OTHOIIIEHHE BBIBOJUTCS M€Ky KOHYCOM H LHAHHZAPOM: 06beM KOHyca NpPeACTaBASIET CO-

60H TPETb obbema LIUAHHZPA TOro K€ OCHOBaHHS U BbICOTbDI.

Mupamuga MpubnunxeHne K nMpamuae: 3MKKypar.

Ozanum 3 mepBOOTKPbIBaTeAeH HeH GbIA MTAAbSIHCKMH MaTemaTHK DonaBenTypa
Kaparbepu (1598—1647), npeamecrsennnk Hototona u Aeii6uuua. Kasarbepu ne ro-
BOPHA O MOCAEZI0BATEAbHbIX IPHOAHKEHHSX, @ BUAEA TEAQ CHOPMHPOBAHHBIMU H3 GECKO-
HeYHbIX YacTeil MUHMMaAbHOH ToAuHbL [InAunzp, ¢ aTok TOUKH 3penus, chopMupoBan
13 6eCKOHEYHOr0 YHCAA OKPY2KHOCTEH, HAAO?KEHHBIX OZHA Ha APYTYIO, a TUPaMHAA C KBa-
APaTHbIM OCHOBAaHHEM — PE3YAbTAT CKAEHBaHHsl GECKOHEYHOTO KOAMYECTBA KBaZpaToB
YMEHDIIIAIOLIEr0Cs pasMepa.

M arofi naeu BbiBoguTCS Tak HasbiBaeMbli npunnun Kasaabepu, coraacHo koTopomy
€CAH ZIBa TeAa MMEIOT OZIHY U Ty 2Ke BbICOTY H €CAH BCE MapaAAEAbHbIE CEYEHHsT DTHX TeA
HMEIOT OZHY M Ty 2Ke TIAOIIAJb, 3HAYMT, Y STHX ABYX TEA OZHH M TOT ke 06beM. JTOT
TPUHLIMI O3BOASIET ZIOKA3aTb, YTO /Ba LMAHHZPA C OAHHAKOBBIMH OCHOBaHHUEM H BbICO-
TOH, Zlazke eCAH OZHH NIPAMOH, a APYTOH HET, MIMEIOT OJMHAKOBBIH 06'beM, BBIYHCASIIOLIHH-
¢sl KaK TPOM3Be/IeHHE MAOIIAH OCHOBaHHs Ha BbICOTY, TO ecTb TUR?h, rae R — paauyc

OCHOBaHHs1, a h — BbICOTa UHUAHHZPA.
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ONVHA, NNOWAZBL U OBBbEM

06bem 060MX LUMANHAPOB PaBEH.

[Tpunuun Kaparbepu nossoasieT Takzke npoanaausupoBaTb o6bem cepbl. Bosbmem
noaycepy paauyca R, koHyc, ocHOBaHHe KoToporo umeet paguyc R u Bbicota koToporo
Tak:e paBHa R, u, HakoHew, UMAMHZP ¢ paauycom ocHoBanus R u BbicoToi Takzke R (cm.
pucyHOK). BoimoAnum ozaHOBpeMeHHOE ceveHHe Bcex TpeX TeA Ha TMPOM3BOABHOH BbICO-
te h. Y6eaumcs, uTo naommazb ceyeHHUs IMAMHAPA — 3TO CyMMa MAOIIA/IeH CedeHHH AByX

APYTHX TEA.

| T =

[Tpumenureabto k cepe Teopema [ Inparopa nosoasieT Ham oT™MeTHTb, uto R? = h?+
2

+ r%; ¢ apyroii cropoubl, B Konyce h = s, To ectb h? = 52, caegoBateabHo, R? = s?+ r.
Hrak, nrowazap cevenus uuannzgpa papua TR? = m(s? + r?) = ms? + Tr?, uro asasercs,
KaK Mbl ¥ CKa3aAH, CyMMO# NAolazel cedeHHi koHyca u noaycgepnt. Cornacno npunum-

ny Kasaabepu, 06bem uuaunapa paBen cymme 06beMOB ABYX APYTHX TEA, TO ECTb:

O6mbem (uurunap) = O6bvem (konyc) + O6bem (norycpepa).

O6bem upannzpa paBen TTR?, MOCKOABKY €ro BbICOTa H paJyc OCHOBaHMs paBHbI R,

a 06'beM KOHyca paBeH TPeTH 3ToH BeAuunHbl. Ktak, Mbl umeem:
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OIHA, NOWALL U OBBEM

BECKOHE4HAS TPYBA

Mbl MeeM KpuByio y = % rae x > 1. MpeacraBum, 4TO OHA BPALL@eTCs BOKPYr rOPU30OHTANIbHOM OCH,
HaK NOKa3aHo Ha pUCYHKe. Mbl NoNY4YMM NOBEPXHOCTbL B OpMe Tpy6bl, KOTOpas CTAHOBUTCA BCE YHeE.
JT1a noBepxHOCTb U3BECTHA KaK por aBpumna, uiu Tpy6a TopprYEsIn — B YECTb IBAHAKENNUCTLI
Toppuyennu, KoTopbli U3y4an ee B nepeoi nonosuHe XVII BeKa. BO3MOMXHO, Bac He YAWBHT, YTO
nnowaab 3T0M NOBEPXHOCTU GECKOHEYHa, 0AHAKO 06bEM, KOTOPbIK OHA NOKPLIBAET, KOHeuYeH. Jpy-
TMMM CNOBaMK, HaMm 6bl NOHAA06MN0Ch GECKOHEYHOE KONMYECTBO KPackU, YTOOLI MOKPACcHTb TpYoY,
HO ecnu 6bl Mbl UCNOL30BANM €€ B KA4YECTBE COCYAA, TO, HECMOTPS Ha €8 GECKOHEYHYIO rNy6HHY,
B HEe NOMeCTMO0Ch Obl He 60blue ONpeAeNeHHOr0 06bemMa KpacKH.

1 y=1/x

-1

52

<R’ = 7R’ +06’beM (coepa)
3 2
O6mbem (cdepa) _ nR’

R’ -—
2 3

3
O6mbem (chepa) = .7.(JI:R3 - %)

4nR’

O6mbem (cpepa) =

Mbr noayunAn usBecTHyto GopMyAy, IPUMEHSIEMYIO AAS pacyeTa o6beMa chepbl.
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ANHA, NNOWALL M OBBEM
3a neckoabko BekoB 10 Kasaabepu ¢ momoupio paccyxsaenuil, KOTopble Mbl TOABKO

4TO BocrpousBeAr, Apxumez aokasan, 4to 06beM cepbl paBen 2/3 obbema uuAHHApA,

OIMTHCAaHHOI'0 BOKPYT HEeE.

g’ R sl HR

4 5 2 N 2
06bem (cpepa) = 3 nR’ = E(ZnR )= 3 06vem (UMnnHAP).

[oBopsr, uro Apxumes 6bIA Tak rOpa STUM OTKPBITHEM, YTO TMOMPOCHA, YTOObI Ha €ro
Haarpo6buu 6bina usobpazkeHa cdepa, Brnucannas B uuauHAp. Mapk Tyaruit Lunepon,
M3BECTHbIH PUMCKHH MOANTHK Toro Bpemenu u Bpar FOaus Llesaps, yteep:xzaer B ognoit
M3 CBOMX pyKomuceH, 4to B 7D rogy a0 H.s. oH HameA Haarpobue Apxumesna, koTopoe
CMOT HJeHTH(QHUMPOBATb UMEHHO 10 3TOMy H306paxsenuto. /lo Hamero BpemeHu Haz-

rpo6ue He COXPaHHAOCh, B OTAHYHE OT Be4HOH paboTel Apxumesa.
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[xaBa 2

Paspesanue u ckrenBanue

B XII sexe unauiickuii matemaruk u actponom Bxackapa Il npeacrapua zokasareabctso
Teopembl | Iugparopa, cocrosBiuee us oguoro pucynka u oanoro caosa: «Cmorpul». Pac-
Cy:KaeHHe, NpeAnokeHHOe Dxackapoil Ha 9TOM pHCYHKe, OCHOBBIBAAOCH Ha (PaKTe, yKe
NPOKOMMEHTHPOBAHHOM B IPeAbIAYIIEH TAaBe: eCAH paspesaTb MAOCKYI0 purypy A Ha ko-
HEYHOE YMCAO YacTeH U U3 Hux cobpatb gurypy B, To y A u B 6yaer oaunakoas mro-
wazap. Kpome aokasareancrBa Bxackapwl, cymecTtsyior maTematuueckue zoKasaTeAb-

CTBa, OCHOBAaHHbI€ Ha CPAaBHEHHH ITAOILAAH H obbema.

Teopema ludaropa

O xusnu [ Tugaropa Camocckoro usBecTHO 0ueHb MaAO, HO BCe HCTOPHKH MAaTeMATHKH
CXOZAATCS B YTBEPKAEHHUH, YTO TEOPEMY, HOCAILYIO €r0 UMsI, OH He OTKPBIA, @ AHIIb Y3HaA
0 HeH OT ETHIIETCKUX [eOMETPOB, KOTOPbIE B TeYEHHE HECKOABKHX BEKOB MOAb30BAAHCD
3TOH TEOPEMOH KaK MPaKTHYECKMM MPABUAOM MOCTPOEHHS TIPSAMbIX YTAOB.

B reopeme [ Iugaropa rosopurcsi, 4to B MpAMOYroAbHOM TpeyroAbHMKe KBaZpaT M-
TOTeHy3bl paBeH Cymme KBazpaToB KateToB. Ho BepHO u ofpaTHoe, To ecTb ecam KBa-
APaT OZHOH M3 CTOPOH TPEYTOABHHKA PaBEH CyMMe KBaZpaToB JBYX JPYTHX, TO STH JBe
CTOPOHDI 06PA3YIOT MPSIMOH YTOA, H, CAEZ0BATEABHO, PeUb UAET O MPAMOYTOABHOM Tpe-
yroabuuke. [eomerpnl u apxutektopsr Jpesnero Erunta crpouru npambie yrab, Hatsi-
IMBasi BEPEBKY MAM LIENb TaKMM 06pasoM, 4Tobbl OHa 06pas0oBaAa TPEYTOAbHHK, CTOPO-
HbI KOTOPOTO COOTBETCTBOBaAH 6b1 oTHomenHo | [ugaropa (nanpumep, mockoabky 52 =
= 3% + 42, OHM MOTAM TIOCTPOMTb TPEYTOABHHK, CTOPOHBI KOTOPOrO GbIAM paBHbI 3, 4
¥ J); ETHIIETCKHE TEOMETPbI 3HAAHU, YTO ZIBE MEHbIIIHE CTOPOHBI TPEYTOAbHHKA, IIOCTPOEH -
HOTO TaKHM 06pa3oM, 06pa3yIoT HCKOMDIH NIPSIMOU YTOA.

Bxaag I Tugaropa coctosia B ToM, 4TO OH H3AO2HA TEpBOE Z0KAa3aTEABCTBO TEOPEMDI,
TO €CTb MePBbIM NPEAAOKHA CTPOTOE PACCY?KIEHUe, 0Kas3bhIBaIOIIee, YTO TeOpeMa BepHa
AAs AIOGOTO IIPSIMOYTOABHOIO TpPEYroAbHHMKA. VlsBecTnas rerenza yTBepaxzaeT, uTO
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PASPE3AHUE U CKNNIEMBAHUE

BXACHKAPA 11 (1114-1185)

Bxackapa 6bin MHANICKMM MaTeMaTUKOM, cambiM u3BeCTHbIM B XII Beke. B 10 Bpems B EBpone Bce
ele nonb3oBaaUCh PUMCKOM CUCTEMOI CHUCIEHMA (B KOTOPO# HET cMMBONa ANA Hynst), a bxackapa
YIKE U3y4an AUCLMNNKHY, KOTOPYIO Mbl MOMXEM 0603Ha4UTb KaK apUPMETHKY HY/IS1, TO eCTb Pe3yNbTat
onepauui, BRIOYaloWmx B ceba ato yucno. B cBoeit pabote «bumkaraHuta» bxackapa yctaHoBuA,
YTO €CNN @ — YUCNO, OTIMYHOE OT HYAS, TO g=0 . Yto Kacaertcs g — onepauuu, KoTopast He UMeeT
YuCNOBOro pesynbrata, bxackapa yrBepwaan, Yto 310 «6ECKOHEYHOE YMCNO», NPEABOCXUTUB TAKUM
06pa3oM COBpEMEHHOE YTBEPHKAEHHUE O TOM, YTO -j— CTPEMUTCS K GECKOHEYHOCTH, eCiu t CTPEMUT-
cakO.

1o cAyyato cBoero ycrexa [ [ugarop npuuec B 2epTBy NATbAeCAT GbIKOB; 0ZIHAKO H3BECT-
HO H T0, uto | Iudarop Bepur B nepecerenue aymni, crezoBaTeAbHO, GbIA CTPOTHM BereTa-
PHAHLIEM, KOTOPbIi BO3/I€PKUBAACS OT TOTO, YTOGbI IPHYMHATD KAKOH-AH60 BpeJ XKHBOT-
HbIM, ¥ 3TO CO06pazKeHHe ZeAaeT AereHy HerpaBAONoA06HOMH.

Opurunarbuoe gokasareabctso [ lugaropa ne gomino 70 Hammx AHeH, U X0z ero pac-
Cy$/leHUl HaM HeusBecTeH. B TeueHHe BEKOB MaTeMaTHKH OTKPBIAH COTHH PasAMYHBIX
aokasateabcTB ero teopembl. B 1927 roay amepukauckuii uH:keHep M npenogaBaTeAb
Aauma Crorr Aymuc ony6aukosar c6opuuk us 370 zokasaterbcTB — ypoBeHb, K KO-
TOPOMY He MPUOAU3HAACH HU OZlHA APYTasi MaTeMaTHYecKas TeopeMa.

OaHo 13 3THX Z0KA3aTEABCTB, KaK Mbl y2Ke CKa3aAH B HayaAe TAaBbl, GbIAO MPEAO-
xkeno B XII Bexe Bxackapoii. Kpome ykasanus «Cmotpul», oo 3akAtouarock, mo cytH,

B IIPHBE/ZIEHHOH HH2KE CXEME.

a-b b

a-b
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PA3PE3AHUE U CKNEWBAHUE

Ha ¢urype B 1entpe Mbl BuAMM KBazpaT co CTOPOHOH C, paseAeHHbIH Ha MSATb Ya-
CTeH; YeTbIpe U3 HUX — IPSIMOYTOAbHbIE TPEYTOABHHUKH, paBHbIe H306pax<eHHOMY Ha (PH-
rype cAeBa, B TO BpeMsl KaK NsATast — 3TO KBazpat co croponoi a — b. Ha gurype cripasa
3TH MSITb YacTeH NepepacripeleAeHbl TaK, YT0ObI C(POPMHUPOBATb HOBbIH MHOTOYTOABHHK,
npeACTaBASIOIIMH co60H CoezMHeHHe ABYX KBaJpaToB, OAWH CO CTOPOHOH a (3akpalieH
cepbiM), BTOPOH — co cTopoHol b. Tak kak MHOroyroabHuk Ha (urype crpasa cobpaH
3 TeX 2Ke IITH YacTeH, YTO M KBaZPaT Ha (PUrype B LEHTPE, Mbl JEAAEM BbIBOZ O TOM, YTO

2=

HUX ITAOILAZH paBHbI, TO €CTb C az + bz, 4YTO H TpeGOBaAOCb JAOKa3aThb.

NMUDATOP (OK. 569 10 H. 3. — OK. 475 10 H. 3.)

Hu3Hb Mudaropa okytaHa nereHgamu, 0 HeM 04eHb Mano TOYHbIX AAHHbIX, MOCKO/bKY HE COXpa-
HUIUCb HU PYKOMWUCW MaTemMatuKa, HU 3anucu 0 HEM, CAeNaHHblE ero coBpeMeHHUKamu. Mudarop
poauncs Ha octpoBe Camoc, Heaaneko ot 6eperoB 'peunu, u nytewectsosan no Erunty, Mecono-
TaMuu U, BO3MOXKHO, N0 MHAWKU. BO BpeMA 3THX NYTELWECTBWIA OH U3Y4nUN MaTeMaTUKy, aCTPOHOMMUIO,
a TaKke pa3nuyHble peauruu. Mo Bo3spaleHuu B Mpeuumto Mudarop ocHoBan TalMHoe 06WECTBO,
YneHbl KOTOPOro 3aHUManuch MatemaTukomn, dunocoduei n Teocodpuen. ECTb MHEHHE, 4TO camu
3TH cNoBa — «punocodus» («1060Bb K 3HAHUIO») U «MaTEMATUKA» («TO, Y4TO U3y4aeTcsi») — Oblu
npeanoxeHbl Mudaropom, YTo6bI 0NMCATb UHTEANEHTYaNbHYIO AEATENLHOCTL CBOMX NOCNEAOBATENEN.
Mudaropeniubl yTBep¥aanu, 4T0 MaTeMaTU4eCcKoe 3HaHue ABASeTCH 6a30BbIM AN NOHUMaHUs Bee-
NIEHHOW, 1 3T0 y6ewaAeHUe KpaTKo BbipameHo B 0AHOM dpase: «Bcé ectb Ynucno».

«MMH nugaropelieB CoHLY», KapTHMHa PyCCKOro XyAoxH1Ka ®égopa bpoHHnKoBa (1827-1902).
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PA3PE3AHWE ¥ CKNTEMBAHUE

Zpyroii cioco6 npoutenus Teopembr | [uaropa npearoKuAM ApeBHHE TPEKH: TAO-
IIazb KBaZpaTa, MOCTPOEHHOrO Ha THIIOTeHy3e IPSIMOYTOAbHOIO TPEYrOAbHHMKA, pPaBHA
CyMMe MAOILaZeH KBagpaToB, IOCTPOEHHbIX Ha ABYX €ro KaTeTaX. JTO MOKa3aHO Ha CAe-

ayromeit gpurype, rae ABC — npsamoyroabubiii Tpeyroabuuk, a AC — ero runorenysa.

ZJoxa:xewm, uto naowaap kBagpara, noctpoennoro Ha AC, paBna cymme naomazeit
JBYX APYTHX KBaZpaTOB.

H
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PA3PE3AHUE U CKNTEMBAHUE

CaeBa nokasaHbl HEKOTOPbIE JOTIOAHHUTEAbHbIE MOCTPOEHHMS], CAEAAHHbIE C yHETOM
toro, uro Tpeyroabuuku DEF u GHI goaxubt 6bith paBubl Tpeyroabuuky ABC, uto
orpesku JE u EM gorxubt 6b1Tb Toit 2ke aauubl, yto 1 BC, u uto Tpeyroabaux BNO
ZonxeH 6biTb paBHbIM Tpeyroabuky EFL. Ha gurype cripasa kBazpaT, moctpoeHubiit
Ha THIIOTeHy3e, pa3pesaH Ha MATb YacTeH, U3 KOTOPbIX MOKHO co6paTh ABa APYTHX KBa-
Apata, J0KasblBasi, TAKUM 06pa30M, paBEHCTBO MAOILAZEH, YTIOMAHYTbIX B TEOpEME.

Ha caeayromem pucynke npezscraBaeHo TpeTbe 0Ka3aTeAbCTBO, KOTOPOE, KaK H Tpe-
AbIZYIIME, OCHOBaHO Ha cpaBHeHHH maomazed. Ha gurype B uenrpe nokasan ksaapar
o cTopoHO# a + b, cobpaHHbIH H3 YeTbIpEX NPIMOYTOABHBIX TPEYTOABHHUKOB, 3aKpallleH-
HBIX cepbIM, H oaHoro 6eaoro cektopa. CripaBa apyro#i KBazpar, Takze CO CTOPOHOM a +
+ b, yxe co6paHHbIH H3 YeTblpeX MPSMOYTOAbHBIX TPEYTOABHHKOB, PaBHbIX MPEZbILY-
MM, U ABYX 6eAbix cekTopoB. | [ockoAbKy 06a HMEIOT 0AMHAKOBYIO MAOILAZAb, & TaKKe
paBHbIE 30HbI, 3aKPAILIEHHbIE CePbIM, 3HAUYUT, J0A2HbI 6bITb COOTBETCTBEHHO PABHbI MAO-

1AM YacTeH, 3aKPalleHHbIX 6EABIM; CAE0BATEABHO, c2=a%+ b2

[Toxoxee paccyxaenue MokasaHO Ha CAEAYIOIIEM PHCYHKE, Ha KOTOPOM OJMH
1 TOT 26€ MHOTOYTOABHHK MO2KeT ObIThb C(POPMHPOBAH AHOO K3 OZHOrO KBazpara CO CTO-
POHOH @, APYTOro CO CTOPOHOH b H ABYX NPAMOYTOABHBIX TPEYTOABHHKOB, AH60 H3 OJJHOTO
KBaZipaTa Co CTOPOHOH C U ABYX MPSIMOYTOABHBIX TPEYTOABHHKOB.
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PA3PE3AHUE W CKNEUBAHUE

Kak u panbiie, Mb1 zeAaeM BbIBOZ 0 TOM, YTO CyMMa IAOLUAZEH ABYX KBaZpaToB, 3a-
KpAallleHHbIX CepbIM, Ha (PUrype CAeBa ZIOA2KHa ObITb paBHa MAOILAJHM CEPOro KBazpara
Ha (HType CIIpaBa, CAeZioBaTeAbHo, a’+ b? = c2,

Hakonen, gurypa cepxy B LieHTpe Ha IpeAblAyLIeH CTpPaHHLE MPEATIOAATaeT elle
OZIHO ZI0Ka3aTeAbCTBO: MAOIIAZb KBazZpaTa CO CTOPOHOH a + b paBHa cymme maowazer
YeTbIpeX MPAMOYTOAbHBIX TPEYTOADHHKOB C KaTeTaMH d U b COOTBETCTBEHHO ITAIOC IIAO-

azb KBajpaTa co CTOpOHOﬁ C, TO €CThb:

(I'Tromaap kBazpata co croponoit a +b) =
= 4 (I'Tromazb NPAMOYTOABHOTO TPEYTOAbHHKA C KaTeTaMmu a, b) +
+ (I'Trowazapb xkBazpaTa co cTOPOHOI C ).

C IIOMOILLUbKO MaTeMaTH4eCKOH HOTALMH 3TO MO2KHO 3aItiCaTb TakK:

2 ab 2
+b) =4— +c".
(b =4 +¢

U suauur:
a’+2ab+b%=2ab+c?.
[Tocae Boruuranus 2ab us obenx yacTeii paBeHCTBa MoAydaeMm, uto a’ + b% = 2.
3amMeTbTe, 4TO B 3TOM IOCAEZHEM JOKA3aTEAbCTBE Mbl BOCIIOAb30BAaAHCh PABEHCTBOM

a+b)? = a%? + 2ab + b2 Mbl BepHeMCsI K HEMY B CAEZYIOLLIEM paszeAe.
P y YIOILIEM D

[eomeTpuyecKan anre6pa

MaTtemaTyky 3MOXH KAACCHYECKOH aHTHYHOCTH pa3pabaTblBaAH BCe MOHSTHsI CBOEH Ha-
YKM C 4HMCTO reomMeTpuyeckol Touku spenusi. Hanpumep, us «Hauar» moxuo caerars
BbIBOZ, UTO A EEBKAMZA uMCAO 6BIAO HE «AAHHOH» OTPE3Ka, a CAMHM OTPE3KOM; «BbI-
YHUCAUTDb», B CBOIO OY€PEZb, TO CHHOHHUMOM «IIOCTPOHTb», TaK YTO BbIYHCAHUTD MAOLIAJb
(hUrypbl 03HAYaNO [TOCTPOUTD KBAaZPAT, KOTOPbIH 3aHHMaA Obl Ty 2ke caMylo OBEPXHOCTb.

Aty uzeio nepensan croretusimu nos:xe Jasug [uabbepr, onpeaeanBmii naowazb
MHOTOYTOAbHHKA KaK MAOLIaZb KBaZpaTa, KOTOPbIA MOKHO MOAYYHTb, €CAH paspesaTb
MHOTOYTOABHHK Ha KOHEYHOE YHCAO YaCTeH U I1epepacIpeeAUTb IIOAYYeHHbIE TaKHM 06-
pasom gurypbl. JeiictButerpHo, Bausiaue «Hauar» Ha ucTOpHIO GBINO TaKMM CHABHBIM,
YTO B TeYeHHE HECKOAbKHX BEKOB y4eHble NOAb30BAAMCb BbIpaxkeHHEM «KBaJPHPOBaTb

(urypy» B KaueCTBe CHHOHHMMA (Ppasbl «BbIYUCAHUTD €€ MAOLIaZb».
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PA3PE3AHWE 1 CKNEWMBAHUE

KBAJZIPATYPA 1BEHAZILIATUYTOJIbHUKA

CornacHo [lasuay 'nb6epty, MHOrOYronbHWUK BCErAa MOXHO pa3pe3aTtb Ha KOHEYHOE YMCO YacTen,
yT06bl CO6paTh U3 HUX KBaApPaT. B KauecTBe NpuMepa Ha PUCYHKax NOKa3aHo, KaK MOXHO pa3pesatb
NpaBUAbHbIN ABEHAALATUYTOIbHUK Ha LWECTb MHOrOYroibHUKOB, Y4T06LI COBpaTh U3 HUX KBaapar. 310
pewexune 6610 npegnoxeHo Mappu JiuvarpeHom (1912-1992), UHKEHEPOM U JIMHIBUCTOM, yBAe-

N

«Hauara» EBkanaa pasgerenn na Tpunaauath 4acteil, KAM KHHT, U NipeaAoxeHHe 4

KaloWMUMCa MaTeMaTuKoM.

8 Kuwre I macur: «Ecau npsvas Aunus kak-au6o pacceyena, To KBagpat Ha Bcelt <mpsi-
MOH>> paBeH KBaZpaTaM Ha OTPe3KaX BMECTe C jBak/bl <B3SITbIM>> TPSMOYTOAbHHKOM,
3aKAIOYEHHDBIM Me2Kly oTpeskamu»'. Kak mouaTs ato BbickasbiBanue? FEcan ¢ — aro ue-
Aasi CTOPOHa, ¥ Mbl pa3pesaeM ee Ha yacTu a u b, To ectb ¢ = a + b, To EBkaua rosopur,
yro ¢ = a? + b%? + 2ab (ab — 370 10, uTo EBKANA Ha3BIBaET «IIPAMOYTOABHHKOM, 3a-
KAIOYEHHbIM Mexay a u b»). Jlpyrumu caroBamu, 3Ta Teopema NmpoBosrAaiuaer aarebpa-
nueckoe Toxzgectso (a + b)? = a? + 2ab + b%. Haspauue «TozkzecTBo» roBopHT 0 TOM,
YTO PABEHCTBO COBAIOZAETCS, KaKMMHM 6bl HM GbIAM KOHKPETHbIE YHCAOBbIE 3HAYEHHS,
0603HaueHHbIE TIEPEMEHHbIMH a H b.

ZJoxasateabctBo EBkAnza npeacTaBAeHO Ha BepXHHX (UMrypax Ha CAeZyromed cTpa-
nuue. CaeBa usobpazken KBazpaT co cTopoHoil a + b, B To BpeMsi Kak cripaBa BHZHO,
YTO STOT KBaZpaT COCTOMT M3 OZHOTO KBazpaTa MAOLIAZbI0 a, APyroro maomazpio b?,
MAIOC Z1Ba TIPAMOYTOAbHUKa naomazabio ab. CpasHenue naomazeil npUBOAMT HAC K BbIBO-
ay o Tom, uto (a + b)? = a® + 2ab + b?, uro u Tpe6oBaroCh ZOKa3ATD.

Tlepesoa Jl. Mopayxaii-Boarosckoro.



PA3SPE3AHWE N CKNNEMBAHUE

|
b : ab b
I

[Tockoabky a + b — aBy4reH, TO eCTb CyMMa ABYX YAEHOB, MPEZABIAYILEE TOHAECTBO
M3BECTHO KaK KBaZpaT JABYYAeHa. JTO TOXK/IECTBO MOKET 6bITb paclIMPeHo A0 KBajpaTa
TpexueHa, To ectb (a + b + c)? = a* + b? + ¢ + 2ab + 2ac + Zbc. [eomerpuueckoe ao-
Ka3aTeAbCTBO 3TOTO BbIpazkeHMsl IPHUBE/IEHO Ha PUCYHKE HHKeE, IZe TIOSIBASIETCS] KBaZpaT
co cropoHoii a + b + ¢, paszeennbiii Ha TpU KBazpata ¢ naomwaaamu a2, b? u ¢ natoc Tpu
napbl TPEYTOABHHKOB ¢ maomazamu ab, ac u be. CaezyeT nposicHUTDb, YTO HHU 9TO TOXKAE-

CTBO, HH CAeZYIOLIHE, PaCKPbITbie B 3TOH rAaBe, He uaaozxkenpl B «Hauanax».

ac be 2
ab b? be
a ab ac

(a+b+c)>=a?+b*+c2+ 2ab+ 2ac+ 2bc.

CymecTByer TpexmepHasi BepCHsl TIePBOTO TO:K/JECTBA, HasbiBaeMas Kyb A8y4/ieHd.

B a10M cAyuae cpaBHeHHe 06beMOB [O3BOAAET HaM I0KasaTh, uto (a + b)? = a® + 3ab? +
+3a% + b,

36



PA3PE3AHUE 1 CKNEMBAHUE

.
.

%

-’
a a’b ab? b’

B 3aKAIOYEHHE TPHUBEAEM €lle OZHO U3 MHOTOYHCAEHHDbIX TOKAECTB, KOTOPbIE MOI'yT

6bITb 0Ka3aHbl reoMeTpHYeckH. /JlBa MHOrOyroAbHHKa, 3aKpallleHHbIX CEpbIM, Ha (H-
rypax HH2ke MMEIOT OZJHY M Ty 2K€ TAOLIAAb, MOCKOAbKY OHH C()OPMHUPOBAHbI U3 OJHHX
M Tex ke TPAMOYTOAbHHMKOB COOTBeTCTBeHHO. | lockoAbKy MAolmazb MHOrOyroAbHHKa
caeBa paHa (a + b) (a — b), a nromazb MHOrOyroAbHHKa cripaBa paBHa a’ — b2, npu-
XoZuM K BbiBoZy, uto (a + b) (a — b) = a* — b2.

EBKNWA ANEKCAHAPUACKUIA (OK. 325 [10 H. 3. — OK. 265 10 H. 3.)

[lo Hac Jowno 0YeHb Mano JOCTOBEPHOM UHOOPMALUM O MU3HWU EBKInAa. U3BECTHO, Y4TO OH HUN
B AneKcaHapuu, pabotan B 3HaMEHUTON AleKCaHAPUIICKOM 6MBAMOTEKE U OCHOBaN MaTeMaTUYeCKyIo
wHony. Kpome camoi U3BECTHOM ero paboThbl, «<Hayan», CoXpaHUAUCDH elle YeTbipe ero Tpyaa — «[laH-
Hble», «O feneHuu», «ABnenuna» u «OnTUKanr.

Pa6ota «O geneHuu», Kak U MHOTWe apyrue paboTbl ANOXM KNACCUYECKOW aHTUYHOCTH, Gbina Gbl
yTpayeHa, ecnu 6ol He apabbl. X0T OpUrMHan Ha rpeyeckoM He AowWwen A0 Hawux SHEN, COXPaHUCSH
€ro nepeBoj Ha apabCcKui, Ha OCHOBE KOTOPOro 3aTeM 6bi1a COCTaBNEHa BEPCUA Ha NaTbiHU M CAenaH
nepeBOA Ha COBPEMEHHbIE A3bIKK. 3Ta KHUra BKIoYaeT 36 TeOpem 0 AeneHnW NNockux euryp. B te-
opeme 1, Hanpumep, roBOPUTCS 0 NOCTPOEHUM NPAMOiA, NapannenbHOi 0CHOBaHWUIO TPEYroNbHUKA,
KOTOpas AeNUT ero Ha ABE YacTu OAMHAKOBOV NOLWAAH.
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PA3PE3AHUE ¥ CKNEWUBAHUE

a-b b a-b b

|
l

a-b : a-b
|
I

[ Ipuseaennoe paccy:xaenne, Kak 1 MHOTHe ApyTrHe, OCHOBBIBAETCSI HA TOM (paKTe, YTO
€CAM paspesaTb MHOTOYTOAbHHK Ha KOHEYHOe YMCAO YacTeH M M3 HHX cob6paTb BTOPOH
MHOTOYTOABHHK, y 06eux (uryp 6yzeT oguHaKkoBas naowazb. B caeayrowem pasaeae Mol

YBHIMM TIpUMeEp, KOTOPbIH, Ka?KETCsl, CTABUT 3TO CBOHCTBO 0 COMHEHHE.

TPU HA OIUH

EcAu y Hac ecTb NPAMOYrObHUK, COBPaHHBIM U3 TPEX KBAAPATOB CO CMEKHBIMU CTOPOHAMH, B3ATbIMMU

3a eMHWLY, B TEOPUM MOKHO pPacceyb €ro Ha KOHEYHOE YUCNO YacTen, YTobbl Co6paTb U3 HUX KBa-
Apart ¢ niowaabto 3. 0AHAKO HAUTU KOHKPETHLIA cnoco6, uTo6bl CAenaTb aTo, HeNpoCTo, 0CO6EHHO
J19 TEX, KTO CTPEMUTCA UCMO/Ib30BaTb MUHUMAIbHOE KOJIMYECTBO YacTen.

B X BeKe nepcuACKuit MaTemMaTHK U acTpoHoM A6y-n-Bada (940-998) 06bacHMA, KaK pewnTb
3ajjauy ¢ NOMoLbI0 AEBATH Guryp. IT0 pacceyeHue 6biNo ynyyweHo B Hayane XX BeKa 6pUTaHCKUM
matematukom FeHpu JpHectom [btoaeHn (1857-1930). Ha pucyHke nokasaH cnoco6, KOTopbiM
[bloaeHn pobuncs ToM e Lenun, Ucnonbsys Tpu durypel.

/\B

N

D E A C

Y106bl OCYLLECTBMTb NOCTPOEHHME, HYIKHO MMETH B BUAY, Y4TO A — 3TO LIEHTP OKPYKHOCTH, 8 OTPE3KK
BC, DE v FG paBHbl.
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PA3PE3AHWE U CKNNEWMBAHUE

Mapapokc

Ha caeayromem pucynke nsobpazkeH npsiMoyroAbHbIH TPEYTOABHHK, KOTOPbIH AAs yIIPO-

LIeHHsI paCYE€TOB HAPHCOBAH Ha CETKE M3 KBAaJPATOB C CH,PIHPI‘{HOﬁ CTOpOHOﬁ. KaK MO2KHO

3aMETHTDb, OCHOBAHHE TPEYTOAbHHKA paBHO 13, ero Bbicora — 3, CAeZl0BaTeAbHO, MAO-
-5
IazZb paBHa =32,5.
//
—
" 2
|t 4
=

L

Mb!1 pasaeAnAn TpeyroAbHHK Ha MSATh YacTeH, KOTOPbIE Ha (PUIype HUzKe repepacripe-
JleAeHbI TaK, YTOObl C(POPMHUPOBATD TOT 2K€ CAMbIH MPSIMOYTOABHbBIH TPEYTOABHHK, HO 6€3

OHOTO KBazipaTa, 4TO O3HAYaeT, YTOo MAOIIaAb HOBOH (urypel pasHa 32,5 — 1= 31,5.

/
]
4// !
T
// 3 4
=

Hrax, MbI paccekAu MHOTOYrOAbHHK Ha KOHEYHOE YHCAO YacTel H MepepacrpeseAHAH
X TAKHUM 06pa30M, 4TO MOAYYHAH MHOTOYTOABHHK, MIAOILaZb KOTOPOTO MEHbILE TAOIIAAM
MCXOZHOTO. BHAYUT AH 3TO, 4YTO TeopHsi |MAbbepTa O MAOIIAZM MPSIMOYTOABHHKOB He-
BepHa? EcTb Au mpunnmnuarbHas ommbka B HaIMX PAcCy:KAEHHSIX, CAEAAHHbIX B ABYX
npeapizymux pasaerax? Bcromuum: B Teopeme Bamaxa — Tapckoro rosopurcs, uro
MO?KHO pacceyb IIlap Ha KOHEYHOE YHCAO YacTell M TaKMM 06pasoM YBEAHUHTb ero 06bem
BaBoe. BoamozkHO, 3T0 aHarOrHuHbIH CAy4ail, TOABKO AAS IAOIIAZAH?

Her, ato ne tak. Ecau pacceub ¢urypy na xomeunoe umcro apyrux ¢uryp, 6yab
TO MHOTOYTOABHHKH MAH KPHBOAHHEHHbIE (DUTypbl, U Tepepacripe/ieAUTb HX, TO 8ceziad

TMOAYYaeTcsl HOBasi (PMrypa, UMeIoIlasl Ty e IAOILaJb, YTO M MCXOAHasA. lo e camoe
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PA3PE3AHWE 1 CKNIEMBAHUE

TIPOMCXOZMT C TeAaMM H o6beMamu, Kak Mbl yBuauM Aaree. CaegoBaTeabHo, Bee gokasa-
TEAbCTBA, [IPHUBEJEHHBIE B ABYX IPEAbIZYIUUX Pas/ieAax, BEPHDI.

O6mbsicHenre 3TOro Kaxkyllerocs rnapagokca 3aKAIOYaeTcsi B TOM, YTO Ha PHCYHKe
ckpbIT 06maH. Kak BuAHO Ha H306pazkeHHH HUZKE, MHOTOYTOABHHK Ha BEPXHEM PHUCYHKe
Ha TpeabIZYyILeH CTPAHULIE — HE TPEYTOABHHK, a €ro TpeAnoAaraeMasi THIIOTEHy3a, Ha ca-
MOM JleAe AOMaHasi AHHHsI, TOCKOAbKY runoteHysa gurypel 1 (kotopas aelicTBuTEADHO
ABASIETCS TIPSIMOYTOABHBIM TPEYTOABHHKOM) 06pasyeT C FOPH30HTAAbHOH AHHHEH YIOA
B 20°33'21", B To Bpems kak runotenysa gurypoi 2 ob6pasyet yroa B 21°48'5". Mbi Bu-
AWM pasHULLY MeKJy H300pazKeHHsAMH, YBEAHYHUB MacIuTab AAsl HarAAZHOCTH.

Mparment 2

1°48'5"
(Mparment 1

20°33' 21"

Ha uso6pazkenun caeBa, peAcTaBAEHHOM BHHSY, I0Ka3aH MHOIOYTOAbHHK, KOTOPBIM
ABASIETCSI HH2KHAS (DMIypa Ha MpeAbIZyIIed CTpaHuLe, B TO BpeMsl Kak Ha H306pazKeHHH

ClipaBa BUAHO, KaK KOMIIEHCHPYETCs IAOILaAb, KOTOpOﬁ, KaK Ka3aA0Cb, HE XBaTaeT.

Mparment 1

MHOroyroAbHMKM Ha PHMCYHKax Ha NpeAblAylIeH CTpaHHLE Ha CAMOM J€Ae MMEOT
OZIMHAKOBYIO MAOILA/Ib, H YTOObI BbIYHCAHTD €€, J0CTATOYHO CAOKUTD MAOLIAAH YETBIPEX
¢uryp, To ectb 5 + 12 + 7 + 8 = 32. Do o3nauaert, YTO PparMeHT, KOTOPOTO HEAOCTAET
(Urype Ha BepXHEM PHCYHKE JASl TOTO, YTOBGbI CTAaTbh MPSMOYTOABHBIM TPEYTOABHHKOM,
umeet rmrommazap 0,5.

Caezyrolye zBe (GHUrypbl HAAIOCTPHUPYIOT M0A06HBIH npuMep, koraa kaapar 21 na 21
¢ maomazpio 441 paspesan Ha yeTbIpe YacTH, 4TO6bI CO6PATD, KAK KA?KETCsl, TIPSIMOYTOAb-
muk 13 na 34 ¢ nromaapro 442.
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/
2 /
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4 41
7
21x21=441
S ]
- 1
N 2
—
3 T~
13X34=442

63 = 64

AMepUKaHCKWIA WwaxmaTucT U matematuk-nio6utens Cam Jlona (1841-1911) cozgan MHOXKECTBO
pacceyeHui, NOXOXMX Ha NOKAa3aHHbLIE B TEKCTE, KOraa durypa pa3pe3aercs Ha KOHEYHOE YUCNO
yacTen, KOTOpbIe, KaK KaMETCA, COCTaBNAKT HOBYIO GUrypy C NNOWAALID, OTANYAIOWENCS OT NiowWwaau
UCX0AHOM Gurypbl. U306paxeHne BHU3Y NOKa3biBaeT HOBLIM NPUMEP B TOM Ke CTUe, CO3AaHHbINA
Jloiiaom: Ha HeM U306pameH KBaapaT 8 Ha 8, pacCeyeHHbIl Ha TPM YaCTH, KOTOPLIE, KaXeTCs, no-
3BOAAIT CO6paTh NPAMOYroNbHUK 7 Ha 9.

N
AN N
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PA3PE3AHUE W CKNEUBAHUE

Ha caeayromeit urype nokasaso, uro mnpeanoaaraeMbiii npsimoyroabuuk 13 na 34
Ha CaMOM /IeAe He SIBASIeTCs1 TaKOBbIM. FiMy He XBaTaeT yyacTka BAOAb OZHOH U3 €ro Aua-

roHaA€eH; H 9Ta HeJOCTAIOIAst [TAOILAZAb KOMIIEHCHPYET PasHHLLY C HCXOZHOH (PUIypOH.

STH CUTyallMH MOKa3bIBAIOT, YTO MHOTZA HE CTOMT ZOBEPATb CBoeMy 3peHuio. Pac-
cMaTpHBasi H300pa:KeHHsl, Mbl JOAKHbI YAOCTOBEPHTbCS, YTO 4YacCTH AEHCTBHTEAbHO
MIOAHOCTBIO MOAXOJAT APYT K APYTY AAsSI COCTABAEHHUsT (PHUTYPbI MTOCAE PACCEYEHHsT H 4TO
OTCYTCTBYIOT ITAOILAZH, KOTOPbIE SKOHOMSITCSI HAH TEPSIFOTCS BCA€CTBHE TOTO, YTO AMHHH
Ka2KyTCs1 IPSIMbIMH, Ha CaMOM ZleAe TaKOBbIMH He SIBASISACD.

C apyrof#i cTOpoHbI, 3TH MPUMEPbI MOTYT TMOPOJUTb COMHEHHE B TOM, JE€HCTBHTEAD-
HO AM B Teopeme Danaxa — Tapckoro mpoucxoaut yaBoenHe o6bema MAH 9TO yZABOE-
HHe TOAbKO Kaz<yleecs, Kak ymeHbinenue naomazau B gurypax 1 u 2. Kak mb1 ysuaem
U3 caeayrolei raasbl, B TeopeMe Danaxa — Tapckoro ner o6mana, u yasoenue o6bema

INOAHOCTbIO P€aAbHO.

becKkoHeyHble YacTu

Zlo sToro MoMeHTa Mbl BCe BpeMsi TOBOPHAH O paspe3ax, KOTOpbIe 10/pa3yMeBaloT KOHEeY-
Hoe uncAo yacTel. Ho uro ecan peub nodizer o 6eckoneunom umcae yacteir? Mozker au
¢urypa, cobpaHHasi U3 6ECKOHEYHOrO YHCAA 4YacTed, UMeTb, TeM HE MeHee, KOHEYHYIO
nromazab? KoppekTHo A ¢ MaTeMaTHueCcKOl TOUKH 3peHHUs TIepepacripesieAiTb GeCKOHeY -

Hoe uncAo guryp? PaccmorpuM HeKOTOpbIE IPUMEPDI, IPOSICHSIOIIME HAIIH COMHEHHSL.

g 8

14 1yl |18 4| |8

1/4 1/4 71

1% 1% % %)
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PA3PE3AHWE U CKTEMBAHUE

FEOMETPMYECKUE PAbI

Cymma 6eCKOHEYHOr0 YACNA YNEHOB Ha3bIBAETCA B Matematuke psgom. B 4acTHOCTH, 6ECKOHEYHble
CYMMbI B BUE I + % + 13 + r* + ... Ha3bIBAOTCA reOMETPUYECKMMU psjamMu. Ha 3TUX psigax MOXKHO

JOKa3arb, 4To ecnm -1 <r<1, 10:

Faria it eol e
1-r
Hanpumep, ecan r =% , bopmMyna noxasbIBaet, 4To
2 3 4 5 1 l
1+(1) +(1) +(1) +(1) w e S
38\ 3 3 3 3 1= (2
3
YTO COBMNAAAeT C AOKa3aHHbLIM B TEKCTE, 8 MHAye He MOrJIO0 U BbiTb.
(666
—+|=| +|=]| +|=]| +[=]| +-.-=1.
28\ 2. 2 2 2
Y 31010 TOMAECTBA ECTb FEOMETPUYECKOE A0Ka3aTeNbCTBO, NPUBEAEHHOE Ha PUCYHKE.

s

1/64

1
Ansa r=§ nMeem

1/32

1/8

1716

172

1/4

Ha uso6pa:ennu caeBa Ha nmpezbizyleil cTpaHHLe, HalpUMep, Mbl BUAUM KBaZpaT
co croponoit 1, KoTopbIil 6bIA pacceveH Ha YeTbIPE PaBHbIE YAaCTH; YaCTb, 3aKPAlIEHHAs
cepbiM, umeeT nromazab 1/4. Ha usobpazkenun cripaBa ot Hero ogHa us 9THX YeTbipex
GeAbIX yacTel O6bIAG, B CBOIO O4Y€pe/b, pacCeyeHa Ha YeTbIpe paBHbIE YAaCTH, B CBSI3H C YEM

K CEKTOPY, 3aKpallleHHOMY CepbIM, 1006aBASIETCS [TAOLLAZb:
2
1

_.l_i_(l)'
4 4 16 \4)°
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PA3PE3AHWE 1 CKNIEMBAHUE

Ha tperbem usobpazkennu oaun us 6eAbIX CEKTOPOB B O/IHY IIECTHAALATYIO €Ile pas
paspesaH Ha 4YeTbIpe YaCTH, B CBSI3H C YeM K CEKTOPY, 3aKpallleHHOMY CepbIM, 406aBAs-

eTcst: 3
11 1 _ ( 1)
4 16 64 \4

Haxkonen, na yetBepToM M306pazseHHH MpoLECC MOCAE0BATEADHOTO JEAEHHs Ha Ye-
ThIpE PaBHbIE YaCTH MPOAOAKEH A0 HECKOHEYHOCTH, H MAOLIAZb 0OAACTH, 3aKpallleHHOH

CepbIM, BbIYHCASIETCS Yepe3 6eCKOHEUHYIO CyMMY:

2 3 4 5
1 1 1 1 1Y
—+|=| +[=] +[=] +[=] +...
4 \4) \4) &) "\4
Kax Mb1 MozkeM BbraucAuTD, yeMy paBHa 3Ta cymma? /lAst 3TOro Ham Hy2KHO CPaBHMTb
CeKTOp, 3aKpalleHHbIH cepbiM, ¢ 6eAoil o6AacTbio, KoTopass Haxoaurcsi Haz Hum. Ob6a
cekTopa cobpaHbl U3 OAMHAKOBbIX KBAaZPATOB, Pa3HUIIA TOABKO B HX PacroAozkeHuH. De-
ABIH CEKTOP MOAYYAETCsl U3 CEPOTO TMOCAE Tlepepacrpeie\éHHsI HEKOTOPbIX MHOTOYTOAbHH-
KOB, CA€Z0BAaTEAbHO, Y HUX OZMHAKOBasi IAOILAAb. 10 ke caMoe ¢ 6eAbIM CeKTOPOM, KO-

TOprﬁ HAXO0JHUTCsl BHU3Y. BbIBOﬁ.Z SaKpameHHbIﬁ CEKTOP 3aHHUMAET TPETbIO YaCTb ITAOLLA-

AU KBazpara. Mbr JAOKa3aAH, 4YTO:

()G ) ) 3

—+l=] #[=] #[=] #[=] #re==.

4 \4) "\4) "\4) "\3 3
Taxum o6pasom, mbl BuauM, uto Bee crenenu 1/4 B cymme gator 1/3.
Ha caeayromem pucynke nokasano noxozkee paccyzxaeHue.

19  l/810E
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PA3PE3AHUE U CKNEMBAHUE

B atom cayuae mb1 Haunnaem c npsmoyroabnuka naomaznio 1/3, k koropomy z06aB-
AeM KBazpaT MAOIIAZbIo

3aTeM MPAMOYTOAbHHK ITAOLUAAbIO

H TaK JaAee.

3ameTuM, YTO Ka/Ablii TPEYTOABHUK, OKpAIleHHbIH HaJl JMArOHAAbIO KBaZpaTa Ce-
pbIM, KOMIIEHCHPYETCSI TPEYTOABHHKOM, KOTOPbIH octaercs 6eabiv nog Hed. Caezosa-
TeAbHO, Mbl MOKeM MepeABHHYTb KaxKJblH 3aKPAlIEHHbIA TPEYTOAbHHK, YTOObI OH 3aHAA
6eayio uactp. [ locae atoro 6yzer sakpamena Toabko MoAOBUHA KBazpaTa, PacIOAOZKEH-

Has noJ, AHaroHaAblo, IO3TOMY:

2 3 4 5
1 (1 1 1 1Y 1
—+[=] +[=] +[=] +|=] +...==.
3 \3 3 3 3 2
Taxum o6pasom, cymma Bcex crenenedi 1/3 pasua 1/2.
KoppekTHo Au ¢ MaTemaTHueckoil TOUKH 3peHHs paspesaThb M MepepacrpeseAsiTh 6ec-
KoHeuHoe 4ucAo dacteli? /lefictBuTeAbHO, KOTZA peyb HAET O GECKOHEYHOCTH, HY:KHO
cOBAIOZATb OCTOPOKHOCTb, OTOMY YTO, KaK Mbl y2Ke OTMEYaAH, TIPH STOM CYILECTBYET

PHCK CTOAKHYTbCSI € napazokcoM. B caeayrowem pasaeae mbr yBuaum npumep, kotopbii

3aCTaBHT HAaC YCOMHHTbCsA B HCTHHHOCTH TOAbKO 4TO IPHUBEAEHHbIX JOKAa3aTEAbCTB.

YBenuueHue KBaapaTta BYETBEPO

Ksagpat, nanpumep, B3ATHII 3a eAMHHIy, COCTOMT H3 GECKOHEYHOro YHCAA TOYEK,
H TaK K€, KaK IIOAOKEHHE HAa KapTe MOMKHO OTPEAEAMTb MO JOATOTE M LIMPOTE, KazK-
Zasi ToYKa KBazpaTa MOKET ObITb OTpe/ieAeHa C MOMOIIbIO ABYX KoopauHaT. Kak BuzHO
Ha PHCYHKe, Mbl BbIOHpaeM ZBe CTOPOHbI KBaZlpaTa, He aparAeAbHbIE APYT APYTY, H pas-
MeuaeM ux BcemH yncAamu ot 0 20 1; mocae aToro kazkzas Touka KBagpara onpezeAseTcs
10 ee MPOEKUMsIM Ha 9TH ABe cTopoHbl. Ha prcyHke B kauecTBe mpyuMepa Mbl OTMETHAH
Touky ¢ koopauxaramu 0,4 u 0,7, xoropas o6osnauaercs kak (0,4; 0,7). Ty xe npo-
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PASPE3AHUE U CKNENBAHUE

LeAypy MOKHO OCYILECTBHTb C KBaZPaTOM, CTOPOHbI KOTOPOTO PaBHbI 2, B 3TOM CAydae

KazKzasi CTopoHa pasmedaetcsi uncaamu ot 0 z0 2.

1
07k ---- . (0,4;0,7)

|

|

|

|

|

|

:

Xorts na pucynke Touxa (0,4; 0,7) o603HaueHa MaA€HbKHM YepHBIM KPY?KKOM, Ha ca-
MOM ZieA€ Mbl TOBOPHM O Mamemamuuyeckoii mouke. \obas MaTeMaTHYeCKast TOYKa HMe-
eT MAOIIazb, PABHYIO HYAIO, TaKzKe HYAIO paBHbI ee JAAMHA U 06beM, BCAeACTBHE Yero
Ha CaMOM JZieAe OHa TIOAHOCTbIO HEeBHMMA.

Tenepn pacceuem kBazpar, B3ATHIi 3a eMHHILY, Ha GECKOHEYHOE YMCAO YacTel, Kax-
Zas U3 KOTOPbIX 6yZeT MPOCTO OZHOH M3 TO4eK, KOTOpPbIe BXOJAAT B COCTaB KBazpaTa.
Batem nepeneceM TouKy ¢ koopauHatamu (a; b) B MecTo B coceHeM KBazpaTe, KOTOpOe
onpezesieTcsi koopaunatamu (2a; 2b). Kak Buano Ha caeayromem pucynke, Touxa (0,4;
0,7) kBaapara, B3siToro 3a egunuiy, neperocurcs B Touky (0,8; 1,4) ksaapara co cro-

pOHOI 2.
2
1 (0,8;1,4)
0,4;0,7) ] !
07F--- |
| |
| |
| |
| |
| |
0 0,4 1 :
|
|
I
0 0,8 2
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PA3PE3AHWVE W CK/TEMBAHUE

Touku, nepememennble Takum 06pasoM, 3alOAHAT BeCb KBaZpaT GOAbLIErO pasMe-
pa, Haripumep, Touka ¢ koopauHatamu (0,3; 1,7) B Hem 6yzer sansaTa ToukOH, KOTOpas
B KBaZipaTe, B3ATOM 3a eauuHuy, umera koopaunatst (0,15; 0,85). To ectb mbr paccexkau
KBaZIpaT, B3ATbIN 3a €IMHMILY, Ha GECKOHEYHOE YHCAO HacTel U COOpPaAH U3 HHX KBazpaT
mromazbio 4. Kasaroch 661, 370 roBopuT 0 TOM, uTO KOTZ:2 MbI paspesaeM QUrypy Ha 6ec-
KOHEYHOe YMCAO YacTelt, uTo6bl 3aTeM Mepepacripe/leAUTb HX, TIAOILA/b HE COXPAaHAETCH,
YTO TOZBEPraeT COMHEHHSM TPaBUABHOCTb PACCY:K/I€HHH, TMPHBEJEHHbIX Ha PHCYHKAxX
Ha ctp. 42 (Buusy) u 44.

Jlpyroii noxozKuii NpUMep MOKa3bIBAET, YTO Mbl MOKEM [ePEPaCIPESEAUTb TOYKH OT-
peska AB, uTo6b1 noayunts otpesok CD 6oabmiei arunbl. Ha caeayromem pucynke,
AeHCTBHTEABHO, TIOKa3aHo, Kak Kazkzas Touka P Ha orpeske AB nepenocurcs B Mecto P'
na otpeske CD.

A C
- ==
OQe=--"""77
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~
~
~
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3ameuanue, KOTOPOE MOKHO C/IEAATb Kak MPH yBEAHYEHHH TAOLIAZH B YeTbIpe pasa,
TaK YU MPH YBEAHYEHHH JAMHBI, COCTOUT B TOM, YTO YaCTH, Ha KOTOPbIE MbI JEAHAH KBa-
APaT U OTPE30K, ITO MPOCTbIE TOUKH, B TO BPEMsl KaK B MPeAbIAYILHX IIPUMepPaX Mbl BCET-
Jla UCTIOAb30BaAH MHOTOYTOABHHKHU (MAH, B HEKOTOPDBIX CAYYasiX, (PUIypbl, OrpaHHYEHHbIE
kpuBbiMu ). KoppekTHo Au paspesaTb urypy Ha OTZieAbHbBIE TOYKH?

O6bruHo, KOrZa pevb HAET O paspesaHHH (PHrypbl Ha YaCTH, BOSHUKAeT 06pas HEKOH
(popMbI U3 HyMaru, KOTOPYIO PeKYT C IIOMOLLbIO HO?KHHLL; OZHAKO C MAaTEMATHYECKOH TOU-
KH 3peHHs cuTyauust Boirasaut unade. C mMaTeMaTuyeckoit Touku spenus gurypa A —
3TO MHOZKECTBO, COCTOsIIlee U3 HECKOHEYHOro YHCAA TO4EK, a ee 4acTb B moxxer cocrosTh
u3 0zHOH MAM 6oree Touek, B3sTbIX U3 A. To ecTb yacTb MouseT 6bITh AEHCTBHTEABHO
OTZEAbHOH TOYKOH HAM MHOTOYTOABHHKOM AHOO Zlake MOKET HMeTb (POPMY COBOKYIIHO-
ctu Touek. EauncTBEHHOE ycAOBHE — UTOODBI PU COCTaBAEHHH HOBOH (PUIypbl BCE TOY-

KH, BXOZAILLUHE B COCTaB B, NnepemMeCcTHAUCb OJHOBPEMEHHO.
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PA3PE3AHVE 1 CKIEMBAHUE

Hanpuwmep, na caeayroniem prcyHke MHOrOYrOABHHK pacCeKAH Ha HECKOABKO YacTeH,

4TOOBI CO6paTb HU3 HHUX BTOpOﬁ MHOTI'OYTrOAbHHK.

Ha ckoabko uacTeit paspesaru aesbiii MHoroyroabuuk? Ha nepsbiii Bsmsz kaxercs,
YTO Ha TPH, HO €CAH MPHUCMOTPETbCS, BUAHO, YTO MPH (GOPMHPOBAHHH MHOTOYTOAbHHKA
aBe Qurypbl 1o 60kam, 0603HaueHHble HOMEPOM 1, 6bIAM MepeHeceHbl COBMECTHO, TMO-
3TOMY, XOTSI OHH H OTZ€AEHbI PYT OT ZpyTa, OHH BIIOAHE MOTYT I1P€/ICTABASITh CO60H 0ZHY
yacTb. |akum 06pasoM, Mbl MOKEM CKasaTb, YTO MHOTOYrOAbHHK CAeBa GbIA pacceveH
Ha ZBE YaCTH: OHA — MPSAMOYTOAbHHK 2, a BTOpasi 06pasoBaHa ZBYMS TIPSIMOYTOAbHH-
kamH, o6osnauyennbiva kak 1. Cam npsiMmoyroabHuk 2 cocTOMT M3 6eCKOHEYHOro YHCAa
TOY€EK, KOTOPbIE TIEPEMEILAIOTCS 0ZHOBPEMEHHO.

Mb1 zeraem BbIBOA, 4TO B MaTeMaTHKe pa3pesaTb (QUIYpy Ha OTAEAbHbIE TOYKH
KOPPEKTHO, TI03TOMY yBEAHYEHHE MAOLIAZH B YeTblpe pasa, NMOKA3aHHOE Ha PHCYHKe
Ha cTp. 46 (BHM3Y), KaK M yBeAMYEHHE JAMHbI Ha PUCYHKe Ha cTp. 47, BIIoAHE BO3MOZKHO.

JomnycTtuMo A U3 3TOro cZeAaTb BbIBOA, YTO MPH pa3pe3saHHH (PUIypbl Ha GecKoHed-
HOE YHCAO YacTeH M MX Iepepacrpe/leAeHHH TAOIaZb MOKET He cOoXpaHUTbcsi? To6b

OTBETHTDb Ha 3TOT BOIIPOC, ITPOAHAAU3ZHUPYEM BUZbI 6eCKOHEeYHOCTH.

CyeTHble M HECYETHbIE MHOXECTBA

Teopus 6eckoneunoctu 6bira paspaborana B konue XIX Beka pyccko-HeMelKHM MaTe-
matukoM [eoprom Kantopom. Dta Teopus oxsaTbiBaer ouenb ray6okue u AOGOIMbITHbIE
TOHATHS, KOTOPbIE ABASIOTCS (PyHAAMEHTaAbHbIMH At MaTeMaTikH. OzHako Hac ceftuac
MHTEPECYeT TOAbKO pasAHuHe, KoTopoe caerar KanTtop mexzay cueTHbiME M HecueTHbIMU

MHO2K€CTBaMH.
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PA3PE3AHUE 1 CKNEMBAHUE

FEOPT KAHTOP

leopr KaHnTtop poguncsa 3 mapta 1845 roaa
B CaHkT-letepbypre (Poccus). Yepes HekoTopoe
BPEMS ero cembsi nepeexana B [epMaHuio, U B 3T0M
cTpaHe KaHTop yunncs u pa6otan BCIO CBOK KU3Hb.
B 1869 roay OH 3alwuTA AOKTOPCKYIO AuccepTa-
LMI0 N0 MaTemaTuke B bepnMHCKOM yHUBEpcUTETE
W B cnedylowem rogy nony4un Mecto npogpeccopa
B [annbCcKOM yHuBepcutete. Ero uccnegosaHus
0 6ECKOHEYHOCTW AEMOHCTPUMPOBANU OrPOMHbIA
CKa4yOK B MOHUMAHMW ATOrO NMOHATUA, U CEroAHA
KaHTOp cYMTaeTCs 04HMM U3 CaMbIX OPUTUHANBHBIX
MbiCAUTENEN B UCTOPUU MaTeMaTUKU. OfHAKO Bbl-
BOAbl Y4EHOr0 NOHOCTbIO NPOTUBOPEYUAN UHTYM-

LMK, NO3TOMY ero Teopusi 6bina OTBEPrHyTa MHOTU-
MW MaTemMaTMKaMu TOro BpeMeHu. U3-3a atux

leopr KaHtop, okosno 1900 roga.

CO6bITUA 340POBLE M NCUXUYECKOE paBHOBECUE
KaHTopa nowarHynaucb, a CMepTb ero maaawero cbiHa B 1899 rogy coBeplieHHO nogKocuna marte-
martuka. leopr KaHtop cKoHYancs B [anne, B KIMHUKE AnS AyWeBHOO0/bHLIX, 6 aHBapa 1918 roaa.

Beckoneunoe muozkectBo, cunutaer Kantop, sBAseTcs cuemmubim, ecan MoKHO ycTa-
HOBHTb B3aHMHO OJIHO3HAYHOE COOTBETCTBHE MEKJY SAEMEHTaMH 3TOr0 MHOKECTBa
¥ MHOKECTBOM BCeX HaTypaAbHbIX uHceA, kotopbivu sBasitorea 0, 1, 2, 3, 4, ... Takum
06pa3soM, MHO2KECTBO SIBASIETCSI CYETHBIM, €CAH MOKHO HalTH Mapy Kazk0My H3 €ro uAe-
HOB CpeZN HaTypaAbHbIX unceA. | [puBesem B kauecTBe npuMepa MHO2KECTBO BCEX LIEABIX
YHCeA, COCTOSIIIIEE U3 MTOAMHOKECTBA HATYPAABHbIX [TAIOC TOZMHOKECTBO OTPHIIATEAbHbIX
yucer (—1, —2, —3, —4, ...). MHo:keCTBO LieABIX YHCEA SBAAETCS CYETHBIM, H CAEZY-
jolasi cxema I0KasblBaeT, KaK yCTAHOBHTb B3aHMHO OJHO3HAYHOE COOTBETCTBHE MEKZY

HUM H MHOKE€CTBOM HaTypPaAbHbIX YHCEA.
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PA3PE3AHWE U CKNTEWMBAHUE

Apyl"Oﬁ NPUMEP CHETHOIO MHO2KECTBA — 3TO MHO2KECTBO, COJZep:2Kalllee BCe CTere-

uu 1/3, cymMy KOTOPOro Mbl BbIYHCAMAM paHee. 10 eCTb 3TO MHO2KECTBO, COCTOSIILEe H3:

+6-6)-6)-6)
3°\3) 7 \3)7\3) 7 \3)7""
aA€e [I0OKa3aHO, KaK COCTAaBASAKTCS napbl C HaTYPAaAbHbIMH YHUCAAMH.
A
5666
3 3 3 3
I 1 1 !

1 2 3 4

1
Crenenu — :

S = W~

Hatypanbubie uncaa:

Ecaun, nanpumep, Mbl 3aMocTuM 6€3 HarOMKEHMH MAOCKOCTb MPAaBUAbHBIMH IIECTH-
YTOABHHKAMH, KOAMYECTBO LIECTHUYTOABHUKOB 6yzeT 6eckoHeunbiM cuetHbiM. Ha pucyn-

K€ ITOKa3aHO, KaK YCTAaHOBHTb COOTHOLIEHHE 110 OZHOMY MeKAY HaTypPaAbHbIMH YUCAAMH

H IECTHYTOAbHHKAMH.

OZI,HO H3 IEPBbIX OTKprTHﬁ KaHTopa 3aKAKOYaAOCh B TOM, YTO He Bce 6eCKOHEYHbIe

MHO2KECTBa ABAAIOTCA CYETHBIMH; HEKOTOPbIE HACTOABKO BEAHKH, YTO KaK ObI MbI HH CTa-
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PA3PE3AHWE U CKNEMBAHMUE

PaAHCh YCTaHOBHTb B3aMMHO OZHO3HAYHOE COOTBETCTBHME C HATYPAaAbHBIMM YHMCAAMH,
BO MHO2KECTBe Bcerza 6yzyT MPUCYTCTBOBATb AHMLIHHE SAEMEHTbI, OCTaBIIMecs 6e3 mapbl.
Bosbmem, Hanpumep, 0Tpesok, B3ATHIH 3a eAHHHILY, M TIPHCBOMM KazKZIOH H3 €ro Touek
gucao ot 0 20 1. Tenepn a0kazkeM, 4TO 9TO MHO2kECTBO TOYEK HECYETHOE.
[peanorozxum, 4TO MOKHO MOMBITATbCA YCTAHOBHUTb B3aMMHO OJJHO3HAYHOE COOTBET-
CTBHE MEKJly HaTypaAbHbIMH YHCAAMH M BCEMH TOYKAMHM OTpPe3Ka, B3SITOTO 3a €AMHHMILY,
COCTOSAILEro, Kak Mbl ckasaAH, us Beex unceA ot 0 zo 1. Hatyparbnomy uucay 0 Toraa
Gyaet cootsercTBoBath uHcA0 oT 0 70 1, KOTOpPOE MBI MO21EM 3amHCaTD Kak 0, a,a,a,a

233440055

HaTypaibHOMy uucAy 1 6yzer cooTercTBOBaTh uHCAO 0, blbszb 4+++» M TAKHM 26€ 06pa3oM

A ancer 2, 3, 4...

0 P, 0,a1a2a3a4...
1 < 0,bp,bsb,...
2 > 0,c1c2c3c4...
3 ¢« 0dddd,...

Mb1 g0AHbI 0Ka3aTh, YTO HE3ABUCHMO OT TOTO, KAKAM 06pa30M OCYILIECTBAEHA T10-
TbITKA YCTAHOBHTb COOTBETCTBHe, Beerza octanercs uncao oT 0 g0 1 6es maper. Onpeae-
Aum umcao 0, X X,X3X ... CAEAYIOLUM 06pa30M: BbIGEPEM X, KaK AIOGYIO LU(PPY, OTAHYHYIO
OT a,, 3aTeM BbIGEPEM YHCAO X, KaK Al06GYI0 APYTryio WH(PY, OTAHUHYIO OT b, X; — Kak
Ai06yI0 LUPPY, OTAHYHYIO OT C;, ¥ Tak Aaree. Mtax, Mt Haman uncro y = 0, x,x,x,x,...
or 0 z0 1, onpeseasironiee 0gHy TOUKy OTpeska. 3aMETHM, YTO 3TO YHCAO Y HE COCTABHAO
napy HUKaKOMy HaTypaAbHOMY YHCAY: OHO He cocTaBAsieT napy 0, moTomy uto orAmuaercs
or 0, a,a,a,a,... B nepBoii wHppe; Takxke He cocTaBAsteT napy 1, moromy uTo OTAMUAETCS
or 0, b,b,b,b,... Bo BTOpOIl IMPpe. Takxke MbI 06HAPY2KHBaEM, UTO Yy He COCTABASET Mapy
wu 2, vy 3, uu 4, uu 5... Yucaro y ocrarocs 6es mapoi.

YcranoBUTD B3aMMHO OZHO3HAYHOE COOTBETCTBHE MEKAY HATYPAAbHBIMH HHCAAMH
¥ TOYKaMH OTpesKa, B3ATOrO 3a €JMHHILY, HEBO3MOKHO, CAEZOBATEABHO, TOYKH COCTaB-
MIOT HecuemHoe MHO25ecTBO. | Joz06HbIM 06pa30M MOKHO Z0Ka3aTh, YTO TOYKH AIOGOTO
oTpeska (He TOAbKO B3SITOTO 3a €JHHHILY), KaK M TOYKH A060r0 MHOTOYTOAbHHKaA, Kyba
HAM C(ePbI, COCTABASIIOT MHOKECTBA, HE ABASIOIUMECS CYETHBIMH.

PasAnune MexKzy CHUETHBIMH M HECYETHbIMH MHOKECTBAMHU HUMEET AAS HaC TIPHHIIMITH-

aAbHOE€ 3Ha4€HHE. EC}\H Mbl pa3pexkeM (PUrypy Ha KOHEYHOE HAH 6ecKOHEeYHOe CYETHOE
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PA3PE3AHUE U CHNEUBAHUE

YHCAO YacTeH, IPH UX IepepacripeeAeHHH BCerAa MOAYYHTCS (PUrypa C TaKOH 2Ke MAO-
IIaZbIO, YTO M HCXOAHAsA. JTO 2Ke CIIPABEAAHBO AAS 06beMa TeAa HMAM JAMHbI AHHHH.
Ecau ke urcao yacTeii 6eCKOHEYHO HECUETHO, TO HET FapaHTHH, YTO MIAOLUIA/b, AAMHA HAH
0o6beM COXpaHATCS.

Hrak, kak BugHO Ha cAeAyIOLIEM PHCYHKE, TIPH A0KAa3aTEABCTBE CyMMbI

Lo o o

CEKTOp, 3&KpalﬂeHHblﬁ CepbIM, ObIA pPa3JEeAEH Ha CHETHOE YHCAO KBAaZPATOB. CaMO H30~
6pame1—me TMOKa3bIBa€T, KaK INOCTaBHUTb B COOTBETCTBHE HATYPAAbBHOE YHCAO KaKAOMYy
H3 HHUX. CACAOBaTe}\bHO, CIIpaBeJAHBO IPEAIIOAO2KHUTD, YTO Oﬁlgﬂ MAoLIaZb 3aKpalleH-
HOH 4aCTH COXPAHUTCs, ECAH Mbl I[IEPEHECEM HaBE€PX UAH BHH3 KBaJpPaTbl, BXOJSIIHE B €€
COCTaB. TO 2Ke caMoe IIPOUCXOAHUT IPH A0Ka3aTEAbCTBE JAsd

ORCRERC

M nanporus, korza Mbl yBeAMuYMBaAM B HeTbipe pasa KBaApaT, B3STbIH 3a €JHHH-
1ly, ¥ OTPe3oK, 06a OHH GbIAM pa3ZieAeHbl Ha HECYETHOE KOAMYECTBO yacTed (kazkzas
YacTb — 3TO TOYKA, & KOAHYECTBO TOYEK B KBaZpaTe MAM OTPE3KE HECYETHO), H UMEHHO

TMO3TOMY HE€ JOA2KHO YAUBASITD, YTO ITAOLUAADb HAH AAHHA H3MEHHUAHCD. l—IpH MMPUMEHEHHH
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PA3PE3AHUE 1 CKNIEMBAHUE

npoueaypbl, H01106H0ﬁ TOﬁ, 4YTO MbI IIOKa3aAH AAA KBajpaTa, HECAOXKHO YBHAETDb, YTO
MO2KHO paccedb c(pepy Ha HECYETHOE KOAHYECTBO qacreﬁ, 4TOOBI TNMOCTPOHUTDb U3 HHUX ZB€
cepbl, paBHbIE HCXOIJ,HO;L TeopeMa, JAOKa3aHHas1 BaHaXOM H TapCKPIM, IIOTOMY H YAHUBH~
T€AbHaA, 4YTO B HeH He HCIIOAb3YETCsI HECHETHOE KOAHYECTBO YacTeH UAU JazxKe 6eckoHey-
HOE CYETHOEe KOAHYECTBO 4acTeH. Ma’rema’mxu paspesanl 11ap BCEro Ha BOCEMb yacTeH.
B meayroxgeifl rAaB€ Mbl y3HA€M, KaK 2K€ UM yZaAOCb YABOUTDb o6beMm.
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‘Teopema banaxa — Tapckoro

B teopeme Banaxa — Tapckoro yTeepazaercsi, uTo map MoxkHO pacceyb Ha BOCEMb
yacTeH, U3 KOTOPbIX, B CBOIO OYepeib, MOHO cob6paTh ABa 1Iapa, 1Mo o6beMy paBHbIE
ucxoaHoMy. B 9TOH raaBe Mbl pacCMOTPHUM MaTeMaTHYECKOE ZOKa3aTeAbCTBO TEOPEMbI
M IpOaHaAM3HPYEM, KaKOBa ee CBsi3b C peaAbHbIM MHpoM. Beab ecau To, o uem rosopurcs
B TeopeMe, I0Ka3aHO MaTeMaTHYECKH, [I0YEMY MbI He MO2KEM, He J006aBAsIsl OTTOAHHUTEAD -
HOH MaTepHH, yABOUTD LIap U3 30A0Ta? VA Bce-Taku Mbl MO2keM 3TO caeAaTh?
[Ipexxae yem nepeiiTu k A0Ka3aTEAbCTBY TeOpEMbl, PACCMOTPHUM JPYTHE CHTYalluH,
B KOTOPBIX IIPH pacCeyeHHH U ITOBTOPHOM cHOpe (PUrypbl MbI IOAYYaeM GOAbILIE MATEPHH,
yeM 6p170 BHayare. Co6CTBEHHO, B TpeAbIAyIeH TAaBe Mbl y2Ke BUAEAH /IBa MOA0GHbIX
npuMepa, KOrAa yBeAUYMBaAH B 4eTbIpe pasa MMAOLIaZb Kyba U HapallluBaAH JAHHY OTpeEs-
Ka, HO [IPH 3TOM MbI [IOAb30BAAUCh HECUETHBIM KOAHYECTBOM YaCTeH, a 9TO He TapaHTHPY -
€T COXpaHEHHsl IAMHDI, [IAOILAZN HAH 06beMa. A BOT B CUTYyaUMsiX, KOTOPbIE MbI PaCCMO-
TPUM ceHyac, YUCA0 YacTel 6yzeT 6eCKOHEYHbIM CYETHBIM. JTH IIPUMEPbI HAAIOCTPHPYIOT
HeKOTOpble 0coOble CBOHCTBa GECKOHEYHBIX MHOZKECTB, KOTOPbIE GbIAK C(POPMYAHPOBAHDI

Jasuzaom [Mab6epToM npu 10BOABHO H3BECTHBIX 06CTOATEABCTBAX.

Otenb MMnb6epra

B xonue XIX Beka Jlasua [urnbept B BHAE HE6OABIIOH HCTOPHH CMOZEAHPOBAA MaTe-
MaTHYECKYIO CUTYaLHIO, KOTOPasi 0 CHX MOP HCTIOAb3YETCS A HAAOCTPALIMH HEKOTOPBIX
CBOHCTB GECKOHEYHOCTH, MPAKTHYECKH HEBbIBOJAMUMBIX MHTYMTHBHO. | [peacTaBum, roso-
put [Ab6epT, oTeAb, B KOTOPOM eCTb 6€CKOHEYHOE CYETHOE YHCAO HOMEPOB, 0603HAYEH-
npix uuppamu 0, 1, 2, 3, 4, ... [lpeacraBum Takae, uTo Kazkzblit HOMep 3aHAT TOABKO
OAHHM YEAOBEKOM M 4TO COTAACHO NPABHAAM OTEAsl B OZHOM HOMEpE HU B KOEM CAydae

HE MOTyT 2KUTb JABa HAH 6oree MOCTOSIABLIEB.
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TEOPEMA BAHAXA — TAPCKOI'O

JABUZ TUNbBEPT

Mnbbept poauncsa 23 ausapa 1862 roga B KéHurcbepre,
B BoctouHo MNpyceum (cerogHa Kanunuurpag, Poccus).
OH M3yyan matemaTuKy B YHUBEPCUTETE POAHOIO ropoaa,
TaM Xe 3awutun B 1885 roay AOKTOPCKYO AUcCepTaLuio
M Havyan npenojaBaTeNbCKYi0 W UCCNEA0BaTENbCKYO
neatenbHocTb. Yepes 10 net Munbbept nony4nn A0MKHOCTb
B NPECTUIKHOM [ETTMHIEHCKOM YHUBEPCUTETE, A€ M OCTacs
[0 KOHLa Kapbepbl. MAb6epT cYUTaeTcs O4HUM U3 ABYX
caMbiX M3BECTHbIX MaTeMaTUKoB pybema XIX-XX BeKos,
1 3Ty YecTb OH JeNNT CO CBOMM (paHLy3CKUM KOANeron

Anpy lMyaHKape. Y4eHbl1 0CO6EHHO 3HaMeHUT Bnarogaps

BbICTYN/IEHUIO Ha NepBOi KoHbepeHuun BToporo
MeayHapofHOro MaTeMaTM4ecKoro KoHrpecca, nposeseHHoro B Mapuxe 8 1900 rogy. Bo Bpems
CBOEro BbiCTynaeHus MMnbbepT noctasun 23 NpobaeMbl, KOTOPbIE, KaK OH cyutan, b6yayT npeAMeTom
MaTemaTh4ecKux uccneaoBaHui B TeqeHue XX Beka. W AeMcTBUTENbHO, MHOTUE MaTEMaTUKU BOLWIN
B UCTOPMIO UMEHHO Gnarofapsa peweHnio Kakon-1M6o u3 atux 23 npobnem. Munbbept ckoHyancs
B FéTtuHreHe 14 ¢espans 1943 roga. B kayectBe anutaduu Ha ero morune BeiceyeHa ero dpasa,
KoTopas BnepBblie Npo3By4ana Ha KoHpepeHunn 1900 roga 1 KoTopas BhipawaeT BEPY yYEHOro
B BO3MOMHOCTH Y€N0BEYECKOr0 pa3yma: «Mbl AOMKHBI 3HaTb. Mbl 6yAeM 3HaTb».

B aroli cutyaumu B oTeAb IPUXOAUT elle OZUH YeAOBEK, KOTOPDIH NPOCHT cebe HoMep.
Cuauana eMy OTBEYAIOT, YTO 9TO HEBO3MOKHO, TIOCKOABKY OTEAb [OAOH, OZHAKO BHOBb
npUOBIBIINI TIpeAAaraeT pelleHHe: MyCTb 4eAoBek, saHuMarowuil Homep 0, mepeizer
B HoMep 1, yeroBek us Homepa 1 — B HOMep 2, us Homepa 2 — B HOMep 3 U Tak Aaxee,
KaK NMOKa3aHo Ha PUCYHKe. |aK HHKTO He ocTaHeTcsi 6e3 HoMepa, U B To xse Bpemst Homep ()

0CBOOOAUTCST IAST BHOBD IIPHODIBILIETO.

XXEEEE]
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Yausasier B 3TOM NpUMepe TOT (haKT, YTO, BOMPEKH O6BIMHOMN AOTHKE H Zjazke 3/,paBOMY
CMbICAY, TOSIBAEHHE HOBOTO TOCTOSIAbIIA HE YBEAMYHBAeT o6luee KOAUYECTBO KHMADIIOB,
a KaK /10, Tak M TIOCAE ero MPUODbITHS B OTEAE KHBET IpexkHee KOAUYECTBO OCTOSIAbLEB.

Ato60mbITHO, YTO MpeAAOzKeHHOE peleHHe 6bIA0 6bl CTIpaBe/IAHBbIM H B TOM CAy4ae,
ecan 6b1 B oTeAb 1pu6biA0 10 HOBBIX MOCTOSIABLIEB BMECTO OZHOTO: AASl TOTO YTO6bI BCe
OHM MOTAM 3aCEAMTbCS, HE Hapyllasi IPaBHA OTeAst, 6bIAO 6bI 0CTaTOYHO, YTOODI MIOCTOSA-
aent u3 Homepa 0 nepemea B nomep 10, mocrosiren us nomepa 1 neperea B nomep 11 u Tax
aaree, Tak uto Homepa oT 0 70 9 okazyTCst CBO60AHBIMH Al BHOBb TPHOBIBIIMX.

Boaxee Toro, ob1ee 4HcAO MOCTOSIABIIEB He YBEAHYHBAETCS H B TOM CAy4ae, eCAM 7106a-
BUTb HECKOHEYHOE CYETHOE MHOKECTBO HOBbIX rocteil. B atom cayuae mocrosiren us Ho-
vepa 1 norxen nepeiitu B Homep 2, us Homepa 2 — B HOoMep 4, U3 HOMepa 3 — B HO-
vep 6, us Homepa 4 — B Homep 8 u Tak zaree — U Bce HeueTHbIe HOMepa 0CBOGOAATCS

AN pa3MEIeHHsA HOBbIX I‘OCTei:l (CM. pHCYHOK).
O O O @) O @)
() \\ 6 -

Tax, nanpumep, ocBo6oautcs nomep 101, mockoabky ero mocrosiren nepeezget B Ho-
vep 202, nocrosiren us 202 nepeeaer B8 404, a rocts us nomepa 404 — B 808 u Tax
aaree. B urore npu g06aBAeHnn 6eCKOHEYHOrO CYETHOrO KOAMYECTBA HOBBIX OCTOSIAbLIEB
ofllee KOAHYECTBO FOCTeH TaKzke He MEHsIeTCsl, TOTOMY YTO OHO COOTBETCTBYET 0blIeMy
YHUCAY HOMEPOB.

ATn cBOHCTBa 6€CKOHEYHOCTH MO3BOASIOT HaM MPOUAAIOCTPHUPOBATh, Kak, paspesast
TeAO M Mepepacripe/ieAssi IOAYYeHHbIE YaCTH, Mbl 0OMBAaEMCS KazKyllerocst yBeAH4eHHUst
varepu. B uwacTHOCTH, MBI yBUAMM crioco6 paspesaTb KBazpaT, B3AITHIH 3a €JHHHILY,
Ha CYETHOE YHCAO YacTeH, KOTOpble, eCAH HX TepepacrpezieAHTb JOAZKHbIM 06pasoM, Ja-

AYT HaM TOT Ke caMbIH KBaZpaT IIAKC AOHOAHHTeAbeIﬁ OTPE30K.
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KBagpar nawc oTpesok

Bosbmem kBazpart, npuHATHIH 3a e AMHHILY, U TaK K€, KaK Mbl 9TO Z€AAAH B TpeAblAyLIeH
rAaBe, BbIGEpEM OZHY U3 ero CTOPOH M MIPHCBOUM Kaz/104 u3 ee Touek uucao ot 0 g0 1; ra-
KUM 06pa3soM, MOSIBUTCS TOUKA, KOTOPO# 6y/ZeT COOTBETCTBOBaTh, Hanpumep, uncAo 0,8,
TOYKa, KOoTopoH 6yzer coorBercTBoBaTh uncAo 0,232323, u Tak aanree.

Tenepn BosbMeM OTpesKH, B3sATbIE 3a €IUHULIbI, TIEPTIEHAUKYASPHbIE BbIGPAHHOH CTO-
POHE U OMMPAIOIIMECs] HAa TOUKH, COOTBETCTBYIOILHME YHCAAM

105 10333, Looos,...
2 3 4

HCKOTOpre H3 HHX IIOKa3aHbl HAa PHCYHKE CA€Ba. Ha CaMOM JZi€A€ HapUCOBaTb HX BCe

HEBO3MO2KHO, ITOCKOAbKY HX 6eCKOHEeYHOEe KOAHYECTBO, XOTsI U CUETHOE.
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Tenepn nepefinem k aerenuto kBagpara Ha yactTH. Kaxaplil U3 BblzeAeHHBIX OTPES-
KOB — 3TO OZlHAa YacTb, a OCTaBIIAsCS YacTb KBajpaTa — Jpyras; B LEAOM HMeeTcs
feckoHeuHoe cueTHoe KoauuecTso yacteil. [ locMoTpum, Kak, MCMIOAB3YS Ty e HAEI0, YTO
u ¢ oteaeM [MAbGepTa, 3TH YaCTH MOKHO TlepepacrpesieAUTb, YTO6bI TOAYHYHTb HCXOZHDIH
KBazpat IMAIOC OTPE30K.

Zrs storo Bosbmem otpesok 1/2 u mepenecem ero 3a npezeant kBagpata (urypa
cripaBa); B TO 2ke BpeMs epemecTum oTpesok 1/3 ua mecro 1/2, 1/4 — na mecro 1/3,
¥ TaK Zaiee. -3aMeTbTe, YTO HH OZHA U3 YacTeH KBaJpaTa He OCTAaeTCsl HeMOKPbITOH, Mo-
CKOAbKY, HanpuMep, XoTsi oTpesok Ha Mecte 1/345 nepenocurca na mecto 1/344, 06-
AacTb, KOTOPYIO OH OCTaBAsieT cBo60HOH, mokpbiBaetcst oTpeskoM 1/346. B urore, kak
MbI ¥ TIpeATIOAAraAH, IOAYYaeM HCXOHbIH KBaZpaT MAIOC OTPE30K.

Ecau 661 Bce mepemeriaeMble OTPEe3KH MPOXOAMAH OZHO M TO K€ PACCTOSIHHE, OHH

MOTAH ObI CYHTATbCS CZI,HHOﬁ 4YaCTbIO KBaJpaTa, OJHaKO, KaK OY€BHAHO, OTPE30K 1/2
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nepeMeraeTcst Ha 60Abluee paccrosinue, yeM 1/3, a Tot, B cBolO Ouepeapb, nepemeraeTcs
Ha 60Ablee paccrosiHue, yeM 1/4, u Tak zaree, MOSTOMY KarKZbIH M3 HHX JOAXKEH CUH-
TaTbCsl OTAEABHOH YacTbIO.

Mp1 mozxeM eie 60AbLIE YCOBEPIIEHCTBOBATD 3TY MAEIO: OCHOBBIBAsCh HA BTOPOH ua-
cTi uctopuu oteAst [uabbepTa, Mbl MO2seM MOAYYHTD He OTPE30K B YHCTOM BHZE, a HCXOZ-
HbIF KBaZPaT [AIOC LIEAYIO IIPIMYI0 6eCKOHeYHOH AAHHDL. UT06bI 106UTbCS 3TOrO, YAaAUM
3 KBazpaTa BCe OTPE3KH, 3aHMMaroue HewetHble mecta: 1/3, 1/5,1/7,1/9, ..., —

H COEMHHM HX, 00pasys, KaK Mbl CKa3aAH, NPSIMYI0 OECKOHEUHOH JAHUHbDI.
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A 4r06b1 3aHATH MecTa, OKasaBIIHeCs CBOGOZHBIMH, MEPEHOCHM HEKOTOPbIE M3 YeT-
HBIX OTPE3KOB cAeayrowuM obpasom: 1/6 mepexoaut na mecro 1/3, 1/10 — na mecto
1/5,1/12 — na mecto 1/6 u Tak zaree. Ha cBoux mectax ocraiorcst ToAbko oTpesku
1/2,1/4,1/8,1/16...

O6iee koAnuecTBO mepeMeleHHbIX YacTeH, MOBTOPUMCS, GECKOHEYHOEe CUETHOE,
4 B MUTOT€ MbI TIOAy4aeM HCXOZHbIH KBaZpaT IAIOC NIPAMYIO.

Kazxercs, uto Mbr cTarkuBaeMcs ¢ mapazokcom: B MpeablAyILeH rAaBe Mbl YBHZEAH,
YTO MO2KHO paccedb KBaZpaT Ha HECYETHOE YUCAO YacTeH, 4T06bI cO6paTh U3 HUX KBaZpaT
60ADbLIEH [IAOLIAZH, HO B TO K€ BPEMsl Mbl OTMETHAM, YTO MPH PAacCEYEHHH U TTOBTOPHOM
c6ope KOHEYHOTO YHCAA M 6ECKOHEYHOTO CYETHOTO YHCAA YacTel maomaap (a Takxe 06b-
eM M ZAMHA) coxpansiercs. /lBa npHBeseHHbIX pUMepa, KaxKeTcsl, IPOTHBOPEYaT STOMY
YTBEPKAEHHIO, TIOCKOABKY MOCAE PACCEYeHHs U OBTOPHOTO c60pa CYETHOTO KOAHYECTBA
yacTel Mbl IOAYYHAH HCXOAHYIO (DHTYPY TAIOC YTO-TO ellle.

Ho ecau Tmareapno npoanarusuposath cuTyalmio, Mbl YBHANM, YTO POTHBOPEYHS
Ha camoM zeAe HeT. /lelicTBHTeAbHO, B peabIAyILell TAaBe Mbl CKa3aAM, YTO TOYKA C Ma-

TEMaTHYECKOH TOYKH 3PEHHsI — 3STO HEBUAWMAsl CYLUHOCTDb, JAAMHA U TAOILAZAb KOTOPOH
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paBHbI HyAlo. [0BOpst B ABYX mpeablaymux npuMepax o6 OTpesKaX, Mbl HMEAH B BHAY
HzieaAbHble MaTeEMAaTHYeCKHe AUHHH, ¥ KOTOPbIX €CTb JAHHA, HO HET LIHPHHBI, TOSTOMY HX
TAOILA/b TaKzKe paBHA HyAlo. J\HHUHU, H306pazKeHHDbIE Ha PUCYHKAX HA ABYX IPEAbIAYILIHX
CTPaAHHUIAX, 9TO TOAbKO HECOBepIlleHHbIe H300pazKeHHsl OTPE3KOB, IIOCKOABKY Y HHX €CTb
ILIMPHHA, MyCTb M OYeHb MaAeHbKasi, HO Bce ke He HyAeBas. | lockoAbKy naomazap otpeska
paBHA HYAIO, TO MAOIIAZb CYETHOTO YHCAA OTPE3KOB H MAowazb npsiMoi (aaxe npu bec-
KOHEYHOH AAMHe ) Takxse paBHbl HyAl0. CaezoBaTeAbHO, KBaZpaT, IPHHATBIH 3a € AHHHLLY,
IIAIOC OTPE30K MMM KBAZPAT, IPUHSITBIA 33 €AUHHULLY, [IAIOC [IpsIMasi KMEIOT B CyMMe OZAHY
M Ty 2Ke TAOILAZb, YTO M KBaJpaT, NPUHATbIH 3a eaunuuy. Kak Buaure, npotuBopeuns
yaaroch usbexaTh, IOTOMy YTO B 060MX NpHMepax, Kak A0, TaK M IOCAE paccedeHHs

U nepepacripeseAeHys, o61as naoazb GUrypbl He HSMEHHAACD.

beckoHeyHas nonoca

B sToM 1 B caeaytomem pasaeaax Mbl YBHHM IPUMePDI TOTO, KaK Mbl pacceKaeM (GHrypy
(¥AM TeAO) Ha YaCTH TakMM 06pa30M, UTO TIPH OTIPeZIEACHHOM Tepepacripe/leAeHHH YacTel
3 HUX MO2KHO co6paThb aBe (purypbl (MAH Ba TeAa), paBHbIe HCX0AHOH. B nepsom cayuae
MbI BOCIIOAb3YeMCsl 6eCKOHEYHbIM CYETHbIM YHCAOM YacTeH; BO BTOPOM — 6eCKOHEYHbIM
HECYETHbIM YHCAOM.

B nepsom npumepe peub uzet o noroce arunoi 1, koTopas 6eckOHEUHO TAHETCS BIIpa-
BO M BAEBO H MAOILAZlb KOTOPOH, CA€ZI0BaTeAbHO, 6ecKkoHeuHa (BepXHss 4acTb PUCYHKA).
PaszeAnm aTy morocy Ha CueTHOE YHCAO KBaZpaToOB, KOTOPbIE A GOAbIIEH ICHOCTH 060-
3HAYMM LIEABIMH YHCAAMH: ..., —3, —2, —1, 0, 1, 2, 3, 4, ... Kaxapiii ksagpar — oana

H3 qaCTeﬁ, KOTOpPbIE MbI II€PEPACIIPEAEANM.

=3 -2 | -1 0 1 2 3 4

BaTeM, KaK ITOKa3aHO Ha CAeAYIOLIEM PHCYHKE, Mbl IIEPEHOCHM BHH3 BCE€ KBaZpaTbl
C HEYE€THbIMH HOME€pPAMH. I—[OCJ\C 9TOr'o OCTAETCA AB€ ITOAOCHI C 6eCKOHEeYHbIM YHCAOM npo-

6eA0B, KaxK/bli U3 KOTOPbIX HMeeT (JOPMy KBaZpaTa, IPUHSTOrO 3a €AMHHLLY.
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A S

-3 -1 1 3

anMeHHM HIEI0 OTEAA rHAbﬁepTa HB BCpXHeﬁ 4aCTH PHUCYHKa IIEPEMECTHM KBaJpaT 2

Ha MecTo kBazpaTa 1, kBaapar 4 — Ha mecTo kBazpaTa 2, kBagpaT 6 — Ha MecTo KBa-

Apata 3 H TaK JaAee. AHaJ\OI‘H‘{HO nepeMecTHM KBazapar -—2 Ha MECTO, KOTOPO€ 3aHHUMaA

kBazgpaT —1, kBagpaT —4 — Ha MecTo KBazpaTa —2 M Tak Zaiee. l|ak Mbl MOAHOCTbIO

BOCCTAHOBHM ITIOAOCY.

BaTEM CAEAAEM TO 2K€ CaMoOe€ C HH:KHEH 4acTblo: TnepeHecemM KBaapar 3 Ha MEeCTO, KO-~

TOpOE€ AOAKEH 3aHHUMATb KBaJpaT 2, KBajapaT 5 — Ha MeCTO 3 H TaK ZJaAee, OCYLLUECTBASA

Ty 2Ke ONepALMIO C OTPHUATEAbHbIMH YHCAaMH. KoHeuHbIH pesyabTaT — aBe MOAOCHI,

paBHbIE HCXOZI,HO;! .

YBEMYEHUE OBBEMA B/1BOE

HecnomHo 06bACHUTL CNoco6, KOTOpLIM Chepa paanyca R pa3pes3aeTcs Ha HECHETHOE KONMYECTBO
yactem, 4to6bl co6paTh M3 HKUX Chepy ABOMHOrO 06bema. Kamuaas YacTb — 370 OTAENbHAA TOYKA, KOTO-
pYI0 Mbl OTZiaNnsieM OT LiEHTPa, NOKa PacCTOsHUE /0 Hero He 6yaeT yBennyeHo Ha 32. LieHTp ocTaetcs

B TOM e MeCTe, a Mbl I0ly4aeM chepy ¢ paanycom /2 R, 06beM KoTopoii paBeH:

06beM (6obluas chepa) = -;L:(%/ER)3 = Z%ﬂR3 = 06beM (ManeHbKas chepa).
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Mb! aeficTBHTEABHO YABOMAH MAOMIAAb HcxozHOH ¢urypnr? Ha nepsbiit Bsrasia mo-
?KET 10Ka3aTbhCs, YTO Aa, HO IIPABUABHBIH OTBET — MbI €€ He YABOUAH, IIOTOMY YTO ZBOH-
Hasi 6eCKOHEYHOCTb — 3TO Ta 2ke caMasi 6eckoHeunocTb. | [romazp ucxoaHol gurypor,

KaK Mbl y2K€ CKa3aAH, 6ecxone'ma, a MAoIaJZb JBYX KOHEYHDIX IIOAOC TaK2Ke€ 6eckoHeyYHa.

YaBoeHue wapa

Yro6b1 noaokitu k Teopeme Banaxa — Tapckoro, y6eaumcsi, 4to MoxHO paccedp map
Ha HEeCYETHOE YHUCAO YacTeH, YTOObI cOOPATh U3 HUX JBa [Iapa, PaBHbIX HCXOZAHOMY; Kaxk-
Zasl 4aCTb — OZHa M3 TO4YeK IIapa.

Byaem ocymectsaarb yaBoenue nocaeaosareabno. Ha caeayromem pucynke nokasa-
HO, KaK yIBOUTb OKPY2KHOCTb. /A5t 3TOr0 BO3bMeEM KPHBYIO H PaCKPOEM €€, MOKa He MOAY-
YUM OTPE30K TOH K€ AAMHBL 3aTeM MPUMEHHM METOJ, TIPeAOKEHHbIH B Tpe/blAyIel
rAaBe, sl IOAYYEHHs] OTpe3Ka JBOWHOH JAHHBI, KOTOPBIA Mbl, B CBOIO O4Y€pelb, AEAUM
Ha /1Ba OTPe3Ka TOH 2K€ JIAHHDI, YTO U HCXOAHas oKpyxsHOCTh. Hakonen, cHoBa usru6aem

9TH OTPE3KH H IIOAYYAEM JBE€ OKPY2KHOCTH, paBHbIE HCXOAHOﬁ.

OTPE30K U KBA/JPAT

B 1877 rop leopr KaHtop goKasan, 4To MOXHO nepepacnpefenntb BCe TOYKM OTPe3Ka, NPUHATO-
r0 33 eAuHNLY, TaKUM 06pa30M, Y4TOBbI U3 HUX NONYYMACA KBAAPAT, NPUHATLIA 3a eanHuuy. Ecan
Mbl JONYCKaeM BO3MOXHOCTb MCNONb30BAHNA HECHETHOIO KONMYECTBA YaCTeN, TO MOXET MEHATLCA
HE TONbKO AINHA, NNOWaAb U 06bEM, HO M Pa3MEPHOCTb: OHOMEPHLI 0OBEKT, TAKOW KaK OTPE3OK,
MOXET CTaTb BYMEPHLIM, KaK KBaapaTt. KaHTop 6bin TaK yauBneH 3TUM GpaKToM, YTO B CBOEM NMUCbME
K Konnere Puxapay [leaekuHay Hanucan: «fl 310 BUKY, HO HE BEpIO».

v
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STOT npHeM TMO3BOASET HaM, B CBOIO odepesb, yABOUTb Kpyr. Paszeaum ero Ha ce-
PHIO KOHLIEHTPHUYECKHX OKPY?KHOCTEH; eCAM pagHyc Kpyra paBeH R, To aas kazzaoro ymc-
Aa r, 6oabutero () u Menbitero uAu paBHoro R, cylecTByeT oKpyKHOCTb C PagHycoM T.
Ha caeayromem pucynke nokasanbl HekoTopble 3 HHX. EauHcTBeHHas Touka, KoTopas

He ABASIETCSA 4aCTblO HHU OIJ,HOﬁ U3 Opr?KHOCTeﬁ, — 3TO LEHTP KpPyra.

©

3arem yaBaHMBaeM KaxAyl0 OKPYKHOCTb C OMOIIBIO TIPOLEAYPbI, KOTOPYIO MbI TOAb-
Ko uTo paccMotperd. | loayuaem aBa Kpyra, paBHbBIX MCXOZHOMY, HO 6€3 LIEHTPOB, TO-
CKOAbBKY, KaK Mbl y2K€ CKa3aAH, LIEHTP HCXOZHOTO KPyra He BXOZHA HH B OJHY M3 OKPY2K-
HOCTEH.

Hrak, Ham ocTaroCh TOABKO YABOMTb LEHTP, U AAS 3TOTO, KaK IOKA3aHO Ha PHCYH-
Ke, onATb npubertem K uzee oters luabbepra. O603HauumM ucxoambiit Kpyr yepes A,
a B u C — xpyru 6es uentpa, noay4eHHble npu yaBoeHuH okpyxHocTH. | lepeasunem
uentp kpyra A Tak, 4To6bl OH 3aHSAA MecTo LeHTpa B, satem BosbMeM 0ZHy H3 Touek
Ha kpaio B u nepenecem ee B uentp C.
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Hcxoanas oxpyzunoctb,
KOTOPYIO YABOHAH,
3a MCKAIOYEHHEM LIEHTPA.

Taxum o6pasom, y B u C yxxe ectb uentpnl, Ho y B ne xBaraer Touku c kpato. s
TOro 4TO6bI 3aMECTHTb 3TY OTCYTCTBYIOLIYIO TOYKY, MEpPEHeCeM K Kpalo Kakylo-HHOyzb
TOYKY, HaXOASAIIYIOCS Ha MOAIYTH OT 1IEHTPa, Ha €e MECTO TepeMEeCTHM TOYKY, KOTOpas
HAXO/IUTCS HA TPETH MyTH, a ee, B CBOIO 049ePe/ib, 3aMECTUM TOYKOH, HaXOZASLUEHCs Ha YeT-
BepTH IyTH OT LIEHTPa, U TaK ZaAee. lak Bce mycTbie npoctpanctsa B gonoansiores, u Mol
TIOAy4aeM, KaK M TIpeATIOAaTaAH, ABa KPyTa, PaBHbIX HCXOZHOMY.

Ha caeayromem pucynke npouariocTpupoBaHa Hzaest yABOEHHS 11apa.

Mertoa coctout B ToM, uTO6bI paspesaTb €ro Ha KPYTH, NEPHEHAUKYASPHbIE OCH Ce-
Bep — 1or. Eicau 6b1 map 6b1n 3emaeil, KpyrH COOTBETCTBOBAaAH Obl CEYEHHSIM, CAEAAH-

HbIM I10 SKBATOPY, TPOIHKAM, MOASIPHbIM KPyraM M Ka:k/0H U3 NaparreAed. 3aTeM Kazx-
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Jblil M3 3THX KPYTOB Y/IBAaHBAeTCsl COTAACHO MPoLeZype, KOTOPYIO Mbl HaBAIOZaAH paHee,
¥ 3TH yZIBOEHHbIE KPYTH COeMHAIOTCA, 4To6bl 06pasoBaTh ZBa 1apa.

[lpu yaBoenun kpyra ero LeHTp ocTaBaACsi He3aJ€HCTBOBAHHbIM, H C HHM Hy2KHO
6bIA0 Pab0OTaTh OTAEAbHO. AHAAOTMYHO MPH YZABOEHHH IIapa OCTAIOTCS HE3aTPOHYTHIMH
JiBa TIOAIOCA, TIOCKOABKY OHH He MIPHHAZAeKaT HH K OZJHOMY M3 pacCMaTPHBAaeMbIX KPYTOB.
JlAst yaABOEHHS IOAIOCOB HCTIOAB3YeM Hzeto oTeAs [ Mab6epTa TakuMm 2ke 06pasom, Kak AAs
LIeHTpa KpyTa.

YaBous map, aokasaru Au Mbl Teopemy Danaxa — Tapckoro? Besycaosro, Her, Tak
KaK Mbl HCTIOAb30BaAH HECYETHOE KOAHYECTBO 4acTeil, B To Bpems kak banaxy u Tapcko-

My ﬂOTpeﬁOBaJ\OCb TOAbBKO BOCEMbD.

Jloka3atenbcTBO baHaxa — TapcKoro

PaccmoTpum ocHOBHbIE mIiark zokasaTeAbcTBa Teopembl Danaxa — Tapckoro. Hama
lleAb — ZI0Ka3aThb, YTO €CAH /laH LIap, BCErZa MO2KHO pa3pesaTb ero Ha BOCEMb yacTeil,
U3 KOTOPBIX, B CBOIO 04epe/ib, MO2KHO cO6paTh ZBa Il1apa, PaBHbIX HCXOJHOMY.
Paccyaenre ocHOBbIBaeTCS Ha Mzee BpalleHHsl lapa BOKPYT 0cob6oit ocu. Xopolo
M3BECTHO, YTO Kazk/asi TOYKa 3eMAH — Kak Ha ee MOBEPXHOCTH, TaK H BHYTPH Hee —
BEPTUTCS BOKPYT BoOOpazkaeMoi OCHM, KOTOpasi NepeceKaeT MAAHETy C CeBepa Ha IOr.
Miobast Touka cosepiaer Bpamenue B 360° kaxapie 24 yaca. OueBuaHO, YTO eCAM MbI
Bo3bMeM nepuoz B 12 yacos, To Kaxzas Touka caeraet o6opor Ha 180°. Dto zBMAKEHME,
cocTosiee Bo BpaleHHH Beex Touek cepbt Ha 180° orHocuTeabHO OcH ceBep — 1or ((PH-
rypa caeBa), 0603HauuM depes R, u 3TOT 060pOT OYeHb BaKeH AAS HALIMX PAcCy2K/AeHHH.
CaeayeT yTOUHMTb, YTO TOYKM, HAXOAAIIHECS HAa OCH CeBep — IOT, HEMOABUKHBI. JTO
06CTOATEABCTBO 3aCAY?KMBAET IeTAAbHOTO aHAAH3a, HO Mbl OTAOZKHM €TI0 10 CAE/IYIOILEro

paszeAa.
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Tenepr BosbMem BTOpylo OCh BparueHusi, KoTopas 06pasyeT ¢ MepBOH YTOA B OZHH
paauan (oxoro 57°17'45"), u 06osnauum yepes S aBHzKeHHME, cocTOsIEe BO BPalLleHUH
KazkZI0H TOYKH cpepbl BOKPYT 3Toi BTopoit ocu Ha yroa B 120° (purypa cripasa na npe-
Ablayiei cTpaHulle ). SaMeTHM, YTO €CAH Mbl OCYIIIECTBUM 3TO ABUKEHHE TPH pasa ToJ-
pAAZ, TO Kaxszasi TOUKa cepbl BEPHETCs Ha CBOE UCXOZHOE MeCTO. 1o ke MPOU3OHAET,
€CAM Mbl OCYILIECTBHM ZjBa pasa noapsz Bpaiienue R.

[louemy ars nac Bazkubl aBuzkenus R u S? Kax mb1 yxe rosopuan, npu pacceuenuu
@urypbl (HAH TeAa) MPU3HAK, [0 KOTOPOMY OIIPEAEASETCSI, YTO BCSI COBOKYITHOCTb TOYEK
ABASIETCS] €JMHON YaCTbi0, COCTOUT B TOM, YTO KO BCEM 3THM TOYKaM MPUMEHSIOTCS OZIHH
u Te ke aABHenus. Jpyrumu croBaMM, TOUKM OZHOM 4aCTH ABUraloOTCs coobILa U OHHa-
koBo. B cayuae pacceuenus, onpeaeaennoro reopemoit banaxa — Tapckoro, apuzkenus,
NpUMeHsieMbIe K 4acTsIM, Ha KOTOpbIE AeAHTCS cepa, aTO, M0 CYTH, KOMOHHALIMH Bpalle-
uuii R u S.

Paccmotpum, kak koM6uHHPYIOTCS 9TH ABM2KeHus1. A sToro npeacraBuM, 4To cie-
pa cHabzkeHa MEXaHH3MOM, KOTOPbIH T03BOASIET HaM TI0CAE/I0BATEABHO TIPUMEHSTD, B AIO-
60M MopsiZIKe M CKOAbKO yroaHo pas, Bpamenue R u S. [1pu atom Baen ToT (pakr, uto
KOrZa Mbl NpUMeHsieM Bpaiuenue R, ocb, cooTBeTcTByromas 060poty S, He ABHraetcs
BMecTe co cepoil. AHaAOTHYHO, KOTZia Mbl [IPUMEHsIeM BpallleHHe S, He JBHMraeTcsi och

BpaIll€eHHs R TaKHM o6pa30M, o6e ocu Bce BpPEMs OCTAKOTCA HENMOJABHKHDIMH.

CTE®AH BAHAX

CredaH baHax poguncs B Kpakose (Monbwa) 30 mapta 1892 roaa. OH u3yyan UHMeHepHoe Aeno B JIbBOB-
CKOM TEXHO/IOMMYECKOM yHMBepcuTeTe U B Monblie, rae oH 3aBeplinn o6yyenue B 1914 rogy, He3anonro
[0 Ha4yana NepBov MUPOBO# BOVWHbI. baHax He 6bl NPU3BaH B apMUIO M3-3a NPO6JIEM CO 3PEHUEM, TaK
47O BO BPEMS BOMHbI OH %M1 BO JIbBOBE M nNpenojasas B WKosie matematuky. locne BoiHbl, 6narogaps
PEKOMEHAALUMAM HECKOMbKMX NOMbCKUX MaTeMaTUKoB, baHax Hayan pa6oTaTb B TOM e YHUBEPCHUTETE,
rAie yuuncs, a no3me nepewen Bo JIbBOBCKUI YHUBEPCUTET (M3BECTHBIN B Te BPEMEHA KaK YHUBEPCUTET
flna Kaaumupa). 3aecb oH B 1922 rogy 3awutun AOKTOPCKYIO AMCCEPTALMIO N0 MateMaTuke. B nepuog
Menay AByMS BOiHaMu baHax Hanucan CBOM Camble BaHble MaTeMaTuieckue paboTbl, BHEC 3HAYUTENb-
HbI BKNaj B TEOPUIO MEPBI U B U3y4eHWE NPOCTPAHCTB 6ECKOHEYHOM Pa3MEPHOCTH, KOTOPbIE CEroaHs
Ha3blBalOTCA 6aHaxoBbIMM npocTpaHcTBamu. Mocne Havana BTopoi MUPOBOIA BOMHbI JIbBOB 6bln 3aHAT
COBETCKOI apMuen, Ho baHax, KoTopbIi NoAAepHUBan XopoLuue OTHOWEHMS ¢ y4eHbiMK CoBeTckoro Coio3a
U Jame HECKONbKO pa3 6bi1 B MOCKBE, CMOT yaepaTbCs Ha CBOEM NOCTY.
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Hrak, oba Bpamenus MoryT ocylecTBAATbCA B AI0GOM MOpsZKE H Al060e KOHEeYHoe
uncro pas. O6osnaunm yepes RSS apuzxenue, kotopoe cocToHT B TOM, 4TO6bI CHavYaAa
npumeHuTb Bpauienue R, a 3atem aBa pasa Bpamenue S; RSSR — asuenue, cocros-
1iee B TOM, 4TO6bI CHauyaAa MpuMeHuTb R, 3aTem aBa pasa S u, HakoHell, cHoBa R, u Tak
naree. Otmetum, uto aBHkenne RSS ue To e camoe, uto SSR, nockoAbky pesyabTaThl
3THX npeobpasoBaHuil 6yAYT OTAHYATHCA (CM. PHCYHOK).

nOJ\O?KeHPle IocAe

npumenenns SSR
Hcxoanoe

noromenne N Ha 3a/lHell CTOPOHe 1apa)

|
|
Touku P e 1//1/

(oxasbiBaeTcs

[ Torozkenue nocae
npumenenus RSS

(oxasbiBaetcs Ha mepeaHen

CTOpOHe I1apa)

B 1941 roay JlbBoB 6bln 3axBa4eH HEMELKOM apMueit, M baHax nonan B TlopbMy. [Mocne oH 6bin 0CBO-
60MAEH, HO 3a BpeMs 3aKN0YeHusi noTepsan paboTy B yHUBEPCHUTETE U bl BbIHYHAEH NPOAONKMUTL CBOU
MCCNEA0BAHUA U NEKLMMU B pa3nnyHbix Kade Monbwu. Mo OKOHYaHWM BOWHBI MaTEMaTUK NOMNbITaNCs BO3-
06HOBWTb OTHOWEHUSA C COBETCKUMMU Y4EHbIMMU,
HO €ro 34,0pP0Bbe K TOMY BPEMEHM YXyALKUNOCH,
1 OH ymep ot paka 31 asrycta 1945 roga.

lonbcKas MapKa ¢ U3obpaxxeHnem
Cre¢paHa baHaxa.
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Uraxk, kaxaas kombunauus Bpamenuit R u S onuchbisaercst ¢ nomombio KOHeYHo#
nocaezoBareabHocTH 6ykB. OTMeTHM, uTo npumenuts R aBa pasa noapsza (Tak e, kak
u S Tpu pasa NozpPsAA) — 3TO TO K€ caMoe, YTo HUyero He aeraTb. lak, RRSSR — aro
To 2%€ camoe, uto SSR, a RSSSRRRR — To xe camoe, uto R.

C apyroii croponbi, RRSSS pasno orcytcrBHio aeiicTsus; 310 npeobpasoBaHue Mbl
Ha30BEM MY.1€BbIM JBUNCCHUCM, H OHO COCTOMT POBHO B TOM, YTOGbI OCTAaBHTb BCE TOYKH
Ha UCX0aHbIX MecTax. KazkeTcs cTpaHHbIM HasbIBaTb ABUKEHHEM AEHCTBHE, IPU KOTOPOM
HHMYEro He JBUIaeTCs, HO B JAHHOM CAy4ae peyb HZET 06 YCAOBHOCTH, MOAE3HOH C TOYKH
3peHus MaTemaTHKH. Bocroabsyemcsa 6ykBoit N At 0603HaYEHHS HYAEBOTO JBH2KEHHS
M B KayecTBe 0cob60ro cAydasi oTMeTHM, 4To [N sIBAsIeTCS COKpallleHHO# (OPMOH, HarpH-
mep, RRSSS (a raxzke RR, SSS, RSSSR u tak zanee).

ZlAst Toro 4TO6bI OMpeIEAUTD YaCTH, Ha KOTOPbIE OKazKETCS pacCeyeH Mmap, Mbl IOA2KHbI
KAACCH(MUHMPOBaTb BCe NMPeobpasoBaHHsl, TIOAY4YEHHbIE B pe3yAbTaTe KOMOGHHALMH Bpa-
wenuit R u S, na Tpu pasanunbie rpynnbr. Mrtak, peus nofizer o apuzkenusix 1-ro Tuna,
ABHM2KEHHUsIX 2-TO THIA M BHKEHHUAX 3-TO THUMA. DTH TPH THIIA JBHKEHHH OTIpeeASIOTCS

TIOCA€I0BaTEAbHO, COTAACHO IIATH MPABHAAM.
Ilpasuro 1: R u S — asuenus 1-ro Tuna, N — apuzkenue 3-ro tumna.

[lpaBuro 1 kraccuduuupyeT aBuzKeHHs, ONpeAeACHHbIE TOABKO OZHOH GYKBOM.
B caeayromux npaBuaax roBopHTCS 0 TOM, KaK MEHSIETCsl THII IBUKEHHS TI0 MEpe TOro,
KaK K ero o603Ha4eHHI0 106aBAAIOTCS HOBbIe 6ykBbl. lak, RS cocTout B TOM, 4T06bI Z10-
6aButb S K zBH2KeHHIO 1-ro THNA (aBM2KeHMe 1-ro THIA — 3TO, ecTecTBenHO, R); TO %K€

camoe npoucxozaut ¢ SS. B npasure 2 ropopurcsi, uro RS u SS — apuenus 2-ro tuna.

IlpaBunro 2: Ecau asmxenue, sanucannoe B cokpaiueHHo# (popme, COCTOUT B TOM,

4T06b1 106aBUTb S K ABMzKeHHIO 1-r0 THIIA, TO 3TO ABMKEHME 2-TO THIA
(1-% tun + S = 2-# ).

Jpyroi npumep — SR, 370 ABH:KEHHE TaKzKe 3alHCaHO B COKPAILIEHHOH (POPMe U CO-
CTOMT B TOM, yT06b1 A06aBUTh R K aBMasenuto 1-ro Tuma. B npasuae 3 rosopurcs, uro

3TO ABU2KEHHE 3-T0 THIIA.
Ilpasunro 3: Ecau aBu:xenue, sanucannoe B cokpallieHHOH (opMe, COCTOUT B TOM,
4yT06b1 106aBUTh R K aBHKenuto 1-ro Tuna, To 3TO ABHKEHHE 3-r0 THMA

(1-# Tun + R = 3-i tun).
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Urobb1 06bsicautb npaBuro 4, Bosbmem apuzkenus RSR u RSS, xoropbie coctost
B TOM, uT06bI 106aBUTb, cooTBeTcTBeHHO, R 1 S k auzkenuio RS (koTopoe, kak Mbl y2xe
3HaeM, OTHOCHTCsi Ko 2-my Tuny). | Ipasuro 4 rosopur nam, uro RSR u RSS — 310

JBHKEHHS 3-TO THa.

npasm\o 4: Ecau aBuxenne, sanucaHHoe B COKpAILIEHHOH (pOpMe, COCTOUT B TOM,
4yT06bI Z06aBUThb S UAH R K aBHKEHHIO 2-T0O THMA, TO 3TO ABHKEHHE

3-ro tuna (2-% tun + S uau R = 3-# tun).

Haxownen, Bosbmem apuzxenne RSSR, Takzke 3amucanHOe B COKpalueHHOH (opme,
KOTOPOE COCTOMT B TOM, uT06bI 706aBUTb R K aBMaenuto RSS (3-ro tuna). B nocaea-
HeM npasuae ropopurcsi, 4to RSSR — apuixenue 1-ro tuna.

l_lpaBnJ\o 5: ECJ\PI JABHUKEHHE, 3allTHCAHHOE B coxpal,geﬂuoﬁ (PpopmMe, COCTOHT B TOM,
4yT06bI 10H6ABUTH S HAH R K ABH2KEHHIO 3-1‘0 THIIa, TO 3TO ABH2KEHHE

1-ro tuna (3-# tun + S uau R = 1-i tumn).

[IpaBura co 2 no 5 sakArouenb! B 3TOH cxeme.

S 1-5 v R, S
a R\.\

2-% Tun 3.% Tun

R, S

B popmyanpoBke npaBua (XoTsi 3TO M OMyILEHO B HX KPATKOH 3alTMCH) OTMEYEHO, YTO
OHH TIPUMEHSIIOTCS] MCKAIOUHTEABHO K JIBH?KEHHSIM, 3allHCaHHbIM B COKPAILeHHOH (hopMe.
W nefictBuTeAbHO, ecAu 6bI B IIpaBUAE 5 TOBOPHAOCH MPOCTO, YTO «MpH A0baBAeHHH S
uru R k apmxkenmio 3-ro Tuna noayuaercs asimxenue 1-ro Tuma», To 3TO 61O GBI He-
NPaBHUABHO, TIOTOMY uTo, HanpuMep, RSR — 3To zBM2KeHME 3-T0 THIA, HO €CAM 106ABHTD
k Hemy R, noayuaerca RSRR = RS, koropoe otnocutcsa ue k 1-my, a ko 2-my Tuny.
To ectb npexxae yem aHaAM3HPOBATb, K KAKOMY THITy TpHHazAexkuT aBu:kenve RSRR,
€ro Hy?KHO 3alHCcaTh B COKPAIeHHOH (opMe.

Mo:zHo z0Ka3aTh, XOTA MbI U He 6yZET AeAaTb STOTO 37eCh, YTO STH MATb MPaBHA
NMO3BOASIIOT OTHECTH KazKZ0e JBH2KEHHe, KOTOpPOe MOAYYaeTcs IpH KOMOMHALIMU Bpallie-
muit R u S, x ogHOMy M3 Tpex THIOB Tak, YTO MPH 3TOM He BOBHHMKAET HEOZHO3HAYHDBIX

TOAKOBAHHUH.
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«AHOManbHbIEe» TOYKU

Jpuxenns R u S npuMeHsioTcs, Kak Mbl y2ke CKasaAH, KO BCEM TOYKaM Illapa — Kak
K AeKallliM Ha ero IOBepXHOCTH, TaK U K PAaCMoAOzseHHbIM BHyTpu. Ecam P — sto0
ozHa u3 Touek, Toraa (P)R — pesyabrar npumenenus k P spamenus R. Touno Tak xe
(P)RSSRS noxasbiBaeT pesyabraT npumeHeHHs K P mocaesoBaTeAbHbIX BpallleHHH
RSSRS B Takom nopsiake; sametnte, uro (P)N = P.

OcHosHas uzes 0kasaTeAbcTBa Teopembl Danaxa — Tapckoro coctout B TOM, uTO
AAS KaXK/I0H TOYKH Cpepbl Kazkzas OTAMYHAS APYT OT Jpyra MOCAEZOBAaTEAbHOCTb GYKB
(3amMcaHHast B COKpaleHHOH (opMe) TpeACTaBAsIeT co60i OTZEAbHOe ABHKEHHE. JTO
03HaYaeT, 4TO He3aBUCHMO OT Toro, kakosa Touka P, (P)R aoaxuo oramuarbes ot (P)N,
(P)S, (P)SR, (P)RS, (P)RSR uru ot pesyabTata A060H APYroH nocAe0BaTeAbHOCTH
Bpamenu#, npumenentoi k P. [Tpu stom (P)R = (P)RSSS, Ho 310 He npobaema, Tak
kak R — 3T0 cokpamennaa gpopma RSSS.

Ouznako cylIecTByeT HECKOAbKO aHOMAAbHbIX TOYEK, AASl KOTOPbIX 3TO YCAOBHe
He BbinoAnsiercs. Hanpumep, ecan P naxoautcs Ha auameTpe cdepbl, HAYILEM C ceBepa
Ha 10T, BOKPYT KOTOPOTO OCYILeCTBASIETCs ABHzKeHHe R, To 3T0 BpalueHue ocTaBAsieT 6e3
asmxenns Touky P, To ectb (P)R = P, u 3Ta Touka He y0BAETBOPSET TIpeAbIAYyIIeMy
ycaoBuIo, nockoAbky aasd Hee (P)R = (P)N wu, suauur, N u R zaot oauu u ToT 246 pe-
3yAbTAT, eCAH NpuMeHsiorcs K L.

KaxoBb! Bce 9TH aHOMaAbHbIE TOYKH, AAS KOTOPBIX Me BbINOAHACMCS TIPABUAO: OT-
AMYHasi IpYT OT Zipyra MOCAe/I0BaTeAbHOCTb GYKB (3alHCaHHbIX B COKPAILIEHHOH (GopMe)
ZIOAKHA BCer/a /laBaTh Pa3AUYHbIE JBUKEHHS?

O6o3uaunm uepes D, auamerp, BoKpyr KOTOpOro ocymiecTBAsercsi Bpamenue R,
u vepes D, — auametp, Bokpyr koToporo ocymiectsasercs Bpauente S. Mbr Toabko uto
yBHAEAH, 4TO TOuKH D, IBASIIOTCS aHOMaAbHBIMH, U 110 aHAAOTHYHOM TIPUYHHE TaKOBBIMH
sBAsiioTCst M TouKH D, HO 570 He Bce aHoMabHble ToukH. [ Ipeanonoxum, uto P — Touka
Ha D, n nasosem Q touxy (P)S, 1o ectb Q noayuaercs npu npUMeHeHHH BpAILEHUs S

x touke P na D,. Toraa noay4aewm, uro:

P=(P)R, rax kak P — roukana D ;
Q= (P)S no onpeaerenmio Q.
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Ha caeayromem pucynke nokasan npumep, B kotopom £ — ceBepHbiii moatoc, a Q

HaXOZHUTCSI Ha IIOBEPXHOCTH C(epbl, HA 3aZHEH ee CTOPOHE, C TOUKH 3peHHs1 HabAIOZaTeAs .

Y6eaumcs, uto Q Takxke aHOMarbHa (XOTSl OHa M He A€KHT HH Ha OJHOM M3 JHa-
metpoB Bpamenus). Jlas aToro aokazkem, uto npumenenve k Q apuenus SSRS
JlaeT TOT 2K€ Pe3yAbTaT, YTO M TPHUMEHeHHe K Hell ABH:kenust N; To ecTb zoKakeM, 4TO
(Q)SSRS = (Q)N.

Ecau B (Q)SSRS 3zamenuts Q na (P)S, yeuaum, uto (Q)SSRS = (P)SSSRS =
= (P)RS, Tak kak SSS cokpamaercs, a nockoabky (P)R = P, o (P)RS = (P)S
u, B cBoto ouepeapb, (P)S = Q, xoropas pasna (Q)N. Caeaosareabno, (Q)SSRS =
= (Q)N, xak mb1 u yTBep2aAar. SHauuT, Q Takzke aHOMaAbHa, OCKOABKY CYILECTBY-
IOT OTAHYHbIE ZPYT OT ZApyTa MOCAEAOBaTEAbHOCTH, 3allMCaHHbIe B COKPAILIEHHOH popme
(SSRS u N B zanHOM cAyHae), KOTOpbIE, €CAH IPUMEHHTb HX K Q, 4alOT OAMH U TOT ke
pe3YAbTAT.

Takum o6Gpasom, ecan ko BceM Toukam oTpeska D, mbl mpumenum Bpaienue S,
TO TOAYYHM LIEABIH OTPE30K, 06pa30BaHHbIN U3 aHOMaAbHbIX Todek. CobcTBeHHO, ecan
k otpesky D, uau x otpesky D, mbl npumenum Ato6yio kombuHaumio Bpamenui R u S,
TO Bcerza 6yzemM MOAYYaTb OTPE3KH, 06pa30BaHHbIE OAHOCTBIO H3 AaHOMAAbHBIX TOYEK.
MozxH0 z0Ka3aTh, YTO BCe AHOMAAbHbIE TOUKH HaXOASATCS Ha 9TUX OTPE3KaX, TO €CTb 4TO
HET ZIPYTMX aHOMAAbHBIX TOYEK, KPOME TeX, YTO MOAYYAIOTCsl TakuM 06pasom (TOT (akr,
YTO HET JPYTHX aHOMAAbHbIX TOYEK, 3TO CAeACTBHE BbI6OpA yrAa, 06pa30BAHHOTO OCSMH
BpAILleHHsT; IpyTHe BapHAHTbI AAs 3Toro yraa, Hanpumep 20° uau 30°, BbisBaru 661 10-

ABAE€HHE JOINMOAHHUTEADHbIX aHOMAAbHbIX TO'-ICK).
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AJIb®PE/] TAPCKUIA

Anbdpes Tapckuii poguncs B Bapwase (Monbwa) 14 sx-
Bapa 1902 roga v Xoaun B OAHY M3 NIy4LMX WKON CTPaHbI,
rae, Kpome 06blYHbIX NPEAMETOB, U3y4an rPeYeckuit, na-
TbiHb, PYCCKMI, GPaHLy3CKWI U HEMELKWIA A3bIKK. Mocne
OKOHYaHMA WKOMbI OH 3aBep60BaNCa B NONbCKYK apMuIo,
KoTopyto octaBun B 1918 roay v noctynun B BaplaBckui
yHuBepcuTeT. [lepBoHaYanbHOM LENbio IOHOWM 6bi10 U3y4e-
Hue 6uonorum, Ho B 1919 roay HekoTopble npenogasateny
OTKPbIIM B HEM GONbLIOW TaNaHT K N0TUKe U ybeanunu ero

NOCBATUTL CE6A 3TONM AUCUMNAMHE. 3TOMY COBETY TapCKuii

Anbopes Tapckui Ha poTorpapumn
1968 roga.

nocneaosan o4eHb yenewHo. OH ony6auKoBan CBOIO nep-
BYI0 BaxHylo pa6oty B 1921 rogy, koraa emy 6bi10 19 ner,
1 C 3TOr0 MOMEHTA MEXAyHapOAHasa penyTauua MONOAOr0 YHEHOro B MUPE IOTMKK He nepecTaBana
pactu. 3aBoeaHue lMonbwu Fepmanunent B asrycte 1939 roaa 1, COOTBETCTBEHHO, Havano Bropoi
MWPOBOM BOMHbI 3acTano Tapckoro B CLUA, rae oH Ben Kypehl ¥ YuTan NeKumn B FapBapACKOM YHU-
BEpCUTETE. YUeHbli nonyynn oduumanbHoe paspelieHue octatbesa B CLUA, HO ero eHa 1 aBoe feTen
KWUAW B 3TU roapl B lonblue. TapCKMIA NOTPaTUA MHOTO BPEMEHMU W CUJ1, YTOGbI CBS3ATbCS C CEMbEVA,
O/iHaKO emy yaanoch 310 caenatb inwb B 1946 rogy. Yepes HekoTopoe Bpems Tapckue 060CHOBaAUCh
B bepkau, 1 Anbdpes pabotan B yHUBEPCUTETE A0 KOHLA Kapbepbl.

TapCKUi CHUTAETCA OAHUM M3 CaMblXx 3HAYUTENbHbIX IOTMKOB B UCTOPHUM, Hapsay ¢ APUCTOTENEM
u Kyptom 'éaenem. OH 6bin uneHoM HaunoHanbHoM akagemuun Hayk CLUA, Huaepnanackoi Kopo-
NIEBCKOM aKafeMumn HayK, bpuTtaHCKOM akagemuu, a Takke NoYeTHbIM U3gaTenem xypHana Algebra
Universalism 1 npe3naeHTom Accoumanun CUMBONMYECKOM NOrMKK. CKoHYancs B bepkiu 26 oKTabps
1983 roaa.

HUrak, xots cyiecTByeT 6eCKOHEYHOE YHCAO BOSMOZKHBIX I10CAEI0BaTEABHOCTEH GYKB,
3Ta 6€CKOHEYHOCTb CyeTHas. lakuM 06pa3oM, aHOMAaAbHble TOYKH 3aHMMAIOT B 1IEAOM
6eCKOHEYHOe CYETHOE YMCAO OTpe3KoB (Ha pHCyHKe MokasaHbl Tpu U3 HuX). K, kak mb
OTMETHAH paHee, CYeTHOE KOAHYECTBO OTPE3KOB MMeET O6LLUYIO MMAOILazb, PAaBHYIO HYAIO,
a Takxe OOILIMH 06beM, paBHbIH HYAIO, TO €CTb BCSI COBOKYITHOCTb aHOMAAbHbBIX TOYEK

HMeEEeT HyJ\CBOi:I obbeMm. aTO I[TIO3BOASIET HaM HE€ Y4YHUTDbIBAaTb HX U CKOHLIEHTPHPOBATbCsA
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Ha OCTAaAbHOM LIape. Ha‘{HHaﬂ C 3TOro MOM€EHTAa, TOAbKO €CAH He 6yaeT CriegHaAbHO OT-~
ME4Y€HO, Mbl 6y.aeM HMETb B BUZAY TOYKH C(epbl, KOTOPbIE HE ABAAIOTCSA aHOMAaAbHbIMH.

MpoponxeHue AoKa3aTenbCcTBa

Bosbmem ewe pas apurkenus, o6osnadennbie 6ykBoit N U mocAe0BaTeAbHOCTAMH GYKB
R u S, sanucanubivu B coxpanentoit popme. Mo2kHO0 0Kka3aTh, 4TO CyIIeCTBYeT rpymnna

Touek mapa H, A KOTOPBIX BBIMOAHSAAOCH 6bl yCAOBHE:

Kam,u,oﬁ TOYKH IIapa p MO2KHO A0CTH4Yb, ITOCA€Z0BATEADHO IIPHUMEHASA JBHKEHUA

R, S u N poHo us oanoit Touxu rpynmnbt H (cm. pucynok).

Touka P

\_/

Touxa rpymmsr H

N7

Jpyrumu croBamu, Kazk0i HeAHOMaAbHOH TOYKH 1Iapa MOKHO JOCTHYb U3 KaKOH-TO
ToukH rpynmnbt H, BbINOAHHB onipezeaenHyto kom6uHaumio Bpamenuii R u S. Boaee Toro,

KaKI0H TOUKH 11apa HEAb3s IOCTHYb U3 BYX HAHM 60Aee Touek rpymmbl H.
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Koneuno, stoit Touku P moxHO 0cTHYb U3 ApyTHX Toyek L', KOTOpble He MPHHAZAE-
aar rpynne H, Ho sTa cutyauus ars nac nepaxuna. Hac unrepecyior Toabko apuzsenus,
KOTOpble HCXOAAT U3 TOYeK, NpuHaaAexsaux H.

Uro6bi nonsTb onpezaerenne H, npeacraBum cebe, 4TO y HaC €CTb TOABKO ZIBH2KEHHSI
R u N, B 3TOM cAyyae HEeT HeO6XOAMMOCTH FOBOPHTD O NOCACA08AMEAbHOCMAX ABHAKE-
uui, nockoabky RR = N, RRR = R, RRRR = N u Tak zanee, To ecTb nocaezoBa-
TEAbHOCTb 6YKB HHKOI/Ia He ZlaeT HOBOro ABuzkeHust. E.cau 6b1 y nac 6b1au Toabko R u N,
TO 6bIAO 6bI OTHOCHTEABHO MPOCTO BUHO, YTO U3 cebs npeacTaBasieT rpymma H.

[lpeacrasum eme pas, 4to map — 3T0 3eMAs, U Mbl peKeM ee, CAOBHO alleAbCHH,
nonoaam 1o [punsuuckomy mepuauany u mepuanany B 180°. 3emas okaxercs paszae-
AEHHO# Ha ZIBe IOAyc(epbl, KOTOPble MbI MO?KEM Ha3BaTb 3alaZiHbIM H BOCTOYHbIM MOAY-
wapusamu. [pynna H mozxet 6b1Tb 06pasoBaHa U3 Bcex TOYEK 3aMaZHOTO MOAYIIAPHS, 110~
CKOAbKY Ka24/10i TOYKHM BOCTOYHOTO TTOAYIIAPHsl MO?KHO ZOCTHYb, IPUMEHHB Bpaiuente R
M3 OZIHOHM TOYKH 3anazHoro (3aMeTbTe, YTO 3TO He eIMHCTBEHHDIH BbIGOP: MbI TaKke MO-
25eM MpHUHATb 3a [ Bce TOYKM BOCTOYHOrO MOAYIIAPHsI, @ TaK:Ke Mbl MOTAM 6bl paspe3atb
3eMAI0 BZIOAD AIO6OTO APYTOro MepuauaHa).

Korzaa peus uzer o apuzkenusix R u S, He roBopst yzie 060 Bcex uX KOMGHHALIMAX, CH-
TyalMsi KOHLIENITYaAbHO M0X02Ka Ha y2ke OMHCAHHYIO, HO B 3TOM CAy4ae CAOKHOCTb JBH-
2KEHHs] HACTOABKO BEAMKa, YTO XOTs U MOKHO Z0Ka3aTh, uTo rpynmna H cymecTsyer Ha ca-
MOM /IeA€, HO HEBO3MO2KHO BbISIBUTb KOHKPETHBIH CI10C06 Onpeie AeHHs1, KaKHe TOYKHU 06-
pasytor oty rpynmy. Muaue rosopsi, mbi sHaem, uto rpynna H cymectsyert, Ho He Moxem
YCTaHOBHTb METOJ, pacyeTa TOYeK, ee 06pasyIoIHX.

Hrak, aorxubiM 06pasom kombunupys asuzkenust R u S, A1060it HeaHOMaAbHOM TOU-
KM C(hepbl MO2KHO OCTHYb U3 KaKoH-AM60 Touku rpynnbl H. 3amerum Takzke, 4to no-
CKOAbKY TOYKHM rpynnbl H HeaHOMaAbHbI, TO B pe3yAbTaTe MPHUMEHEHHs! K 3THM TOYKaM
PaSAMYHBIX MOCAE0BATEABHOCTEH BpAIUEHHsl BCErZa TMOAYHalOTCSl pasHble Pe3YAbTaTbl.
Takum o6pasom, ara Kaz108 HeaHOMaAbHOM TouKH cepbl P ecTb TOAbKO 0aHa Touka Q
us rpynnbt H u eauncTBennas komb6unauus asuzxennii R, S u N (sanucannas B cokpa-
menuo#t gopme), koropas Bezer ot Q a0 P. (Kak mbr yxe nosicusiau, BosmozkHO z0-
crurnyTs P us apyrux touek P', kotopbie He npunagrexsat rpynne H, Ho 3To He umeer
3HAYEHHs. )

B nexoTtopbix cayuasx kombunaus apuzkenuit, Beaymux ot Q a0 P, 6yzer apuzkenu-
em 1-ro Tuma; B apyrux cayuasx — 2-ro uau 3-ro. Hasosem H, rpynmy, o6pasoBanyio

BCEMH HeaHOMaAbHbIMH TOYKaMH c(epbl, KOTOPbIe MMOAYHAIOTCs IIPH MPUMEHEHHH JBH2Ke -
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YUCTOE JOKASATENIbCTBO CYLLECTBOBAHUSA

B MatemaTuKe YMCTbIM JOKa3aTeNbCTBOM CyLYeCTBO-
BaHMs Ha3blBAETCS A0KA3aTeNbCTBO CYlL,eCTBOBAHMA
KaKoro-n1M6o matemMaTM4ecKoro o6bekTa, Hanpumep
LLesIoN rpynnbl Yucen, 061aaatolmux HeKUM CBOMCTBOM,
HO He [aeTCA yKa3aHWA Ha TO, KaK BbIYUCAUTb O4HO
13 3TUX Yucen.

M3BeCTHOE YMCTOE JOKA3aTeNbCTBO CyLECTBOBAHMUA
6b110 U3N0KEHO DPAHLY3CKUM MaTEMATUKOM IMUNEM
bopenem B 1909 roay. bopensb Ckasan, 4To AeiCTBU-
TeNbHOE YUCNO ABNAETCH HOPMaJlbHbIM, €CNHU, BHE 3a-
BMCMMOCTM OT TOrO, B KAKOM CUCTEME CYMCNEHUS OHO
3anucaHo, ero 3Haku nocne 3ansaToi BeayT ceba Kak
CreHepupoBaHHbIe cnyyanHo. 3atem bopenb goKasan,
4TO 06513aTENbHO CYLLECTBYIOT 6ECKOHEYHbIE HOPMab-

Hble YUcna, HO ero MeToA He NO3BONSN 06HAPYKUTL
Smunb bopesib 6b1/1 OBHUM U3 NEPBbIX HU1 OIHOTO TaKoro uncna. [lokasatenbcteo bopens cBo-
uccne,qosareneﬁ TEeopun Mepsbl.
AMUNOCH K YTBEPHAEHWUIO, YTO HE MOXET 6biTb TaKOrO,

4T06bI BCE AEWNCTBUTENbHBIE YKCna 6bin «HeHopManbHeiMu». B 1917 rogy, Yepe3 Bocemb NeT nocne
JoKa3atenbcTBa bopens, nonbCkuii MatemaTuk Bawnas CepnuHCKWIA CMOT NPeaCcTaB1Tb NEPBbIA KOH-
KPETHbIVi NPUMEP HOPMaNbHOIO YMCNA, HO CNOXHOCTb €ro OnpeaeneHWa He NO3BONSET Ham NPUBECTH

ero 3aecb. CunTaercs, Yto Takue Yucna, Kak Tt U \/i , HOpManbHbl, HO 3TOrO elle He CMOrK AOKa3aTb.

nuit 1-ro Tna; H, — 06pasoBaHHyI0 TOYKaMH, KOTOpPbIE MIOAYHAIOTCS TIPH TIPUMEHEHHH
apuzsennit 2-ro tuna, u H, — rpymiy, o6pasoBannyio ToukamH, KOTOpbIE MOAYHAIOTCS
MPH TIPUMEHEHHH JBUKEHHH 3-T0 THIA.

Hanpuwmep, ecan P — Touka cepbl, KOTOpasi IOAyYaeTcsi pU MPUMEHEHHH Bpalle-
nua R k kakoit-to Touke Q us rpynmbet H, to ectb ecau P = (Q)R, to P npunaza-
resur H|, mockoabky R — apuzenne 1-ro tuna. Anarormuno P = (Q)RS npunaz-
rezut H, nockoabky RS — apueenne 2-ro tuma, B T0 Bpemst Kak cama Q mpunazne-
aut H;, nockoabky Q = (Q)N, a N — apuzxenne 3-ro tuna. s sroro geraem Bbisog

0 TOM, 4YTO I'I3 COZEeP2KUT, B YaCTHOCTH, BCE TOYKH H
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Bcnomuum, uto, onpeaerennbiv o6pasom kombunupys apuenus N, R u S, mbi Mo-
2eM A0CTHYb AI060# (HeaHOMaAbHOH) TOYKH cepbl U3 KaKOH-AM60 Touku rpymmbi H,
H TaK KaK BCe TPU THIA BKAIOYAIOT B cebs1 6c¢ BO3MOKHbIE /IBH2KEHHS], IEAAEM BbIBOJL, YTO
H,, H, u H, Bmecte BrAloualoT B ce6s Bce (HeaHoMaAbHble) Touku mapa. MozsHo cxa-
sarp, uro H,, H, u H, — 570 Tpu u3 BocbMu uacTeil, Ha KOTOpbIe Mbl GyZieM €AHTD 1A,
yTO6bI IOCTPOUTD M3 HUX /IBa Iapa, PaBHbIX HcxoaHoMy. Mo2HO A0KasaTh, 4TO Ha ca-
MOM ZleAe KaxsZasi U3 3THX dacTell o6pasoBaHa M3 HECUETHOH IpyMIbl paJHycoB Iuapa,
He CBsI3aHHbIX MexKJy co060H; He 6yzeT OIMOOYHBIM YTBEPKJATb, YTO KaxKAas U3 ITHX
yacTelt — 9TO «HecueTHOe o6Aako orpeskoB». Hakowen, samernbre, uto H,, H, u H,
camu 110 ce6e OXBaTHIBAIOT IOYTH BECH AP B TOM CMBICAE, YTO HEBKAIOYEHHbIE TOYKH 3a-
HHUMAIOT 061IHH 06'beM, PaBHbBIH HYAIO.

Ecau 6b1 Mbl He HCKAIOYMAHM aHOMaAbHble TOYKH, Pa3sAHYHE MEKJY H1, H , H H3
6b1A0 6b1 HEOZHOSHAYHBIM, TIOCKOABKY CYILIECTBOBAAH Obl TOUKH, MPHHAAAEKAIIHE OZJHO-
BpeMeHHO ABYM HAH Goaee yacTsaM. | [peanoroxum, uto B rpynme H 6bira 6b1 aHOMaAb-
Has Touka Q Takas, kak, nanpumep, (Q)RSS = (Q)SRS. RSS — asuxenue 3-ro Tuna,
caeaoBaterbro, P = (Q)RSS npunaarexara 6b1 Hy; o SRS — amxenne 2-ro tuna,
caezoBareabHo, (Q)SRS, koTopas B AeHCTBUTEABHOCTH SIBASIETCS TOH K€ CaMOH TOY-
Koit P, Taxxe npuHazrezkara 6bi 1 H,. Ecan ncxarounts aHOMarbHbIE TOUKH, MOKHO
n36e:6aTb BOSHUKHOBEHHsI IOAO0OHDIX CHUTYALIHH.

Panee Mbl OTMETHAH, YTO LEAYIO HACTb KaK TaKOBYIO XapaKTepHSYeT TOT MPH3HaK,
4TO BCE €€ TOYKH ABMKYTCS CHHXPOHHO. laKzse Mbl CKa3aAH, YTO JABH2KEHHS, KOTOPbIe
MbI IPUMEHHMM K YacTsM 1apa, 6yayT, 1o cyTH, kombuHauusmu Bpamenuid R u S. Mrak,
npoanarusupyewm, uro npoucxoaut ¢ H,, H, u H,, xoraa mpi npumensiem k HuM 5TH Bpa-
1IeHus.

MozxHo A0Ka3aTh, 4TO €CAH MbI OJHOBPEMEHHO TlepeMeCTHM Bee Touku H,, mpumenssa
K HuM Bpaenne S (KoTopoe, Kak Mbl IOMHHM, siBAsieTcs Bpatenuem Ha 120° Bokpyr D),
MbI [TOAy4uM Bee Touku H ; To ecTb, Bpaias coraacHo S 4acTb cepbl, KOTOPYIO Mbl Ha-
3Banu H;, b1 noaydaem wactb H,. Zlast Toro uto6bi 10kasath 970, Hy2KHO Z0Ka3aTh, YTO
ecau P — rouka rpyrmpt H, o (P)S — aro Beeraa Touka H,, a akzxe uto Bpauenue H,
noAHocTbio nokpbiBaet H, To ectb Atobast Touka P’ us rpynnbr H, noayuaercs Bpaiue-
Huem S kakoii-To Touku u3 rpynmet H, (310 Bropoe zo0kasaTeAbcTBO HEO6X0AMMO, 4TOOBI
oKasaroch sicHbiM: aBHkenue H, noanocTbio nokpwisaer H,).

Wrak, Toukn H, noayuatorcst npumenennem asuxenui 3-ro tuma k toukam H; Tor-
aa, nanpumep, (Q)RSR u (Q)RSS obe npunaarexar H, (rae Q — oama us Touex
rpynnbt H), nockoabky RSR u RSS — asuaxenus 3-ro tuna. 3amertum, uto npu npu-

MeHeHHH BpallleHHs1 S K A060H U3 9THX ZBYX TOYEK MbI OAYYHM B 06OMX CAyYasX TOYKH
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us rpynmst H,. Jleficrureanto, npumenus S k (Q)RSR, noayunm (Q)RSRS, koropas
npuHazaexut rpynne H , nockoabky RSRS — apuzenue 1-ro tuma. To 2xe camoe npo-

ucxoaut npu npumerenuu S k (Q)RSS, tak uro mbr moaywaem (Q)RSSS = (Q)R.
[loaBoas uror:

RSR — gBuxenue 3-ro Tuma — RSRS — asuzenue 1-ro tuna (no npasuay 5).
(Q)RSR naxoaurcsa 8 H; — (Q)RSRS naxoaurca s H,.

RSS — apwmxenue 3-ro Tuma — RSSS = R — asuaenve 1-ro tuna (mo npasuay 1).
(Q)RSS naxoaurcs 8 H; — (Q)R naxoaurcs s H,.

ITH NpUMepbl MO2KHO 0606IIUTb H TaKUM 06pa30M ZI0Ka3aTh, KaK Mbl H YTBEPKAAAH
panee, uto ecan P naxoaurca B H 3» TO (P)S Bceraa naxogurcsa B H =

Yro kacaercs BTopoii yacTH z0Ka3aTeAbCTBa, Bo3bMeM TOUKy B rpynne F,, nanpumep
(Q)S, rae Q — Touka B rpynne H, u yBUAMM, 4TO OHa MOAYYAETCS OT BPAILEHHS S TOUKH
B rpynme H,. JlefictButeAbto, sta Touxa B rpyrme H, u ectb cama Q = (Q)N. Ouepuz-
HO, TO 2Ke Camoe NpoHcXoauT, Harnpumep, ¢ Toukoi (Q)RSRS & rpynne H,, koropas, kak
Mbl y2Ke BUJEAH, ABASIETCS pesyabTaToM Bpamenust S Touku (Q)RSR B rpynne H,. tu
NpUMePDI TaK2Ke MO2KHO 06061IUTb, YTO6bI J0Kas3aThb, YTO NpH Bparuenun H 3 MBI [IOKPbI-
BaeM, Kak M 6bIAO CKa3aHO, Bce TOUKH B rpymme H .

Taxum 2xe 06pasom MOKHO OKa3aTh, YTO €CAM Mbl NpuMeHuM Bpaenue SS k H,
(o6opot B 240° Bokpyr D, ), noayuum H,.

[Toaseaem uror: ecau Bpamarn yactb H; na 120° sokpyr D, Mt noayuum H., a ecan
Bpawathb ee Ha 240°, mp1 moayunm H,. Ha caeayromem pucyske cxemaruyecku nso6pa-

KeHa 3Ta CHTyaLusl.

[Tockoabky H, u H, noayuatorcst us H,, oaunm npocTbiv BpalieHHeM, MO2KEM A Mbl
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CZieAaTb BbIBOJ, YTO BCE TPH YaCTH HMEIOT OZMH M TOT 2ke o6bem? lak kak H,, H, u H,
BMeCTe OXBaTbIBAIOT 06IIMH 06beM 1mapa (MOCKOAbKY Y aHOMaAbHbIX TOYEK 061Hi 06beM
paBeH HyAI0), MOZKEM A Mbl CI€AATh BbIBOZ, 4T0 06bem kaxzaok us rpynn H,, H, u H,
paBeH TpeTn obbema mapa? Bepremcs k aTum Bonpocam B caezyroliei raaBe.

Ceiiyac Mbl 10X0ZIMM 710 CaMOH 3KCTPAaOPAMHAPHOH YaCTH J0OKAa3aTEAbCTBA, B KOTOPOH
MbI To-HacTosieMy yaBouM obbem. Vbl yBuzean, uto ectb Bpamenue (a umento S),
xoropoe npespawaer H, 8 H,, u apyroe spamenue (a umenro SS), koropoe npesparaer
H, 8 H,. Ceiiuac mbi ysuaum, uro asmxenne R npespamaer H, B ase apyrue uacry,
H, u H,, cobpaunbie B eaunoe ueroe. lo ectb, Bpamas H; corracno R, mbr noryyaem
oanoBpemerro H, u H,,. Ecan 6p1 66110 BepHo, uto y H, u H,, Tot e 06bem, uto uy H,,
T0 Mbl 6b1 Bpaiau H,, 4To6bI MOAYYHTD TeAO, HMeIOLLee BABOE GOAbLIHI 06beM.

JeiicTBuTeAbHO, 3aMeTHM, 4TO ecAu Mbl npumennm K H; Bpamenne R (Bpamenne
na 180° Bokpyr ocu ceep — or), To noAyuum Touku Kak rpynnst H, rak u H,.

RSS — asuxenne 3-ro tuma — RSSR — apmxenue 1-ro tuna (no npasuay 5).

(Q)RSS naxoaures B H; — (Q)RSSR naxoaurcs B H,.

RSR — asuenue 3-ro Tunma — RS — apuzxenne 2-ro tuna (no npasuay 2).

(Q)RSR naxoaurcs B H, — (Q)RS naxoaurcsa s H,.

StH npUMepbl MO2KHO 06061IMTb, YTO6bI MOKA3aTh: KaxAbIH pas, Koraa Mbl Gyzem
Bpawath coraacHo R touky us rpyrmbi H;, mbi noayunm touky H, uan touky H,. Jpyroi
npumep — (Q)SR, koropas naxoaurcs B rpyrme H; u kotopasi, ecAn npumeHuTs K Heit
apuzenne R, aaer B pesyavrare (Q)SRR = (Q)S us rpynnnt H, (Q — Bceraa Touka
rpynnet H); u eme oaun npumep — (Q)SSR, koropas Takxe naxoaurcs B H, u, ecan
npuMeHHTD K Hel aBuzkenne R, aaer B pesyabrate (Q)SSRR = (Q)SS, naxoasuuyiocs
B rpyrme H.,.

Touno Tax 2e Mo2HO Z10Ka3aTh, uTo A0Go# Touku rpynn H, u H, moxuo aoctuup
¢ nomowbio Bpautenust R touxu us rpynmst H. Bpamas H, coraacuo R, bt noasocTbio
nokpbiBaem Bvecte H, u H,.

Kak Takoe Bosmo2xHO, uto npu Bpamennu H, noayyaiores o4HOBpeMeHHO ZBe 0CTaAb-
ubie yactu? [ IpeacraButp a1y cutyauuro caoxuo. Ho moxxno onucars ee, ormeTus, urto
MbI HaBAIOZlaeM THraHTCKUH 3Q@eKT oteast [uAbbepTa, B KOTOPOM KazKabIH H3 PasHyCoOB,
o6pasyromux H,, yasansaercs 6oree HAM MeHee TaKuM e 06pa30M, Kak B OTEAE MOTAO
T0CEAHTbCS 6ECKOHEYHOE YHCAO HOBBIX TOCTOSIABLIEB MPOCTHIM MEPEMEIIEHHEM TeX, KTO
yaie 6bIA 3aCeAeH.
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KoHew, noKa3atenbcTBa

Wrak, mbi paszeAnin HeaHOMaAbHbIE TOMKH Cepbl HA TPH YacTH, KOTOpbie Hassarn H,,
H, u H,, u mb1 3uaem, uto npu npumenenuu Bpawenus S k dactu H; noayuaerca H;
4TO MpPH NpuMeHenuu Bpaitenns SS k vactu H, noayuaercs H, u uro npu npumenenun
pauennst R k yactu H; noaywatorea H, u H, oanospemenno.

H, — (Bpawenne S, 120° soxpyr D,) — H,.
H, — (spawenne SS, 240° sokpyr D,) — H,.
H, — (spawenue R, 180° Bokpyr D,) — H + H,.

Mo:xHo caerars BbiBoa, uto npu Bpawennu | na 120° Bokpyr D, takzxe noayuaercs
H, (cm. pucynok na ctp. 77) u uro B koneunom cuere H,, H, u H; moryt 6brtb moay-
ueHbl ZIPYT U3 APyTa C NOMOIIBIO IOAXOAAIMX BPAIeHHH; Hapumep, NpH Bpamenun

na yroa B 240° Bokpyr D, noayuaem H.,.

TPYNNA ABUKEHUH

[lBuxeHue, KoTopoe Mbl Ha3eanu N, BMecTe co Bce-
MW KOMBMHaLUMAMM BpalweHuin R u S obpasyert T0, 4T0
B MaTeMaTUKe U3BECTHO KaK rpynna ABMMEeHHH. 310
npeAanonaraert, 4to y l060ro ABMMEHUA X ecTb o6part-
HOe ABuHeHue X', TO ecTb T0, KOTOPOE BO3BpalLaeT Bce
TOYKM CHepbl B UCXOAHOE NONOKeHHe; X' nogpasymesa-
et XX' = N n takme X'X = N. Hanpumep, aBuKeHHe, 06-
patHoe R, 310 camo R, nocKonbKy RR = N, a ABUKEHME,
obpatHoe S, ato SSS. Takwe BepHo, 4To ecan X' 06-
patHo X, a Y' o6patHo Y, T0 Y'X' 06patHo XY. Hanpumep,
ABUvKeHWe, obpaTHoe RS, 310 SSR.

M3yyeHune rpynn ABUKEHMUI 6biN0 HA4aTo dpaHLy3-

CKWUM mMaTemaTukom JsapuctoM lanya B 1820-x rogax,

OBapucT lanya B Bo3pacTte 15 net
Ha pUCYHKEe CBOEH CEeCTpbl. KOTOPLIA UCNO/b30BaN ero B A0Ka3aTeNbCTBE OTCYT-

CTBMSA PELIEHUs Y YypaBHEHUI NATON CTENEHM W Bblle,
xo1a [anya pa6oTan He C ABUKEHUAMMU TOYEK CHEpPbI, @ C ABUKEHUAMU, NPUMEHAEMBIMU K TOYKAM

NNOCKOCTH.
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Tenepp nocmoTpuM, Kak MbI MO25eM yZBOMTb HeaHOMaAbHble TOUKH cepbl. IT06bI
yasourb H ;» 6yZem 1eHCTBOBaTD, KaK N0Ka3aHO Ha PHUCYHKE:

— war 1: nepenocnm, He Bpaigas, yacts H,, uro6bi otzeruts ee ot mapa;

— war 2: Bpamaem H, coraacko SS, uro6wr npesparuts ee 8 H;

— war 3: Bpamaem H, coraacro R, uto6er npesparuts ee B H, + H.;

— war 4: pasgeasiem o6e cocraBamomue H, + H, (noaysaem koo H,);

— war 5: Bpamaem H, coraacuo SS, uto6pi npesparuts ee B H, (moaysaem sropyio
xormio H).

Oraersiem Hy Bpa]gexme SS

.--.. DBpamenue R
IS

L’

Pasaersem Hy u H; / \

@{___ &

Bpamenue SS (240°) l

C nomoupio nepemeryenui u Bpawenui moi npesparuau H, 8 H, + H|, 10 ectb yaso-
uAn yactb H ; Taxum 2xe o6pasom mbr moxem yasouts H, u H;. B konue kounos, noay-
yaeM Bce TPH Mapbl yZIBOEHHbIX YacTel ¥ cO6MpaeM U3 HUX ZBa L1apa, PABHbIX HCXOZAHOMY
(xpoMe aHOMaAbHBIX TOYEK).

Uro kacaeTcsi aHOMaAbHbIX TOYEK, MOXKHO ZI0Ka3aTh, YTO CYIECTBYET €AMHCTBEHHOE
Bpaienue (oTamunoe ot S, R A AI060# X KOMOGHMHALMH ), KOTOPOE CTABHT HX BCE OZJHO-

BPEMEHHO BHYTPb 06AacTH, oxBayeHHon H P H M H 3 ITo ApyTas 4acTb ZI0KA3aTEAbCTBA,

80



TEOPEMA BAHAXA — TAPCKOIO

B KoTOpOH (Tax :xe, Kak npoucxoauro c H) yreep:xaaercs cyuiecTBoBanHue HEKOEro Mare-
MaTHYeCKOro o6beKTa, HO HET HHKAKOro yKa3aHHUsl Ha TO, KaK ero noAyuutb. /lokasaTean-
CTBO TOTO, YTO TaKOE BPAlEHHe CYIIECTBYET, 3aKAIOYAeTCsl B HaOAIOZEHHH, uTo obiee
YHCAO BpAIEHHH, KOTOPbIE He Be/lyT aHOMAAbHbIE TOUKH B 06AacTb, oxBauennyio H,, H,
u H,, 6eckoneunoe, HO cueTHOe, B TO BpeMs KaK OfILee YMCAO BOBMOZKHBIX BpAILEHHH
necuetHoe. CaezoBaTeAbHO, ZOAZKHO CYIIECTBOBAaTb GECKOHEYHOE YHCAO BpaleHHH, KO-
TOpbie TIPHBOJAT aHOMAAbHbIE TOYKH B 06AacTb, o6pasosaunyio H,, H, u H,, xots mbi
¥ He MO2K€eM YKasaTb HH OZJHO TaKOe BpallleHHe KOHKPETHO.

Hraxk, npumensiem ko BceM aHOMAaAbHBIM TOYKaM OZHOBPEMEHHO BpallleHHe, KOTOpoe
TPHBOJMT HAC B CeKTOp mapa, obpasosanHoro H,, H, u H,. Anomarbubie Touku pasze-
A€HbI Ha IIITb YacTeH, MOCKOAbKY IPH NPAaBUABHOM NPUMEHEHUH K HAM Bpawennit S u R
OHH MOTYT 6bITh YBOEHbI CIOCO60M, HE CHABHO OTAMYAIOLIUMCS OT TOrO, YTO MbI IpHME-
narn k H,, H, u H,. Taxum 06pasom, yaBoenue mapa coCTOAAOCD. 3aMeTHM, YTO HMEHHO
Ha 9TOM IMOCA€ZIHEM Iare TMOSIBASIIOTCS [ATh JOTIOAHHTEAbHbIX YacTeH, KOTOpble B CyMMe
C TpeMmsl yKasaHHbIMH paHee U COCTaBASIOT BoceMb. UTo u Tpe6oBaAOCh J0Ka3aThb.

Yausureabnoe B Teopeme Banaxa — Tapckoro sakatouaetcs B Tom, 4TO YHCAO YacTed,
Ha KOTOpOE paszieAeH Ilap, KOHEYHOE, HO CaMO 3TO YMCAO HeBaxsHO. VIoxHO ckasaThb, uTo
C TIOMOIIbIO PA3AHYHBIX ZABHKEHHH MO2KHO ZI06MTbCS yZIBOEHHS, HCIIOAb3YS MATH YacTel
BMECTO BOCbMH, a TaKzKe 9TO MO2KHO C/IEAATb C YeTbIPbMsl YaCTSMH HAH MeHbIIIE.

Mozxno aokasaTe, 4To pacceueHHeM cepbl Ha KOHEYHOE YHCAO YacTeH BO3MOKHO
cobpaTb U3 3THX yacTeil cepy BaBoe Goaburero obbema. K aroit 6oabied cepe Takzke
MO2KHO IPMMEHHUTD MPOLIECC YABOEHHs!, H TAK HECKOABKO pas. |akum 06pasoM, HCIIOAb3Ys
paccedeHHe Ha KOHEYHOe YHCAO YacTeH, Mbl MOXKEM HayaTb CO c)epbl Pa3SMEPOM C BHHO-
rpaZiMHy M 3aKOH4HTb cepoii pasmepoM ¢ CorHlle, He 106aBAAS MaTePUH HH Ha OZHOM

9Tarie.

MatemaTtuKa u ¢pu3nyecKas peanbHOCTb

Mozxem Au Mb1 paspesaTp map U3 30A0Ta Ha BOceMb dacTeil, 4To6bl cO6paTh U3 HUX /Ba
mapa, paBHbIx HexoaHomy? Mau paspesartb map us 30A0Ta, 4T06bI TAKMM 06pa30M MOAY -
yuThb mwap aBokHoro obbema? Kazxkercs, uro B Teopeme Banaxa — Tapckoro yteepzxza-
€TCs1, YTO TO BO3MOXKHO, OZJHAKO (PU3HKA H 3JPaBbli CMBICA OTPHULUAIOT IIAHCHI HAa TAKOE

yaBoenre Matepun. Kak paspeumrb 3to npotusopeune?
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Teopema Banaxa — Tapckoro otHocuTcs kK Mamemamuueckomy wiapy, To ecTb 4H-
CTO abCTPaKTHOMY O6bEKTY, OZIHa U3 XapaKTePUCTHK KOTOPOTO 3aKAIOYAeTCsl B TOM, YTO
BHYTPH HEro HeT MyCTOro MPOCTPAHCTBA; Kaxzas o6AacTb, Kakod O6bl MaA€HbKOH OHa
HH 6bIAa, COAEPKUT GECKOHEYHOe YHCAO ToueK (M B ZI0Ka3aTeAbCTBE TeOpeMbl Kazkzas
M3 THX TOYeK BXOAMT B coctaB Aubo H, au6o H,, au6o H;, uau anomarbua). Ho mbi
HE MOKEM TOBOPHMTb O MOAOOHOH 3allOAHEHHOCTH TOYKAMH HACTOSILEro, (HU3HYECKOro
IIapa: eCAH JOTPOHYTbCS ZI0 HEro, HaM KazkeTcs, YTO OH TBEPJbIH, HO Ha Cy6aTOMHOM
YPOBHE IIap MOYTH MOAHOCTbIO COCTOMT U3 IYCTOTHI.

CaeazoBareabHO, MaTeMaTHUeCKHi 1ap 06pasoBaH U3 6ECKOHEYHOTO HECUETHOTO YHC-

Ad TOY€K, H 3TO INPHHUIHITHAADHOE YCAOBHE CIIPAaBEAAHBOCTH TEOPEMbI BaHaxa — Tapcxoro,

«[INCK» BOPXECA

Kak Mbl yie oTMeTUNH, B GU3NYECKOI peanbHo-
CTU HE CyL|eCTBYET TaKuX 06BEKTOB, KaK MaTeMa-
TUYECKIUE TOYKU UK OTPE3KHM, NOLLAAb KOTOPbIX
paBHa Hynl. Tak xe He CylecTByeT naeanbHo
[IBYMEPHbIX NPEAMETOB: AaXe CaMblil TOHKUM
JIACT Bymarn UMeeT TpY U3MEPEHUS, XOTA OAHO
M3 HUX 04eHb ManeHbKoe. OAHaKO B paccKase
«[luck», ony6nukoBaHHoM B 1975 roay, aprex-
TUHCKUW nucaTtenb Xopxe Jlyuc bopxec onuchbl-
BaeT BOOGpamaemblii ByMEPHbIA GU3UYECKNI
06bekT. MNucatenb roBOpuUT 0 30710TOM AUCKeE,
«y KOTOPOro TO/IbKO OAHA CTOPOHa», NOAPa3y-

MeBasi, YTO €ro aBepc U peBepc coBnajalor,

Xopxe Jlyvc Bopxec B 1976 rogy. NOCKONbKY HET WHPKHbI, KoTopas pa3aensna 6bl

ux. bnaroaaps cBoei ABYMEPHOCTH 3TOT AUCK

NPaKTUY4ECKU HEBUAMM, MOKHO 3aMETUTb TONIbKO NIErKWI 30/10TOM GAECK, Koraa CONMHUE OCBELLAET

JWCK Noa onpefeneHHbIM yrnoM. KoHe4Ho, Takoii npeaMeT B HalweM Mupe 6bin 6bl paputeToM. bopxec

NOKa3bIBAET YAUBUTENbHYIO NPUPOAY AUCKA ABYMS CNOCOO6AMMU: C OAHOW CTOPOHbI, OH MOT 6bITb CO3AaH

TONbKO 60rom OAMHOM, a C Apyroi CTOPOHbI, YeN0BeK, 06n1afatolniA TAaKUM AUCKOM, MO OAHOM 3TOH
NPUYMHE CTAHOBUTCA KOPONEM.
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HO HACTOSILIMH L1ap 06Pa30BaH KOHEUHbIM YUCAOM aTOMOB, CA€Z0BATEABHO, HA HEM HEAb-
351 BOCIIPOM3BECTH Npouecc, onucanubii banaxom u Tapckum.

Beckoneunoctb — 310 MaremaThueckas abCcTpakiusi, KOTOpasi He MMEeT COOTBET-
CTBHS B PEAAbHOCTH. |0YHO TaK k€ B (DU3HIECKOH PEaAbHOCTH He CYIIeCTBYeT MaTeMaTH-
YECKHX TOYEK HAH OTPE3KOB C IAOLLAZBIO, PABHOH HYAIO, [IOCKOABKY AIOGOH (PU3HYECKHH
06beKT, Zazse caMblii MAAEHbKHH, UMEET AAMHY, IHpHHY U BbicoTy. M zaxe ecaun oamo
M3 3THX TPeX H3MEPEHHH OKaKeTCsl KPOLIIEYHbIM, OHO BCE PABHO He GyZET PaBHBIM HYAIO,
TNIOCKOABKY He MO2KeT ObITb MeHbllle JHaMeTpa aToMa.

BbiBoz us aToro coctout B TOM, 4TO BCe COCO6BI PasAEAHTb (DUTYPbI, TEAA HAH AH-
HHH, B KOTOPbIX 3a/leHCTBOBaHbI 6ECKOHEYHbIE YaCTH UAH TaKHe 0ObEKThI, KaK MaTeEMATH-
4yeCKHe TOYKH MAH OTPEe3KH, MOTYT MPHMEHSITbCS TOAbKO B aBCTPaKTHOM MHpPe MaTeMaTH-
KH, HO HE B PEaAbHOM 2KM3HH, IZ€ HX MECTO 3aHHUMAET JeAeHHe, 3aTParuBalollee KOHEYHOe
KOAHYECTBO MHOTOYTOABHHKOB HAH KPUBOAUHEHHDIX (DUTYP.

W naxe ecan gomycTuTh McroAb3OBaHHe abGCTPAKTHBIX HacTeH, He CyIECTBYIOIIMX
B (pusHueckoM mHpe, TeopeMa Danaxa — Tapckoro ne 6yzer paboraTb Ha MAOCKOCTH.
Kaxk mpb1 y2xe ckasaau B raaBe 1, HeBo3MOzkHO paspesaTb KPYT HAH APYTYIO TAOCKYIO (bH-
rypy Ha KOHEYHOe YMCAO dacTel (HE3aBHCHMO OT MX MPUPOZDbI) TaKHUM 06pasoM, uTO6bI
TMOAYYHMAOCD ZiBE (DUIypPbI, PaBHBIX HCXOZHOH. OTa HEBO3MOKHOCTb 6bira sokasana Cre-
¢anom Danaxom, u B caezyromeit raaBe Mbl yBUAMM, Ha KaKHe UEH OH OIHPAACS B CBOEM
ZOKasaTeAbCTBe.

Hrak, mb1 paspemau (pusuyeckHil napazokc, KOTOPbIH MPEANOAAraeT KazkyIyiocs
BO3MO?KHOCTb yZIBOMTb MaTEPHIO, HO MaTeEMaTHYeCKUH MapaioKkc Bce elle ocTaics. B Ha-
11eM MHpe, KaK H B abCTPaKTHOM MHpe MaTeMaTHKH, 06'beM TeAa He MEHSIETCSI, ECAH Mbl €ro
BpalllaeM HAH TepemelaeM. JTO 3HaYUT, YTO YaCTH, KOTopble Mbl HasBaru H " H ,H H -
ZOAKHDI MIMETb OJMH H TOT 2k€ 00beM, NOCKOAbKY Kax<Zash U3 HHX MOAY4YaeTCsl U3 JBYX
APYTHX [IOCPEACTBOM MOCAez0BaTeAbHbIX Bpautenuit. Oanako, Bpamas H 35 MOZKHO TIOAY -
yuts H . T H ,» KOTOpDIE, KaK KazKeTcsi, HMEIOT BABOe GOAbIIME 06beM, yeM H 3 [Toay-
YaeTcsi, YTO MbI caMH cebe POTHBOpPeYHM, U Bparenue 5 IMEET B KaueCTBe KazKyLerocs

CA€ACTBUA YIBOEHHE obbema. OTBCT Ha 3TOT IMapaAoKC MbI Haﬁﬂ,eM B cz\eayxolgeﬁ rAaBe.
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[xaBa 4

Teopust mepbr

3apaBblii CMbICA TOBOPHT HaM, YTO €CAH BPalllaTh AIOGOE TEAO — He BaxHO, B KAKOM
HaNpaBAEHHH, €CAH He Ze(OPMHPOBaTb €ro H He Z06aBASITb UAH 3a6HPATb MATEPHIO, ETO
o6beM coxpanutcsi. MatemaTuka MOATBEPKAET STOT WHTYHUTHBHbIN BbIBOJ: JeHCTBH-
TEAbHO, pacyeT o6beMa AIOGOr0 MaTeMaTHYECKOTO 0ObeKTa BCErga JaeT OJHMH M TOT 2Ke
pesyAbTaT HE3aBHCHMO OT BpalUeHHH, KoTopble k Hemy npumensitorcs. O6bem kyba,
HalpuMep, PacCYHTbIBAETCs KaKk KyOHuyecKas cTeneHb ero pebpa, U He UMeeT 3HAYEHMs,
nepeMeLacsi AU Ky6 B pouecce usmepenuil. Ognako kazkercs, uro Teopema banaxa —
Tapckoro npoTHBOpeunT 3THM (paKTaM: COrAAcHO eH, 4acTH, Ha KOTOpbIe JeAHTCs cdepa,
yABaHBaIOT 06'beM TOAbKO H6Aarozapsi ToMy (PakTy, YTO OHH BPAILAIOTCS BOKPYT MOAXO0s1-
e OCH.

BosmozkHO AM yaBOMTb 06beM MPOCTbIM BpaiueHueM? 37paBblil CMbICA H MaTeMaTH-
yecKHe (POPMYABI pacyeTa 0GbEMOB yTBEPKAAIOT, YTO HET, B TO BpeMsi Kak TeopeMa Dana-
xa — Tapckoro, BoAHEe KOppeKTHasi C MaTeMaTHYECKOH TOYKH 3pPEHHs1, YKa3bIBAET, YTO

MozkHo. B aToii raaBe MbI mocTapaemcsi paspermTh NPoTHBOpeUHe.

Mepa u BEpOATHOCTb

Yro6b1 Hafitn 06bsicHenue napagokcy Danaxa — Tapckoro, Mbl 10AkHBI pacemoTpeTh
noHsiTHe 06beMa TaK 2Ke, KaK M AAMHBI U [IAOILaZH, B KOHTEKCTe Hauboree obiel MaTe-
MaTHYECKOH TeOpHH, U3BeCTHOH Kak meopus mepvt. Ona sapoauracs B 1901 rozy 6.ra-
rogapsi paboram (panuysckoro marematuka Anpu JNeona ebera, satem BKkAaz B Hee
BHECAM MHOTHE JpyTHe CIIELMaAMCTbl, CPeAH KOTOPbIX CTOUT BbIAEAUTb IMHAS Dopens,
Koncranruna Kapareogopu, Jxysenne Buraru n Creana Banaxa.

CoraacHo 310t TeOpHH, Mepa MHOKECTBA TOYEK — 3TO MPOCTO YHCAO, KOTOPOE ZaeT
KOAHYECTBEHHYIO OLIEHKY HEKOH XapaKTEepUCTHKE STOrO MHO2KECTBA, IPUYEM STy KOAHYE-
CTBEHHYIO OLIEHKY MO?KHO OCYILECTBHTD, CAeAysl pasHbiM Kpurepuam. Hanpumep, Bosb-

MeM MPSIMOYTOAbHUK B, BHyTpH KOTOpOrO BbIZEANM 06AACTb A.
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O6racts 4

[Tpamoyroabuux B

Bosmozknol mepoit aas A moxer 6bITb ee maomazb, reoMeTpHUECKas Mepa, KOTo-
pasi TOBOPUT HaM, HACKOAbKO 6oabiuoi siBasiercs A. Kak Bbl momuuTe us rasor 1, sta
Mepa OLIEHHBAET, CKOAbKO pas MIOMEIUAEeTCsl KBaApaT, B3sATbIN 3a eaunuwy, B A. Ho nro-
IaAb — He eAWHCTBEHHO BO3MO2KHasl Mepa Ars ob6aactu A. Utobbl onpeaeauts apyryio
Mepy, MPEeANOAO2KHM, YTO Mbl BbIOHpaeM HayraJ, KaKylo-HHOYZAb TOUYKY MPSMOYTOAbHH-
ka B u uto BbI60p npousBoauTCs Tak, YTO6bI ANPUOPU BCE TOUKHU MPSAMOYTOABHHKA HMEAH
OZMHAKOBYIO BEPOSITHOCTDb ObITb BbibpaHHbIMU. B pamMkax aTo# rumnoTesni kakoBa BeposT-
HOCTb TOT0, YTO BbiGpaHHasi TouKa 6yzeT HaxoauTbes B o6aactu A? Ecau Mbr o603Haunm

a1y BepositHocTb Kak P(A), moayuurcs, uro:

nromwazb(A)

Higi= mromazs (B)

Sro uncro P(A) — apyras mepa A, mepa, KOTOpasi OLIEHHBAeT, HACKOABKO BBICOKA
BEPOSITHOCTD TOTO, YTO TOYKA NPAMOYroAbHUKA B, BbibpaHHas cAydaiiHO, OKazKeTcs BHY-
TpH 9TOH 06Aactu. Ecan 6b1 nocae cooTsercTByIOmMX pacueToB okasaAoch, HampHMep,
uto P(A) = 0,8, 310 03Hauaro 6b1, 4TO ecau BbIGPATH MPOM3BOABHBIM 06Pa30M JOCTa-
TouHO 60AbIIOe KoAHuecTBO Touek B, 80 % u3 Hux okasaruce 661 B A.

[ Ipeapraymmii pacyer ue 6b1A 661 CripaBeAAMB, ecAH 6bl He CYILIECTBOBAaAH 0CObbIe 06-
AACTH NPSIMOYTOABHHKA, TOYKH KOTOPBIX HMEIOT GOADIIYI0 BEPOSITHOCTD GbITh BbIGPAHHbI-
mu. [ Ipeanorozxum, Hanpumep, 4To MexaHusm 0T60pa TaKOB, YTO TOUKH, HAXOASIIHECH
B A€BOH YaCTH NPSIMOYTOAbHHKA, HMEIOT GOABIIYI0 BEPOSITHOCTb GbITh BHIOPAHHBIMH, YeM
TOYKH B 1paBoi yacTu. B aTom cAyyae pacuer ycaozHseTCs, M BEPOATHOCTD Y2Ke 3aBHCHT

He TOAbKO OT maomazu A.
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AHPW NNEOH NNEBET

Jle6er poauncsi B bose, ®paHums, 28 uoHa 1875 roaa.
CHayana OH yyuncs B CBOEM POAHOM ropoje,
a B 1894 rogy noctynun B BbiCLy0 HOPManbHYIO WKONY
B [Napue, KOTOPYIO Yepes TpY rofa 3aKoHYMA C AUNO-
MOM npenojasatens MaTeMaTuKu.

Hauunas ¢ 1899 roga Jleber npenogasan B LeHTpasb-
HOM imuee HaHcu, OHOBPEMEHHO OH NMPOBOAWN MaTe-
MaTU4YeCKUe uccnefoBaHusa y cebs goma, He noagep-
KMUBas CBA3M C Konaneramu. Peaynbtatom 3701 paboThl
cTana u3BecTHas cTaTbsi NoA Ha3BaHuem «06 06061EHNUM
onpeAeneHHoro WHTerpana», onybinMkoBaHHasa 29 anpe-
na 1901 roaa, B KOTOpPOW MccnefoBaTeNb NPeAOXUN
OCHOBbI TEOPUM Mepbl U OLHOBPEMEHHO Jan onpejene-
HWe TOMY, YTO CerofHsa M3BECTHO KaK uHTerpan Jlebera.

B 1902 roay y4eHblit npeAcTaBun paclwupeHHyo BEPCULID

pab6oTbl Ha MaTemMaTM4ecKoM GakynbTeTe B [lapuie B BUAE AOKTOPCKOM AWccepTaLmu, Kotopas 6bina
ObICTPO yTBEPHAEHA. [LOKTOPCKas cTeneHb OTKpbina Jiebery ABEPU B HAY4HbI MUP, U B TOM Xe rogy
OH Hayan paboTaTb Ha MaTemMaTM4yecKoM daKynbTeTe B YyHUBEPCUTETE PeHHE.

MaTeMaTuK BHEC 3HAUYMTENbHBIV BKAAL B Pa3NuyHbie 061acTu BbIYUCIEHUS, 0COBEHHO B aHanu3
®ypbe. B Te4eHue CBOEN A0NrOM W YCNEWHOW Kapbepbl UCCEA0BaTENs U NpenogaBatens OH Yutan
JIEKLMKM N0 MaTeMaTM4eCKOMY aHanuay, npenogasan aHanuTMyecKyto reomeTpuio B Cop6oHHe, mare-
MaTuKy Bo PpaHLy3cKoM Konneake, pabotan B Buicwel HopmanbHOW WKone B Cespe.

Jle6er 6bin n3bpaH 4neHom PpaHLy3CKo aKaaeMuu HayK, JIoHaoHCKoro KoponeBcKoro o6uwecTsa,
Benbruickoin KoponescKon akagemun, bONOHCKOW akafeMuu HayK, PYMbIHCKOW aKaAeMUU Hayk,
[laTcKoii akageMuu Hayk u KpakoBCKOW akaaeMMu HayK 1 UCKyccTB. OH 6bu1 MHOTO pa3 npu3HaH no-
YETHLIM JOKTOPOM W NMONy4MN 3@ CBOM MateMaTuyieckue paboTel npemuio Yaneeura (1912), npemuio
MoHcene (1914), npemuto CeHtyp (1917) n npemuio Petit d’Ormoy (1919). Ckonuancs B Mapuxe
26 uions 1941 ropa.

,Z],pyraﬂ Mepa, IMOABASIIOILasACA, KOrga Mbl pa60TaeM C KOHEYHbIMH MHO2KE€CTBAMH TOYEK
(B HalleM CAydae — e€lle OJlHa BO3MOzKHas1 Mepa), 9TO IMPOCTO KOAHYECTBO IAEMEHTOB

MHO2KecTBa. B 3TOM cMbicAe Mepa MHO:kecTBa, 06pa30BaHHOrO, HalpUMep, YHCAAMH 3,
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5, 8 u 22, 6yaer 4. Dta apyras Gopma Mepbl MHOKECTB HMEET TaKzke BepPOSTHOCTHOE
TIpHMeHeHHe, KOTOPOe Ha CaMOM JieAe HAMHOTO 60Aee MPUBbIMHO, YeM TOABKO YTO TIPO-
aemoHcTpupoBanoe. Ecau Mbl moa6pocum HaeaAbHO c6araHCHPOBAHHbIH KYOHK, TO €CTb
KyOMK, Ka/asi U3 1IIECTH CTOPOH KOTOPOTO MMEET OAMHAKOBYIO BEPOSITHOCTb BbINACTb
(TouHo Tak e, KaK U B peAblAyIIeM IpUMepe Y BCex Touek obaacTu B 6bira oaunakoBas
BEPOSITHOCTD GbITb BHIGPAHHBIME ), TO BEPOSTHOCTD BbINAZEHHS YETHOIO YHCAA BbIYHCAL-

eTCsl CAeZyIoIIHNM 06pa3oMm:

BepOﬂTHOCTb BbIlIaZ€HHsA Y€ETHOI'O CHAA =

Koaunuectso yernbix uncea _ wmepa (2,4,5) 3_ 0.5
5 =02

- O61ee koA-Bo BosMozkHbIx pesyabtaToB  Mepa (1,2,3,4,5,6)

rZie Mepa 03HAYaeT «KOAMYECTBO IAEMEHTOB». 3aMeTbTe, YTO 9TOT pacyeT ObIA 6bl He-
BepeH, eCAH 6bl O/HH IPaHU Kyb6ka UMeAU GOADIIYIO BEPOSTHOCTD BbINACTb, YeM APYTHE.

Mo:xHo ckasaTb, 4TO Mepa 3aKpENAseT 3a KaxKbIM MHO2KECTBOM TO4eK uHcAo. B npu-
BeZIeHHbIX TIPUMepax 3TO YHCAO MOKET MPeACTaBAATb CO60H AAMHY, MAOLIazb, 06beMm,
BEpPOSATHOCTb HAH KOAMYECTBO SAeMEHTOB Bo MHozsecTBe. VTak, 3azazaum cebe Bompoc:
MOZKET AH 3TO 3aKpeInAeHHe ObITb CZeAaHO AI0ObIM crIocoboM, TO eCcTb A0OOe AH 3aKpe-
TAEHHE, KOTOPOE Mbl IPOU3BEZIEM, COCTABHT Mepy?

Orser orpunaterbnbiii. st Toro 4To6b! HasHaueHHe YHCAA MHO2KECTBY TOYEK CO-
CTaBASIAO Mepy, OHa ZIOA?KHAa COOTBETCTBOBATb HEKOTOPbIM MPU3HAKaM. OTH MPU3HAKH,
HasBaHHbIE AKCUOMAMU Mepbl, ObIAM CPOPMYAHPOBAHDI PyCCKMM MaTeMaTHKOM AHzpeem
Koamoroposbv B 1933 roay.

['lepea Tem kak usroxuthb akcuombr Koamoroposa, saMeTuMm, 4To Bo Bcex HalllUX MPH-
Mepax (4em 6bl HH ABASAACD Mepa — O6'bEMOM, TAOLIAADBIO, AAMHOH, BEPOSTHOCTBIO HAH
KOAHYECTBOM 3AEMEHTOB) Mepa HUKOIZa He BblpazKkeHa OTPULIATEABHbIM YHCAOM, TO €CTb
HEeT HH (PUTYPbI MAOIIAAbI0 —2, HU KPUBOH AAuHOR —8,5, Hu MHOecTBa ¢ —3 sremeH-
TamH.

Ouanaxo mMepa mozkeT 6bITb paBHa HyAro. Hanpumep, B npeapiayiei raaBe mMbl ckasa-
AH, YTO MAOILAZb MaTEMAaTHYECKOTO OTPE3Ka MAU 06beM MAOCKOH (UIypbl PaBHbI HYAI.
Takzse B onpeseseHHbIX CUTYaLIHsAX MEPA MO2KET JOCTHYb 6ECKOHEYHOCTH — KakK B CAY-
Yae ¢ ZAMHOH MPAMOH MAM TAOIIAZDBIO TIAOCKOCTH (HO MOZ06HOTO He MPOHCXOAMT C BEpO-
STHOCTbIO, KOTOpasi He MozkeT 6biTh Goabie 1). Bce atn sameuanus cobpaubt B nepsoit

aKCHOME Mepbl.
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AHJIPEA KONMOTOPOB

Angpeit Hukonaesuy Konmoropos poauncs B Tam6ose (Poccus) 25 anpens 1903 roaa. Ero getcteo
He GbIN0 IETKUM, U NOCNE OKOHYaHUS WKOMbI ByayLiemy y4eHOMY NPULNOCH 3apabaTbiBaTh Ha KU3Hb
BoAuTenem Tpameasi B MockBe. OfHako 6narogaps YpesBbiyaiHOW 0fapeHHOCTH OH B CBO6OAHOE
0T paboTbl BpEMS Hanucan Lenbli TpaktaT no HbIOTOHOBCKOW MEXaHWKe, Y4TO OTKPbIIO eMy BEPU
MockoBckoro yHuBepcuteta. Konmoropos noctynu B Hero B 1920 rogy v u3ydan tTam MatemaTuiy,
METaNNypruto U UCTOPHI0.

YyeHblii ony6a1MKoBan CBOW nepBble CTaTbu, 61arogapsa KOTOPbIM CTan U3BECTEH BO BCEM MUpE,
eue Gyaydu CTyAEHTOM yHUBepcUTeTa. A Korga
0H B 1929 roay 3aluTin JOKTOPCKYIO Auccep-
TaLuIo, T0 yixe umen 18 onybMKoBaHHbIX pabot
BbICLIErO YPOBHS 0 MAaTEMaTUYECKOM aHanuse,
NOrUKe U Teopun BepoATHocTeN. Mo3e B che-
py MHTEpecoB KonmoropoBa BOWWM TEOpUS Typ-
6yNEeHTHOCTW U TeOpUsi Xaoca, U B 3TUX 0BnacTsax
OH TaKKe fobunca ycnexa.

B TeYeHue HWU3HU YYeHblil Obli OTMEYEH
MHOTFOYMCNEHHbIMU NPEMUAMU, bl MPUHAT
B Y1€Hbl INaBHbIX aKaAeMuii Hayk Mupa — JIoH-
AOHCKOro KoponeBcKoro obuectsa, akagemuu
«JleononbanHa» B l'epmanuu, HaunoHanb-
HoW aKkasemuu CLUA n dpaHuy3ckoii akaae-
mun Hayk. CkoHyancs B Mocke 20 okTta6pa
1987 ropa.

Axcunoma 1: Mepa MHOecTBa ToueK SIBASIETCS YHCAOM, GOABIIMM HAHM PaBHbIM
HYAIO, AUOO MO2KET ObITh 6€CKOHEUHOH. (3¢1er «DEeCKOHEYHOEe» JOAXK-

HO ITOHUMATbCsl KaK «b0AbIle A060ro ZI,EI‘:ICTBHTGJ\I)HOFO ‘-lPIC}\a».)

l_[epe/:l. TEM KaK H3A0ZKHTb BTOPYIO dKCHOMY, BCIIOMHHM CBOHMCTBO IAoIlazu, KOTOPbIM

MbI MTOCTOSIHHO MOAb30BAAHCh B IaBe 2: eCAM paspesaTb (PUIypy Ha KOHEYHOe MAM 6ec-
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KOHEYHOE CYETHOE KOAHYECTBO YacTeH, 0611asi MAoLaAb PUrypbl 6yzeT paBHa CyMME ITAO-

mazei Bcex yacteit. Mraxk, akcroma 2.

Axcuoma 2: Ecau muozxectso tTouek F paspesaTb Ha KOHewHOe MAM 6eCKOHEUHOE
cueTHoe KoAudecTBo yacteit A, A,, A;, ... To mepa (F) = mepa(A4,) +
+ mepa(A4,) + mepa(A4;) + ...

['Ipeanonraraercsi, 4To yacTH He HAKAAABIBAIOTCA APYT HA APYTa, TO ECTb HET HU OZHOH
TOYKH, KOTOpasi IPHHAAAEKAAA Obl OZIHOBPEMEHHO ZIBYM YacTAM. ITa aKCHOMa He COBAI0-
ZlaeTcsl, ECAH KOAMYECTBO YacTeH GeCKOHEUHOe HeCyeTHOe.

TpeTbs akcHoMa MpUMeHsIETCS TOABKO B KOHTEKCTE FeOMETPUYECKHX CHUTYallMH, Koraa

Me€pa CBsA3aHa C Pw,eeﬁ AAHHDI, ITAOILAZH HAH obbema.

AKCHOM& 3: B reOMeTPH4YECKOM KOHTEKCTE, €CAH KO MHO2KECTBY TOYEK ITPUMEHAETCA

JABHKEHHE, KOTOPOE HEe MEHSIET ero (popMy, ero Mepa He H3MEHSIETCs.

JlBuzkenus, kKoTopble He MEHSIOT (POPMy MHOKECTBA TO4eK, 3To mMepemenenus (Bce
TOYKM TIEPEHOCSATCS] OAHOBPEMEHHO B OTIPE/IEAEHHOM HallpaBAEHHH ), Bpaiuenus (Bce Tou-
KM BPAILAOTCS OZHOBPEMEHHO BOKPYT OZHOTO LIEHTPA HAM OCH BPAIUEHHs) U CHMMETPHH
(Bce ToukHM OTpakarOTCs OAHOBPEMEHHO, Kak 6yaTo yepes 3epkaro). OTmerum, uto aTo
CBOHCTBO MOZKET He COOAIO/ATbCS B CUTYALIHsIX, He SBASAIOIIMXCS T€OMETPHYECKHMH B YH-
crom Buze. Hanpumep, xorza Mbl roBopUAH 0 BEpOSTHOCTH TOTO, YTO TOYKA MPAMOYTOAD-
nuka B okaxercs B obractu A, MbI CKasaAH, YTO B CAy4Yae, ECAH BbIGOP AOGOH TOU-
ku B He sBAsieTCs paBHOBEpOSATHBIM, MO2keT cAyunThes, uto P(A) — «BepoaTHoCTHas»
mepa A — usmenurcs, ecau A nepeMecTUTCS BIIPaBO HAH BAEBO, He Z€()OPMHUPYSCh.

ITH TPH aKCHOMBI MO3BOASIIOT HaM Mepe)oPMyAHPOBaTh Napagokc Danaxa — Tap-
ckoro. O603naunm uepes E map, o KOTOPOM rOBOPHTCSA B TeOpeMe M KOTOPBIH Mbl TIpeJ-
noaaraem pacceub Ha Bocemb yacreit: E, E, ..., E;. M3 akcuombr 2 caeayer, uro mepa
(E) = mepa(E,) + mepa(E,) + ... + mepa (E;). HMrtak, ecau st Bocemb uacreit nepe-
MECTUTb MAM BpAIUaTh, MOAJEP:KHBAs UX COOTBETCTBYIOLIHE Mepbl 63 H3MEHEHHH, To,
coraacHo akcHoMe 3, ouu He usMensitcsi. Hakonen, ecau Mbr cobepem us HuX HOBbIH 06b-
ext E', To mepa (E") = mepa (E,) + mepa(E,) + ... + mepa(E,) = mepa(E), To ectp
E u E' umeror oany u Ty e mepy. Ho B Teopeme rosopurcs, uto E' coctout us asyx
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cgep, pasubix E, caegosareanno, mepa E' B aBa pasa 6oabine, uem mepa E. 3aech mbr
BHOBb CTaAKuBaeMcsi ¢ mapagokcom bBanaxa — Tapckoro. [ locmorpum, kak mozkuo ero

H36eKaTh.

PauuoHanbHble yucna

Uro6b1 06bsicuutb napazoke Banaxa — Tapckoro, mMbr 06s13aTeAbHO Z0A2KHBI 06PAaTHTD
BHHMaHHe Ha pallMOHAaAbHble YyHcAa. BHayare pas6epemcs, KakuMH yKcAa ObIBAIOT.

Kax mb1 ynomunaru B raaBe 2, HaTypaAbHble YHCAA — 3TO Te, KOTOPbIE MOAyYa-
I0TCs1, €CAM TIpocTo BectH cuet, Hauunasi ¢ 0: 0, 1, 2, 3, 4, 5, ... Lleabie moayuatorcs,
eCAM K MHOKECTBY HaTypaAbHbIX YHCeA 06aBUTb OTpULIATEAbHbIe uucAa: —1, —2, —3,
-

PanponabHbIE YHMCAA OMPEAEASIIOTCS HA OCHOBE LIEAbIX, TOCKOAbKY OHH 3allHChIBa-
I0TCSl KaK 4acTHoe ABYX LeAbix uuceA. Hanpumep, 1/3, 5/12, —11/3 u —27/5 — pa-
IMOHaAbHble 4HcAa. [leAble ynCAa Takase MOTYT 3amHChIBATbCS B BH/IE PALMOHAABHBIX,
nockoAbky, Harpumep, 9 = 9/1 (uau 9 = 18/2), a —2 = —2/1, u 370 03Hauaer, uTo
pAlMOHAABHbIE YHCAA BKAIOYAIOT B KaUeCcTBE YaCTHBIX CAy4aeB LeAble H, CAeZI0BATEAbHO,
HatyparbHble. Hakomner, sametum, uto geauteaeM B Tako# cHUTyaluH He MoxeT 6biThb 0,
TIOCKOABKY TakHe Bbipazkenusi, Kak 3/0 uau 0/0, e umeror MmaTemMaTHyecKoro cMbicAa.

He Bce umcaa spasioTcs paumoHaAbHbIMM, Hanpumep, /2 M T UPPAUUOHAAbHBIE,
TO €CTb He MOTYT 6bITh 3aMHCaHbl B KAYECTBE YaCTHOTO JBYX LIEABIX YHCEA.

Ouzna U3 XapaKTepPUCTHK 1IEAbIX YHCEA COCTOMT B TOM, YTO OHH JUCKPEMHble. JTO
3HAYMT, YTO €CAH HX MPE/ICTABHTb Ha YHCAOBOM MPSMOMH, BUZHO, YTO MIOCAE KazKI0T0 LeAO-
rO YHCAA MAET CAEZYIOIIEe YHCAO, PACTIOAOKEHHOE Ha OTPeIeACHHOM PacCTOSHHH CIipaBa
ot nero. Hanpumep, caeayromee arxa —3 — sto —2, caeayromee ars —2 — sto —1

H TaK JaAee.

w4

3 2 -1 0 1 2

Ouanako pauponarbHble yHMcAa He 0OAAZAIOT TaKOH XapakTepucTHkoi. Hampumep,
ueAoe uncAo, caeaytomee 3a 0, ato 1, Ho KakoBO palMOHaAbHOE YHCAO, CAEAYIOLIIEE CPAsy
sa HyArem? Ecaum a1o 1, To mexay 0 u 1 ne 20110 6bITh HUKAKOTO APYTOro palHOHAAD-

HOr'o YHCAQ, HO 3TO He TaK, IIOCKOAbKY, HalIpDUMEP, B 3TOM IMPOMEKYTKE HAXOAUTCS 1/2
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Ouanaxo 1/2 Takake He IBAsSIETCS paLMOHAABHBIM YHCAOM, cAeayiomum 3a 0, moromy uTto
6amxe k 0 Haxoaurea 1/3, a 1/3 Toxe He sBAseTcs caeayromum uucaom 3a 0, noromy
yTO Mexkay HuMH Haxozurcs 1/4, u Tak garee. Mbl npuxoguM K BBIBOZY, 4TO HET TaKOro
YHCAQ, KOTOPOE 6bIAO 6bl «pallHOHAABHBIM, CAEZYIOIINM 3a HyAeM». | [oHsATHS «cAezyto-

1iee palyHOHAAbHOE YHCAO» IIPOCTO HE CYILECTBYET.

|~ 4+
et &
W=+
N— 1

MozxHO A0Kas3aTb, 4TO MekaAy ABYMS AIOGbIMH pAlHOHAABHBIMH HHCAAMH BCET-
Za ecTb 6eCKOHEeYHOe YHCAO APYTHX palMOHaAbHbIX uuceA. Hanpumep, mexmay 1/3 =
=0,333...u1/2=0,5 naxoasarca, cpeaunpounx, uncra 7 /20=0,35;2/5=0,4;5/12=
=0,41666... u 11/25 = 0,44. [paguyecku 310 0O3HaUaET, YTO AIO6OH OTPE3OK YHCAOBOH
TPAMOH, KaKuM 6bl KOPOTKHM OH HH 6bIA, COAEPAKUT HECKOHEYHOE YHCAO PALIMOHAABHBIX
YMCeA — 3TO CBOHCTBO B MaTeMaTHKE Ha3bIBAETCs NAOMHOCMbIO PALHOHAABHBIX YHCEA.

[Toayuaercs, 4To Ar060# OTPE3OK YHCAOBOH MPAMOH COAEPKHT 6ECKOHEYHOE HHCAO
PALIMOHAABHBIX YHCEA, B TO BPeMsl KaK LIEAbIX YHCEA Ha HEM NTOMeIIaeTCsi KOHEYHOE YHCAO.
STOT (PaKT 3aCTABASIET MPEANIOAO2KHTD, YTO PAlIHOHAABHBIX YHCEA GOAbIIE, YeM IIEAbIX,
TO €CTb YTO MOILHOCTb MHO?KECTBA PAlIIOHAABHBIX YHCEA BbILle, Y4eM MOLIHOCTb MHO2Ke-
crBa ueabix. OzHaKo, HECMOTPS Ha 3Ty CYIIECTBEHHYIO Pa3HHUILY, MOIIHOCTH 3THX MHO-
2KECTB PaBHbI, TIOTOMY 4TO 06a MHO2K€CTBa CUETHbIE.

Bcromuum, uTo 6eckoHeuHOE MHOMKECTBO SIBASIETCSI CHETHBIM, ECAH MO2KHO yCTaHO-
BUTb B3aMMHO O/IHO3HaYHOe COOTBeTCTBHE (6HEKLHIO) MeKy SAeMEHTaMH, BXOASAIIHMHU
B €r0 COCTaB, M HATyPaAbHbIMH YHCAaMH. B raaBe 2 Mbl yBH/ZIEAH, YTO IIeAbIE YHCAA SABAS-
I0TCSl CYETHBIMH, HO 3TO CTIPABEAAHBO H AS PAalIHOHAABHbIX.

YcranoBum 6uekumio Mexsay paMOHAABHBIMH H HAaTypaAbHbIMU uncAamu. Jlast aTo-
ro HayHEeM 3alHChIBaTh BCe APO6U B OZHY AMHHIO M, YTOGbI yZOCTOBEPHTHCS B TOM, UTO
MbI He TIPOTTYCTHAM HH OZHOH, CHayaAa 3arHiieM Apobb, y KOTOPOH CymMMa ABYX HHCEA,
obpasyromux ee, paBHa 1 (eauncrsennas Takas apobp — sto 0/1); satem Te apo6H,
y KoTopbix cymma 3THx uuceA paBHa 2 (0/2 u 1/1); sarem — Te, cymma uncaurters
U 3HaMeHaTeAst KoTopbix paBHa 3 (To ectb 0/3, 1/2 u 2/1), u Tak zaree.

e o B i e

1 7 217321 4'32°154°32°1""
W - [

cymma=1cymma=2 cymma=3 cgmm'l =4 cymma =5
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B cnucke, KOTOPDIH MbI TOABKO YTO COCTAaBHAH, HaBAIOJAIOTCS HEKOTOPbIE MOBTOpE-
uust; nanpumep, apobu 0/1,0/2,0/3, ... o6osHauatoT ogHo u TO ke uncao — 0; Touno
TaK 25€ OZHO M TO 2Ke yHucAo obosuavator 1/2, 2/4, 3 /6, ... u tak garee. Takum o6pa-
30M, HeO6X0/IMMO OYHMCTHTD CITHCOK, YZAAHB BCE TIOBTOPBI.

i) ’

k=)

1
1

— N
— | W
[SSERN)

NS N}
— |

N | —
[SSRIEN
B =

Tenepn psizom ¢ kaxz0# Apo6bIO MOMECTHM MPOTHBOMOAO2KHYIO eft. Hanpumep, npo-
tusonoozkHast 1/2 — sto —1/2, nporusonoroxkuas 23/7 — aro —23/7. Bamernre,
yro Tak kak 0/1 = —0/1, ver Heob6x0zuMOCTH MHCaTb APO6D, poTHBONOACKHYI0 (/1.

Hogbiii ciucok nokasan Ha caeayromel AMHHH.

6t 11 12 21 13 31 12 23 34 4
717 172 271 173 31 14 43 3 2° 221 17
L A A
1 2 3 4 5 6 7 8 910 1112 1314 1516 17 18 19.

Ha sroii :xe cxeme aemoHcTpHpyeTcs, Kak HAXOAMTb TMapbl CPEAH MHO2KECTBA HATY-
PaAbHBIX YHCEA: MepPBOH APO6U U3 CIIUCKA COOTBETCTBYET YMCAO 1; caexyromed — wuc-
20 2 u Tak ganee. DTO AOKASbIBAET, YTO HATYpPAAbHbIE YHCAA COCTABASIOT GECKOHEYHOe
CYETHOE MHOKECTBO, HAH, IPYTHMH CAOBAaMH, YTO CYIIECTBYET TO € CaMOe KOAMYECTBO
PAIIOHAABHDIX YHCEA, YTO M LIEABIX HAH HaTyPaAbHbIX.

B caeayromem paszere Ham MHTepeC MPHUBAEKYT pallMOHAAbHblE YHCAA, KOTOPbIE
crporo 6oabie () u menbme uru pasubt 1, manpumep 1/1 = 1 uau 2/3 = 0,666...
OkxasbiBaeTcs, YTO €CAM Mbl OrPAHHYHMCS TOABKO STHMH JApO6SMH, TO TaKz<e MOAYYHM
GECKOHEYHOE CYETHOE MHOKECTBO. UT06bI 3TO Z0Ka3aTh, Mbl MIPOCTO YAAAHM H3 CITHCKa
ceepxy apobb 0/1 u Bce, kotopbie 6oabie 1, Takue kak 3/1 uau 5/2, u sarem ycrano-
BUM 6HeKLMIO TepBoi ocTaBeics apobu ¢ 1, BTopoit — c¢ 2 u tak aaree. Jpyroii cro-
€06 yCTaHOBAEHHSI COOTBETCTBHSA MOKasaH AaAee. Vbl cHayara 3ammucaru e MHCTBEHHYIO
Apobb co 3sHameHaTeAeM 1, 3aTeM — eAHHCTBEHHYIO CO 3HaMeHaTeAeM 2, 3aTeM — JBe,

Y KOTOPbIX 3HAMEHATEAb 3, H TaK ZaAee.
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APYTUE CHETHBIE MHOKECTBA

Mbl yBHAENM, YTO MHOKECTBO LIENbIX YUCEN U MHOKECTBO PaLMOHaNbHbIX YUCen ABASIOTCA 6ECKOHEY-
HbIMU CHETHBIMM, HO 3TO HE eAUHCTBEHHbIE NOA06HbLIE NpUMepLI. Bo3bMeM MHOMECTBO, 06pa30BaH-
HOEe BCEMU Napamu HaTypasnbHbIX YMCes, TO eCTb BCEMU napamu Buaa (n, m), rae N U m — Hatypainb-
Hble Yucna; 3ameTbTe, YTo napa (1, 2) otanMyaerca ot naps! (2, 1). OkasbiBaeTcs, 4T0 MHOMECTBO,
06pa30BaHHOE BCEMM 3TUMM NapaMu, TaKie ABNAETCA CYETHLIM. Ha cneayiowen auarpaMme noKasaH
NnyTb, KOTOPbIA NPOXOAAT BCE BO3MOKHbIE Napbl.

1,1)—>(1,2) 1,3)—> (1,4

(251) IR (20) BRE (D/5) SRR (211

\ /

Gy s (B32) & (3. 3) (34

(4,1) 42 &3 44

A

Y1o6bl YCTAHOBUTL GUEKLMIO C HATypaibHLIMU YUCAAMM, Ha3HauYMM y1cno 1 nepBow nape, Yuc-
N0 2 — BTOPOM Nape U TaK aanee.
1) (12) (27) (3.1) (22) (1.3)...
B e e SRER
1 2. 3 4 5 6l

Ecnu Mbl ycTaHOBMM COOTBETCTBME MEMAY napou (n,m)n ApOﬁblO — (MCKNKOYUB HEHYKHbIE NO-

BTOPbl, TAKWE KaK B Cny4ae C % KOTOpana paBHa - ) nony4um BTOpOK cnoc06 AOKa3satb, 4YTo rpynna

paLMOoHaNbHbIX YACEN ABAAETCA CHETHOM.

Mpumep Butanu

Tenepn paccMoTpuM oyeHb AIO6OTIBITHBIH NPUMep, CBA3AHHDIH C TEOPHEH MepPbl, KOTOPbI

6b1A B nepBbIit pas usroxen B 1905 roay urarbsauckum marematukom Jxxysenne Bura-

AH. STOT IPpUMEP ITOKa3bIBA€T HaM CHTyallHIO, HE ME€HE€ YAHUBUTEAbHYIO, YEM TEOpPEMa

Banaxa — Tapckoro, u B To e Bpemsi I03BOASIIONLYIO aTh OTBET Ha MapazloKe, KOTOPIi

BO3HHKaeT B 3Toi Teopeme. BosbmeM okpy:xxnOCTb paauycom 1 u o603naunm ee C.
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A}\HHa =2n

MBb1 oMHuM, YTO B 0Ka3aTeAbCTBe Teopembl Danaxa — Tapckoro noabsyrorcs Bpa-
1IeHHeM TOYeK Imapa BokpyT onpezerennbix ocedl. [ Ipumep Buraan anaroruuno crponres
Ha BpaieHuH Toyek okpyxsHoctH C BOKPYT ee LeHTpa.

Jast kazk0TO panmoHaAbHOTO yHcAa g, 6oabiero 0 1 Menbiuero uau pasxoro 1 (B ma-
tematuueckoin HoTauuu 0 < g < 1), BosbMeM ABH:KEHHE, KOTOPOE COCTOMT B TOM, YTOOBI
BpalL[aTh Kax/ylo TOUKy okpyxsHocTH C NPOTHB 4acOBOH CTPEAKH Ha KOAMYECTBO Ipazy-
coB, paBHoe npoussezenuto q Ha 360°. Kaxapiit us atux o60poros HasoBem gonycmu-

MbLM 060p0MOM.

Zlonyctumbrii 060poT:
q — paupoHaabHoe urcao, 0 < ¢ <1 — kamzas Touka C Bpawaercs g - 360°.

Hanpumep, ecan
2=y
2
TO, KaK NMOKa3aHO Ha (PUIype CAeBa Ha CAEZYIOIEH CTpaHHLE, COOTBETCTBYIOWMH ZOITy-

CTHMbIH 060pOT 6yZIeT 3aKAI0YATbCS B TOM, 4TO Kazkzas Touka P okpy:HocTu 6yzeT Bpa-

IIaTbhCsl Ha

L 360°=180°
2
1
BOKpYT ee uentpa. Ecau g = B to P 6yzer BpamaTbes Ha

L 360°=72°

3
(cm. urypy B UeHTpe); a ecAl q = - TO 060pOT 6yZeT NPUOAUBHTEADHO paBeH
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g3600= 154° 17' 9"
_ 7
(qurypa Buusy). Ecau g = 1, xaxaas Touxa 6yzaer pamatbes va 1+ 360° = 360° u sep-
HETCS1 B CBOE HCXOZHOE TIOAOKEHHE.

[Toroxxenue

nocae o6opora
O

)

[Toroxenne &
nocae
obopota

[Toroxenue Q
rocae
obopoTa

2
q‘7

A1060nbITHO, 4TO He Bce 060POTHI IPOTUB YaCOBOH CTPEAKH ABASIIOTCS ZI0TTYCTHMbIMH.
Hanpumep, o60pot B 54° sBASIETCS ZOMYCTUMBIM, TIOCKOABKY

54°= >-360°,
20

a3/20 — paumonarbHoe uncao. Takze gomycTumbiv siBAsieTCst 060poT B 95°, mockoAbky

930= 2L 3600
120

a 31/120 — paumonarbhoe uncao. Ho o60pot B oaun paguan HezomycTum, MoCKOAbKY
OZMH pazuaH paBeH
1

—360°,
2n
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NHY3ENNE BUTAIU

Butanu pogunca 26 aerycra 1875 roaa B PaseHe (Utanus),
rje yYuncs B Ha4yanbHOM W cpefHeit wrone. Mo OKoHYaHuU
00y4eHUA ero yuuTeNb MaTeMaTUKU Hanucan NMCbMO PoaHu-
Tenam [Ixy3enne, B KOTOPOM roBopun: «Baww cbiH 6bin MOMM
YYEHUKOM NATb N1ET, U B TEYEHWUE BCEr0 3TOr0 BPEMEHU OH
NoKa3biBan Cepbe3Hble CNOCOGHOCTU W NI060BL K U3Y4EHUIO
matemaTtuku. fl Bo3naralo Ha Hero 60/blinMe Haaewabl, eCNu
Yy Hero 6yAeT BO3MOXHOCTb NOY4MUTb BbiCLee 06pa3oBaHme.
bnarogaps CBOMM OLEHKaM, a TakiKe 406poTe U CKPOMHO-
CTU OH CTan Ny4LIUM Y4EHUKOM, KOTOPbIN Y MEHS KOrAa-n16o

6bU1». B TOM e rogy Butanu noctynun B BONOHCKMIA yHUBED-
CHUTET, rAie TaKiKe NpoM3Ben 60/bLOoe BNeYaTeHne Ha CBOMX NpenoaaBatenei. 3atemM OH nepelen
B [IM3aHCKUI YHUBEPCUTET, FAe 3aluTUA JOKTOPCKYIO AnccepTauuio B 1899 roay.

Butanu ony6a1MKoBan MHOrOYMCIEHHbIE BbIAAIOWMECS UCCAeA0BaTENbCKUE paboThl, 0CO6EHHO
B 061acT1 BbIYMCAEHUI U Teopuu Mepbl. XoTa B 1926 rogy OH 3apasuicsa cepbe3Hoin 601e3HbI0,
B pesynbTaTe KOTOPOM €ro PyKu 0CTanuCh Napanu3oBaHHLIMU, U OH HE MOT 60blue Aenatb 3anucu
CaMOCTOATENbHO, 3TO HE OCTAHOBWJIO Y4EHOr0, U CBOM NOCAEAHUE FOAbl OH NOCBATUN TPAKTATY, KOTO-
pbiit 6bi1 3aKOHYEH ero nocnegosarensamu B matematuke. [xysenne Butanu ckoHyancs B bonoHbe
29 despans 1932 roga.

a1/27 ne saBAsiercs paoHaAbHbIM yHCcAOM. (DTO Z0Ka3bIBAETCSA HCXOAS U3 TOTO (paKTa,
4TO yMCAO TU uppamonarbHo. Ecau 661 1/ 27 6b100 palimoHaAbHbIM, TO CyILIECTBOBaAM bl

TaKHe LieAble YHCAA M U N, YTO
1 m

= —

2w n
n
HO B 9TOM CAy4ae BBINIOAHSIAOCH Obl JT = —, a 3TO HEBO3MO2KHO, MTOCKOABKY TU He SIBASI-
2m
eTCsl pallHOHAAbHDIM. )
Tak e, kak u B g0KasaTeAbcTBe Teopembl Danaxa — Tapckoro, MozHO z0Ka3aTD,

4YTO CYLUIECTBYET rpyIilia V, O6paBOBaHHaH TOYKaMH OKPY2KHOCTH, KOTOpPasA HMEET CAEAY -

folee CBOMCTBO:

xamaoﬁ TOYKH P OKPY2KHOCTH MO2KHO JOCTHYb C INTOMOILUbIO AOITYyCTHMOI'O 060p0Ta

us eZl,HHCTBeHHOﬁ TOYKH V
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Zpyrumu caroBamu, ecan P — Arobast ToUKa OKPY?KHOCTH, TO CYILIECTBYET OZIHa H TOAb-
Ko ozHa Takas Touka Q rpynmbr V, uto BosmozsHO nepemectutbes u3 Q B P ¢ momorubio

JonycTumoro obopora.

Touka Q rpynnbr V' — (aonycrumbiii 060pot) — Touka P Ha okpyxuoctu C.

Hanpumep, na gurype caeBa y nac ectb Touka P Ha OKpyKHOCTH, KOTOpasi J0CTHra-
ercs us Q rpynnbi V' ¢ nomorubio aomycrumoro o6opota Ha yroa g. B coiicTse, onpeze-
asorem V, roBopuTcst, uTo P HEBO3MOKHO Z0OCTHYD U3 KaKOH-AHO0 pyroi TOUYKH rpy-

bt V' ¢ nomopbio 401mycTHMOro 060porta.

Q

Tax:ke sameTum, uTo M3 0aHOM M ToH ke Touku Q rpynmbr V mMozkHO zocTHYD ABYX
pasAuyHbIX Touek Ha okpyxsHoctu C. Ha gurype cnipasa Buano, kak us ogHo# u Toh e
touku Q MozkHO z0CTHYD ToukH £ 1 Touku P’ ¢ MOMOLIbIO COOTBETCTBYIOIIMX OMYCTH-
Mbix 060potoB. Hakoner, ormerum, uto xotsi P HeAb3st Z0CTHYD U3 ABYX UAH 60Aee pas-
AMYHBIX TOYEK Tpymmbl V, ecTeCTBEHHO, 3TOH TOYKHM MOMKHO JOCTHYb H3 TOYEK, He IMPH-
HaZAeKaIIuX rpymme V, Ho 3TO AAs HAC UMeeT 3HaYeHHsI.

Henbsst npuBecTH HHKAKOro CreLMaAbHOrO METOAA AAS HAXOKAEHHS TOUEK, TPHHA -
rexxamux V. Takum o6pasom, xoTsi Mbl 3HaeM, yto rpynna V cyliecTByeT, HeT HUKaKOro
criocoba orpeseAUTb, KaKHe MMEHHO TOYKH B Hee BXOJST.

[Tpoaorzum paccMoTpenue Harero npumepa u pasaeaum okpyzxHoctb C Ha cueTHoe
uncao yacteit. Jlas atoro Boibepem Ar060e palioHaAbHOE YHCAO g, Aas KoToporo () < g <
<1, 1 06osnauum uepes V uacTb oKkpyzKHOCTH, MOAYHEHHYIO, eCAH NpuMeHHTb K V' 20-

nyctumbiii o6opot q * 360°.

V — (aonyctumbiit o6opot Ha yroa q - 360°) — Vq.

Hanpuwmep, V| / TIOAYHa€eTCsl ¢ MOMOILbIO OAHOBPEMEHHOrO BPAILEHHs BCEX TOYeK Vv
o <
na 180° nporus yacosoi ctpeaxH, To ectb Touka P Haxozurcs Ha V), /2» ECAM OHa SIBASIETCA

pesyabTatom Bpamenus Ha 180° kakoii-Au60 Touku Q rpyrmmet V' (cm. caeayrommit pucy-

98



TEOPUA MEPbI

o
HOK). Anarornuno V| /3 TIOAYHAETCs! C MIOMOILIBIO BPAILEHHs! Ha YTOA B 120°. 3amerum, uto
o
V, noxyuaetcs B pesyAbTaTe 0ZHOBPEMEHHOrO BpalleHus Bcex Todek V Ha yroa B 360°;

CA€Z0BaTEAbHO, V1 coBMazaer ¢ Toukoi V.

P, rouxa V; /2

Q, Touxa V

Ba:xno ykasatb, uto ogHa 1 Ta e Touka P He MOseT NPUHAAAEKATb OJHOBPEMEHHO
ZBYM Pa3AMYHbIM YacTAM Vq. [Tpeanoroxum, uro kakas-To Touka P npunazrezxur V| /2

nV, , oaHoBpemerHo; Tak Kak P npunagremur V, ), To a10 pesyabrar Bpamenus na 180°

KaKo#-Au60 Toukn Q rpynmner V, Ho Tak kak oHa Takze npuHazrexut V, /3 TO P — 310

ozHOBpeMeHHO U pesyAbTat Bpamenus Ha 120° Touku Q' rpynmbt V' (em. pucynok).

Mo:xno caeraTh BbiBoA, uTo P noAyuyaercs B pesyAbTaTe ZOIMYCTHMbIX 06OPOTOB
M3 ByX PasAMYHbIX TOYeK rpymmbl V, HO MO CBOHCTBY, onpeaeistomiemy V, aTo HeBO3-
mozkHo. Mrtak, Mbl BuauM, uTo ozHa M Ta ke Touka P He MOXKeT MPHHAZAE)KATb OJHO-
BPEMEHHO V1 P V1 /3 To 2xe camoe npoucxoaMT cO BCceMH APYTHMH YaCTAMHU, Ha KOTOpbIE
MbI pasZeAHAM OKPY2KHOCTb. |akuM 06pa3oM, Kazsast TOUKa OKPY?KHOCTH BXOAMT B OZHY
U TOABKO OZIHY 4aCTb Vq.

OueBuzaHO, YTO €CTb TOABKO OZHA YacCTb Vq Al KaxKZ0ro PallMOHAAbHOTO 4YMCAQ ¢,
ars kotoporo 0 < g < 1. Mb1 Tak:ke 3HaeM, YTO KOAMYECTBO 3THX PALMOHAABHBIX YH-

CEA ABASAETCA CYETHDbIM, CA€ZOBATEADHO, KOAHYECTBO ‘IaCTeﬁ, Ha KOTOPbIE Mbl pa3JeAH-
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AHM OKPY2KHOCTb, Takzke cuetHoe. CoranacHo BTOpOH akCHOME TEOPHH Mepbl, 0 KOTOPOH

mepa C — arto cymma mep wacrer V,, V, ., V. ..V
P P v V2 Vs Vo

mepa(C) = mepa(V)) + Mepa(VUZ) + Mepa(VV3

/30 * 0 IMOAYYa€TCA, YTO:

) + Mepa(VZ/3) + Mepa(VIM) + ...

Hrak, mepa okpyzxnocty C — 310 ee aauHa, KOTOpasi, Kak Mbl 3HaeM, paBHa 2T.
C apyroii croponsl, kaxsaas us yacteir V., V, 5 v, i3 Vv, /3» +++ TIOAYHAETCS C TIOMOLBIO
TpUMeHeHHs! ZI0MyCTHMOro 06opoTa k V/, 1 Toraa, 10 TpeTbel akcHOMe, BCe YaCTH Vq HMe-
10T Ty e camyio mepy (Ty e aauHy), yTo u V.

Ecau Mb1 0603HaumM yepes v uucao, oeHuBaroiuee mepy V, moayuum:

2n=v+v+v +v+... (KoAHYIECTBO CAaraeMbIx 6ECKOHEYHOE CUETHOE).

Uemy pasuo v? OHo He MOzKeT 6bITb paBHO HyAIO, IOTOMY YTO 3TO 3HAYHMAO 6bl, YTO
2t=04+0+4+0+0+..., To ectb 27t = 0, uTo HeBepHO. BHAYHT, U — MOAOKHTEABHOE
yncro. MozkeT Au 31O 6bIT, Hanpumep, ogHa MHAAMOHHas? Her, nockoabky ecau 61
Mbl CKAAZbIBaAH OZHY MHAAMOHHYIO C CAaMOH CO60H GECKOHEYHOe YHUCAO pas, Pe3yAbTaT
6bIA 6b1 6eckoHeuHbIM U He paBHbiM 2TT. [ louemy on 6b1a 661 6eckoneunniM? Ecau ckaa-
ZDbIBaTb OZHY MUAAHOHHYIO C CaMOH CO60H MHAAHOH pas, Mbl MoAy4uM 1; ecan aBa MHA-
AMOHa pa3 — 2; ecAu Thicsuy MuaruoHoB pas — 1000, a ecan 6eckoneunoe umcao pas,
TO 6€CKOHEYHOCTb.

AtH coobparkeHHs, KaCalOIMeCs: OHOH MUAAMOHHOH, CIIPaBEAAMBbI M AASl AIOGOTO
ZPYrOro MOAOKHTEABHOTO YHCAA: €CAH U GoAblIe HyAs, TOU + v + v + v + ... 6eckoHe4Ho.

Takum 0b6pasoM, ecAu v = 0, To cymma v + v+ v+ v +... paBHa HyAIO; B IPOTHBHOM
cAy4ae cymma 6eckoneuna. Hu B oguoM us cayuaes cymma ue pasna 27, Mozkno caerats
BBIBOZI, YTO He CYIECTBYeT TaKoro umcia v, urov + v + v + v + ... = 21. Caezosa-
TeAbHO, Mepbl V e cymecTsyet, u V sBAsieTca Heusmepumbim MHOzectBoM. Jlpyrumu

CAOBaMH, y V Hem AAUHbL.

Paspeluenue napagoKca

[lpumep Buraru mokasbiBaet, 4To CymiecTByloT 0AHOMepHDbIE OOBEKTDbI, HE HMEIOLIHE
arunbl. [ logo6upiv 06pa3oM MOKHO Z0Ka3aTh, YTO CYIIECTBYIOT ABYMEpHbIE O6EKTHI,
He MMeIOIlMe MAOLIAZM, H TpexMepHble o6bekThl, He umeromue obbema. Caeayer moa-
YePKHYTb, YTO IOBOPSI: «y HHX HET ITAOLUAZH», Mbl UMEEM B BHAY HE TO, YTO IAOLUAZb

paBHA HYAIO, @ TO, YTO IIAOLLIAZH 3TOro 06beKTa He CyLeCTBYET.
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Ho kax Takoe Bosmozkno? Bernomuum raasy 1, B koTopoit Bce 3TH Mepbl BBIYHCASAMCD
C TOMOILbIO MOCAe0BaTeAbHOrO TpubAMzkenus. /A pacueToB HE06Xx0aMMO 6bIAO CyM-
MHPOBATb BCe GOAbIIIEE KOAUYECTBO YHCEA, KOTOPBIE KazK/blH pa3 CTAHOBUAKUCH BCE MEHb-
we (B cAyyae ¢ ZAMHOMH, HaNpHMep, STH YHCAA — JAHHbI Bce GOABIIETO YHCAa BCe Goaee
KOPOTKHX 0Tpe3koB). B raaBe 2 mbl Takzke BUZEAH CyMMbI T0Z06HOTO poaa, HarpUMep,

RO

BaMCTbTe, 10 M€pP€ BbIYHCAEHHSA CyMMbI

IORENENC

Mbl JEHCTBUTEABHO A06GaBAsieM Bce GOAblee KOAMYECTBO YHCEA, KOTOpbIe KazKJblH pas

MbI JOKa3aAH, YTO:

BCE MEHbILIe.

Uro Takoe «cymmupoBaTb 6eckoHeurbie uncaa»? CymMma, KOTOPYIO Mbl TOABKO YTO
pPACCMOTPEAH, OTpeZieAsieTCsl B MaTEMaTHKE KaK Pe3YAbTaT 6€CKOHEYHOro YHCAA MOCAeZO-
BaTeAbHbIX npubAKenuit. | leppoe us aTux npubAMKeHHIE COCTOUT B TOM, YTOObI CyMMH-
pOBATh ABa MEPBBIX YHCAQ; CAEAYIOLee NOAYYaeTcsl yTeM IPHOaBAEHHs TPETbEro YHUCAQ,

3aTeEM l'lpPl6aBMCTCH YETBEPTOE, H TaK JaAEE.

()

+

=O,3125

( =0,328125

9

+ +
PN oy ey
Bl= B 3=

Vuv
/_\

Aok

Korza mbi roBopum, uro obias cymma pasua 1/3 = 0,3333..., mbl yTBep:aaem, uto

AI»—‘ Bl= A=, A=

=
4
+1) +
4
1
4

( ) (-—) =0,3330078125.

>
Ao s
>

3TH MOCAEI0BAaTEABHOCTH Bee 60Ablte npubauzkatorces k 1/3, xoTs Hukoraa noanocTsio ee

ue gocturnyt. Hanpumep, ecan Mbl cymmupyem repBbie NSATbAECAT YAEHOB, PE3YABTATOM

eyaer: 0,33333333333333333333333333333307037969825966273152942381157
24045901089311882969923317432403564453125.
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Hrak, nexoroppie us 6GeckoHeuHbIX CyMM BeayT ceGsi B BbICLIEH CTereHH MNapa-
aokcarbHo. B kauectse mpumepa o6osnauum uyepes N pesyabraT 6ecKOHEYHOH CyMMbl
14 (=1) + 14 (=1) + 1+ (=1) + ..., 10 ectn:

N=1-1+1-1+1-1+...

quy paBHO N:) OKaBblBaeTCH, MbI MO2KE€M BbIYHCAHTDb €ro 3Ha4€HHE Pa3HbIMH CIIO-

cobamu, HaripuMep:

N=1-1+1-1+1—1+...
N=(1=D+0=1D)+1=1)+...
N=0+0+0+...

N=o0.

C}\e.ZLOBaTCJ\bHO, N PABHO HYARO. HO TaK:Ke ITOAYYaeTCsA, YTO:

N=1-1+1-1+1—1+...
N=1—(1=1)—(1=1)—1=1)+...
N=1-0-0—0—...

N=1.

Caeazosareabno, N oanoBpemenno passo 1. A Taxxe:

N=1—1+1-1+1—1+...
N=1—(1—1+1-1+...)
N=1—-N

2N =1,

us uyero caeayet, uto N = 1/2. Crenosareabno, N oanospemenno pasuo 0, 1u 1/2,
HO 3TO HEBO3MOZKHO.

Orger B Tom, uto N MPOCTO HE CyIIECTBYET, CAEZI0BATEABHO, BCE PACCYK/EHHS, KO-
Topble KacatoTcst uncaa IV, He umeror cuabl. Jlpyrumu caosamu, y Bbraucaenus 1 — 1 +
+1—1+1—1+... Hem pesyabmama, u ecAu HaHTH €ro MOCAeZOBaTEAbHbIE TIPHOAH-

K€Hus, MOAYIHUM:

1-1=0
1-1+1=1
1-1+1-1=0

1-1+1-1+1=1.
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ELLE O4WH NAPAAOKC C BECKOHE4HbIMU CYMMAMMU

BeckoHeuHble CyMMbl UMEIOT MHOTO NapafioKCabHbIX CBOWCTB, B TOM CMbLIC/IE HTO OHM NPOTUBOpPEYaT
3[paBoMy cMbicay. Hanpumep, XopoLwo M3BECTHO, YTO CYMMa KOMMYTaTuBHa, 3T0 3HAYMT, 4T0 @ + b
BCErja Aaert TOT e pe3ynbrart, 4to U b + a. To e camoe NPOUCXOAUT, Hanpumep, ca +b + ¢ +d,
b+a+d+cua+d+b+cunmc nobon gpyrovi CyMMOK, KOTOpPas BKIOYAET B CE6S KOHEYHOE
YUCNO Caraembix.

OAHaKO KOMMYTATUBHOCTb HE PACNPOCTPAHAETCS Ha GECKOHEYHbIE CYMMbI, MOCKObKY MOMHO J10-

o)

[JaeT B pesynbTate HaTypanbHbI norapudm 2 (To ectb npubausutenbHo 0,693147...). OpHako 3ta

KasaTtb, 4T0 CymMa

CyMMa He TONIbKO HEKOMMYTaTUBHA, HO W NPU NEPECTAHOBKE ClaraeMblX MECTaMi MOXHO NMONYYUTb
pa3sHble pe3ynbTatel. Hanpumep, ecan Mbl UX NEPecTaBuM TakMM 06pasom:

R
M-
-
b

lNoxa3aHHas nepecTaHoBKa B pe3ynbTate AaeT N0NOBUHY UCXOAHOM CyMMbI. Bonee Toro, HemMeLlKui

maTemaTuk bepHxapa PuMmaH foKa3an, Yto npy JaHHOM [eACTBUTENbHOM YKUCAE t BCeraa BO3MOMHO
nepecTaBuTb ClaraeMble CyMMbl TaKUM 06pa30M, YTO6bI pe3ynbTar Gbil paBeH t. Hanpumep, MOXHO
MEPeCTaBMTh UX TaK, YT06bI CyMma 6bina, ecu Heobxoaumo, paHol 0, —287, TT uan V2.

Kak Buano, nocaegosareabubie npubamzkenus mensiores ot 0 zo 1, ve npubamzxasco
K KaKoH-AH60 OTpeseAeHHOH BeAudHHe. B MaTeMaTHke roBopsT, UTO STOT 6eCKOHEYHbIH

npouecc He cxogumcsa HA C OAHUM YHCAOM.
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Korzaa mbr yTepaaaem, uro y muozkectsa V' Buraau Het zAuHbI, Mbl HMeeM B BHZY,
YTO, KaK ¥ B TOABKO YTO PaCCMOTPEHHOM TNpHMepe, MOCAeA0BaTeAbHbIE MPUOAHKEHHS,
KOTOpbIe TIOMOTAH 6bl B pacyeTe 3TOH AAHHbI (IIOCAeZ0BaTEAbHbIE AAHHBI AOMaHbIX AM-
Hui1), He cxozaTca. lak ke, kak He cymecteyer N =1—-1+1—-1+1—-1+..., ne cy-
wectsyeT 1 v = mepa(V).

Kak cBsasan stor akr ¢ napagokcom Banaxa — Tapckoro? B aokasareabctse Te-
opembl Banaxa — Tapckoro cqepa E nsnauarbno aeanrcs na wacru H,, H,, H, naioc
yeTBepPTas 4aCTb, KOTOPYIO MO2kHO 0603HaunTh A U KOTOpasi 06pasoBaHa U3 aHOMAAbHBIX
Touek. B z0KkasaTeabcTBe Teopembl yacTb A, B cBOIO 0uepeab, pasAeAeHa Ha MATb YacTel,
HO Tak Kak 0611ast Mepa A paBHa HyAI0, 3TO pas/leAeHHe MOKHO He YYMTbIBaTb. F.cAu 6bl
vactu H, H,, H, 6b1au namepumbl, moAyaroch 6bi:

O6wem(E) = O6vem(H,) + O6wem(H,) + O6wvem(H,) + O6pem(A).

M nockoabky O6bem(A) = 0, moayuurocn, uro:

Oé6pem(E) = O6bem(H,) + O6vem(H,) + O6vem(H,).

Ho mpr Buzern B npeapiaymei raase, uro H, u H, noayuatorcs us H, nocpeacrsom
Bpaigennsi. CaezoBateabHo, 110 akcuoMe 3, ecau Gbl Bee yacTn 6bian uamepumbt, H., H,,

H 5 TaKzKe HMEAH 6bl OZIMH U TOT 2K€ 06'beM, TO €CTh:

O6vem(H,) = O6vem(H,) = O6bem(H,).

Takum o6pasom, kaxzaas yacts H,, H,, H, uvera 6b1 o6bem, paBHbii TpeTH ce-
por. Ho Tak 2xe BepHo, uro Bpamas H;, moxuo noayuurs H, + H,, crezosareanto,
Oé6vem(H,) = O6vem(H,) + O6vem(H,), u Toraa o6vem H, pasen norosune o6bema
cepnr. Ecan 661 06bem cepn 6b1n pasen 1, To O6bem(H,) 6b1n 6b1 ognoBpemento 1/3
ul/2.

Kak u B npumepe Buraru, pemenne mapazgokca cocrout B Tom, uto yacts H,, kax
u vactu H, n H,, neusmepuma, 1o ecTb 9TH YacTH He umeiom 06beMa, CACZOBATEABHO,
BCe HAIllM PacCy?KAeHHUst He UMEIOT CMbICAQ, KaK He HMEAO CMbICAA PAaCCYKAATh O PE3YAb-
tate Boruncaenns 1 — 1+ 1 — 1+ ... Jpyrumu croBamu, HeT mapazokca B ToM (haKTe,
uro o6wem H, npu Bpamennu H, yasansaercsi, mockoabky «o6bem H,» — 910 BeAwun-
Ha, KOTOPOH He CyIEeCTBYeT.

B akcuome 2 rosopurcsi, uTo ecau paspesaTb purypy (KPUBYIO MAM TE€AO) Ha 4acTH

H BHOBb cO6paTh UX, TO Mepa UCXOAHOH (urypnl He usmenutcsi. Ozaun us crnoco6os coe-
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KaTb HU3-I10J OPHUCAHKIIHH 3TOH aKCHOMbI — HCIIOAb30BaTb HECYETHOE YHUCAO qaC’rei’{;

Jl,pyI‘Oﬁ — HCIIOAb30BaTb HEHU3MEPHUMDbIE€ YaCTH.

Ewie oaHo yaBoeHue Kpyra

B npornoii raaBe MbI yBHZEAH, UTO MOXKHO pa3pe3aTh OKPYKHOCTb Ha HECYETHOE YHCAO
yacTeii, 4To6bI cO6PaTh M3 HUX JBE OKPY2KHOCTH, Kak/asi U3 KOTOPbIX OyZeT paBHa HC-
xoaunoit. [Ipumep Buraru moxer 6bith usmeHneH, 4to6bl 406UTbCS APYTOro yABOEHHUs
OKPY2KHOCTH, HO TaK, 4TO6bI TIPH 3TOM HCIIOAb30BAAOCH CYETHOE YHCAO YacTed.

Yasoum okpy2snocTb C, HCIIOAB3YS AAS1 STOTO YACTH V1, V1 /2 V1 o VZ /3» +++» KOTOpBIE
MblI onpeZieAuAr B pumepe Butaau. Zlaa nayara otaeaum sTv yacTu apyr ot apyra, nepe-
HeCs UX 3a MpPeJIeAbl OKPY2KHOCTH, 3aTeM NOCTPOMM HX B AHHHIO H, HaKOHell, IPOHyMepy -
em: 1,2, 3,4, ... — TouHo Tax e, Kak B pasgere «Panmonarbubie uncaa» (crp. 91) mbr

HyMepoBaAu pauroHaAbHble urcAa oT 0 20 1 (cp. caeayrommit pucyHok co cxemoit BHH3Y

crp. 93).
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3ameTum, uto nockoAbky V, . Bpamaer V ua120°,a V. spamaer V na 180°, To ecan

1/3 1/2
mpl Gyzaem Bpaats V), ; Ha 60°, noayuum V, ), xak nokasaHo Ha pCyHKe.

Q="ToukaV
P =Touxa V3
P'=Touxka V1/2

Hrak, kamzaas yactp Vq MOzKeT GbITb IOAYYeHA U3 AIOOOH APYroi MpH NpHMeHeHHH

NnoAXoAsALIEro BpalleHHus:

V, > (Bpawenne va 60° nporus yacoBoii ctperkn) —> V| P
Vq — (nmoaxoasiee BparieHue) —> Vq..

Tenepn BepHeMcsi K HUKHEMY PHCYHKY Ha TMpeAbIAYIIeH CTPaHHUE M MPUMEHHM
K BepXHeMy M HM:KHeMy psiZly «Iiepeeszl» B cTHAe oTeast [uabbepra. B Bepxuem psizy nepe-
Melgaem Yactb 3 Tak, 4To6bi OHa 3amsira Mecto HacTH 2 (To ecTb nepemeryaenm V, ; Tax,
4TOGbI TPaHC(POpMHPOBATD ee B V), M 0AHOBPEMEHHO NepeMelaeM HacTb 3 TaK, 4To6b!
OHA 3aHsIAA MECTO YacCTH 3, M TaK ZaAee J0 «3allOAHEHHs! BCeX MYCThbIX MPOCTPAHCTB.
Koneunbiii pesyabratr — konus okpy:snoctu C. [ ToBropsiem npoueaypy B HuxHem psizy:
BpallaeM YacTb HOMep 2 TaK, 4yTobbl OHa 3aHsiAA MecTo 4acTd 1, yactb 4 — Tak, 4T06bI
OHa 3aHsiAa MeCTo YacTu 2, u Tak zaree. Ham yaaroch moctpouts konuo okpyzinoctu C,
CAEZI0BAaTEAbHO, Mbl YZIBOUAH OKPY2KHOCTb.

STy MAEI0 MO2KHO H3MEHHUTD, YTO6bI I06MTHCS YIBOEHHs KPYTa, BCE BPEMsl HCTIOAb3Ysl
CYETHOE YHCAO YacTeH, KOTOpble Mbl Ha30BEM Wv W] /2 VV1 /3 Wz J3p e Yacts W/1 co-
CTOMT U3 BCEX PaZMyCOB, KOTOPbIE COEMHAIOT LEHTP Kpyra ¢ Toukamu V,, He BKAlovas
caM LIeHTp, KOTOPbIi 3/€Ch ABASIETCSI aHOMAAbHOH TOYKOH, TOCKOABKY He ABuraetcs (cMm.

pucyHOK Ha cAeayioel crpannuue). Anarormuno onpegesiorest wactu W, o, W, o,

w.

23 e
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Q =Touxa V4

Becb sTor otpesok,
KPOMe 1IeHTpa Kpyra,
BxoaMT B coctaB W)

o

Panee mb1 ckasarn, uto npu Bpamenuu va 60° vactu V| /3 Ml TIOAY4aeM 4acTb V, 12
Tak kak Bce paguychl, COeAHHAIONIME STH TOYKH C LEHTPOM, BPAILAIOTCS OZHOBPEMEHHO,
ecAn Bpaiatb yactb W, /3 Ha 60°, mbr oayunm sactp W, /2 ITO 03HAYAET, YTO ECAH TIPH
yaBoennu kpyra (pucynku Ha ctp. 105) mbi 3amenum kaxayio sacts V, V, /2 v, /3 v, /3
..ua W, W, - W, 128 W, /3» +++ COOTBETCTBEHHO, H Y/ABOCHHE OKPYHOCTH MPEBPATHTCS
B yaBoenue kpyra. Ham octaroch ToAbko moAy4uTb 1eHTp (aHOMaAbHYIO TOUKY): OH Yz -
BaMBaeTCcs ¢ oMombio a(@dexTa oteast [uabbepTa, Kak Mbl 9TO MOKA3aAH B NPeAbIAyILeH
raase. Bernomunm npouenypy: Bbi6upaem GeCKOHEUHYIO MOCAEZ0BATEABHOCTD ToueK P,
P,, P, B oxHO# U3 KOMHiA KPyra M TepemMelaeM LIEHTP HCXOZAHOTO KPyra Tak, 4ToObl OH
3aHsA MECTO LIEHTPa STOH KOMMH. 3aTeM nepeHoCHM TouKy P, B ueHTp apyrofi Komuu,
Touky P, — Ha ucxoamoe mecto P, Touky P, — Ha ncxognoe mecto P, u tak zaxee.

TaKHM 06pa30M, 06e Kormuu TMOAYYalOT CBOH LIEHTPDI.

Ecrecrsenno, vacru W,, W, W ., W

1/2° 1/3° Z
PHAH, Ka)‘l{ﬂ,blﬁ pa3s, Korga Mbl paspesaéM KPHUBYIO, TOBEPXHOCTb HAH TEAO Ha HEKOTOPOE

/3 +++ HEM3MEPUMbI. Kax mpbr1 y2xe roso-

YHCAO YacTeH, YTOObI cOOPATb U3 HUX OOBEKT, MePAa KOTOPOTO OTAMYAAACh Obl OT UCXOZ-
HOTO, TO ZJOA2(HbI ONIEPHPOBATb AHOO HECUETHBIM KOAHYECTBOM YacTeH, AMOO HEKOTOpbIE
M3 3TUX YacTeH ZOAXKHbI 6bITh HEH3MEPUMbI. JTO eAMHCTBEHHbIH CMIOCO6 HaPYIIHTb BTO-
PYIO aKCHOMY Mepbl.

Mb1 TOABKO YTO YBH/ZEAH, YTO MOKHO YZABOMTb KPYT, MOAb3YSICb CYETHbIM KOAHYE-
CTBOM HacTeii; ogHako Mbl y:xe 3HaeM, uto Credan Danax zaokasana, uto HeBo3mo25HO
YABOHTb KPYT, KaK H AIOOYIO ZPYTyI0 MAOCKYIO (PHIYPY, MOAb3YSICb KOHEYHbIM YHCAOM

gacteil. Y aeficTBuTeABHO, €cAM paspesaTb MAOCKYIO (UIypy Ha KOHEYHOE YHCAO YacTed,
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AKCHMOMA BbIBOPA

Akcroma Bbi6opa — 3T0 MaTeMaTU4YecKas aHCHOMa, B KOTOPOM rOBOPUTCS, YTO €C/I JaHO KOHEYHOe
UMW 6ECKOHEYHOE YMCI0 MHOMECTB, BCEr/ia BO3MOMHO BbI6PaTh OAWH 3NEMEHT KaMO0r0 U3 HUX (CM.
PHUCYHOK, I/ie MHOMECTBa HaskiBatoTes C,, C,, C,, ...).

G G G G ol z,
P P P P p °p

1 2 3 4 D 6

B aKcKoMe yTBEPIKAAETCA, YTO 3TOT BbIGOP BO3MOKEH, HO HE AAeTC HUKAKOr0 YKa3aHWA Ha To, Kak
HY}KHO BbIGUPaTb 3TM 3NEMEHThI (HE AAeTCA HUKAKOro Kputepus Bbi6opa).

C Tex nop Kak akcMoMa BbiGopa B nepBbiii pa3 6bina chopMynMposaHa B Havane XX BeKa Hemell-
KM yueHbiM AGpaxamom ®peHKenem, OHa pPeryasipHo UCMONb3YETCA B MaTeMaTMYeCKUX oKasa-
TENbCTBAX. B T0 e BPeMs MHOrMe MaTeMaTUKK CTaBWIU ee NOJ COMHEHWE, NOCKONbKY CHUTaNU, YTO
HEeNb3a 0CYIWECTBUTL 6ECKOHEYHOE KONMMYECTBO BLIGOPOB OAHOBPEMEHHO, TeM 6onee ecin He JaHo
HUKAKOro YKasaHuWA Ha TO, KaK 310 Aenatb.

BbiBOg 0 cywecTBoBaHuUM rpynnbl V, nosisasioweiica B npumepe Butanu, v o CywectsoBaHum rpyn-
nbl H, KoTopas nosiBfeTCs B A0Ka3aTesbCTBe Teopembl baHaxa — TapcKoro, Aenaetcs Ha 0CHOBaHWK
aKcMoMbI BbIGOpa. [ 3T0r0 B 060MX C/lydasix ONpeaensieTcs, YTo ABe TOYKU ChHEpbl (MM OKPYHOCTH)
CBf3aHbl TOJILKO B TOM CJly4ae, eC/iM BO3MOMKHO NEPEMECTUTLCA U3 O4HOM B APYTYI0 C NOMOLLbIO A0NY-
CTUMbIX ABMM¥EHUIA. MOXHO JOKa3aTb, He npuberan K aKcuome Bolbopa, 4To chepa (MM OKPYKHOCTb)
OKa3bIBaeTCH pa3feNeHHON Ha NOArPynbl TOYEK TaK, YTO BCE TOYKW KAMAO0i rpynnbl CBA3aHbI MEXAY
co6oi. Fpynny H (uaun V) nonyyaloT nytem Bbl6Opa TOUKKU B KawAOW U3 3TUX NOATPYNN, U UMEHHO
Ha 3TOM 3Tane UCNo/b3yeTcs aKchoma Bbibopa.

B no6om foKa3atenbcTee TeopeMbl baHaxa — TapcKOro HeM36eHO UCNONb3YETCA aKCMOMa Bbl-
60pa, HO TOT (aKT, YTO Ha ee 0CHOBaHMW GOPMYNUPYETCA HACTONLKO TPYAHONPEACTABUMbIHA BbIBOA,
KaK caenanv baHax v TapcKui,— elle OAWH apryMeHT NPOTUB 3TOM aKCUOMBI.
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TO BCE OHU H3MEPHMbI, I03TOMY HX HEBO3MOKHO UCIIOAb30BATh AAsl H3MEHEHUsT HCXOZAHOH
MIAOLLAZIH.

JoxazateabcTBo Danaxa onupaercs Ha uzero o Tom, YTO Kazzast YaCTb (PUIypbI Ha ca-
MOM JeA€ ONpeJeAeHa ABHAKEHUSMH, KOTOPbIE IIPUMEHSIOTCS K TOYKaM, ee 06pasyroIuMm.
Jlast Toro uTO6BI CO34aTh HEM3MEpPUMbIe YaCTH, FOBOPHT DaHax, HEO6X0AMMDI ABH:KeE-
HHSI, CO3JAIOIIHE HEKYIO «CAOMKHOCTb». B cayuae Buraan, manpumep, sta croxuocts
ZIOCTHIaeTCs C TIOMOILbIO HCIIOAb30BAHHsI CYETHOTO KOAHYECTBA OINpeJeAeHHbIX 060pOTOB
Ha OCHOBe TIAOTHOTO MHOKECTBa; B jlokasaTeAbcTBe Danaxa — Tapckoro mbl croabso-
BaAH TOABKO ZBa 060poTa (B nmpeapizyeit raaBe Mbl HasBaAk ux R 1 S), HO oHH nOpPOZK-
ZAI0T GECKOHEYHOe KOAMYECTBO BO3MO2KHbIX KoMbuHauui. Mtak, Banax yreepxaaer, uro
KOTZIa pedb HAET O IIAOCKOCTH, Ha KOTOPOH JABH2KEHHS OTpaHHYeHbl ABYMs H3MEPEHUAMH,
TpeGyeMOH CAOKHOCTH MO2KHO JOOUTbCSI TOABKO C MOMOLIbIO GECKOHEYHOro YHCAA JBH-
?KEHHH, TI03TOMY Ha OCHOBE [IAOCKOH (PUIypbl HEBO3MO2KHO IOAYYHTb HEH3MepHMble Ya-
CTH C TIOMOLLbIO KOHEYHOTO YHCAA Pa3Pe30B.

Mpr noroopuau o pasmepHocTH. HIHTyHTHBHO KaxeTCst 04€BHUAHDBIM, YTO AHHHS —
3TO OZHOMEPHBIH 06BEKT, KPYT — ABYMEPHbIH 0ODEKT, a chepa HMeET TPH H3MEPEHHS.
Ho cymectByior Al 06bexTbl ¢ MpoMezKyTOuHO# pasmepHoCcTbIO? Mo26HO AH rOBOPHTD
06 06beKTax, Y KOTOPbIX GOABIIIE OZHOTO H3MepeHHsi, Ho MeHbine aByx? /la, Takue 06b-

€KTbI CYILECTBYIOT, H B CA€ZYIOLIEH IAaBe Mbl IO3HAKOMHMCSI C HUMH 6AmKe.
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[AaBa 5

(DpaxTarsr

B VI Beke a0 n.3. [ Iuparop Camocckuii yTeepasaar, 4To «Bcé ecTb uMCAO». JTa (pasa
BbIPa:KaAa ero y6ezx/leHHOCTb B TOM, YTO FaPMOHHIO H YTIOPSIZI04€HHOCTD TIPHPOIbI MOZKHO
onucatb ¢ nomorubio Marematikd. O Tom ke B Hauare X VII Beka mucar Tarureo [aru-
aeit: «Knura npupoapt nanucana Ha sisbike MaTeMaTHKH, ee 6YKBaMH CAy?KaT TPEYTOAb-
HHKH, OKPY?KHOCTH H ZpYTHe MaTeMaTHYeCKHe (PUrypbl, 6e3 MOMOIIH KOTOPbIX YeAOBEKy
HEBO3MOZKHO TIOHATD ee peyb; 6e3 HUX HAaC MKAYT HarpacHble GAYKAAHUS B AaGHPHHTE».

B Teyenue BexoB 3()peKTHBHOCTb MaTEMATHKH Kak si3blka HayKH HMKOTZIa He ToZBep-
raracb comuenusiM; oaHako B 1970-x rogax nmoabckuii matematuk Benya Mauaean6por
(1924—2010) ycomumurcss — KoHeuHo, He B 3()(eKTHBHOCTH MaTeMaTHKH, a B BbI6ope
QUryp Kraccuyeckoi reoMeTpHH ( «TPEYrOAbHHUKOB, OKPY?KHOCTEH U APYTHX (PUTYp», KaK
yrBepaxzar [arnnreit) B kauecTBe cpegcTBa A onucanus pupoaHbIX 06bexToB. « ObAa-
Ka — He cepbl, Fopbl — He KOHYCbl, 6EperoBble AMHMM — He OKPY2KHOCTH, ZipeBecHast
KOopa He rAazKasi, MOAHHs PaclpOCTPaHsETCs He MO MpPsAMOi», — nucar Manaeab6por
8 1975 roay.

[ Ipupoaubie sAeMeHTbI Hy2KHO OMHCBHIBATD, NpHGEras K «HOBOH» F€OMETPHH — reo-
METPHH, OCHOBAHHOH Ha 0ObEKTaxX 60Aee CAOZKHDIX, Y4eM O6EKTbI KAACCHYECKOH reome-
tpun. Ha camom zere mMuorue «@urypbi» 9TOH HOBOH reoMeTpHH GbIAM H3BECTHbI yakKe
c konua XIX Beka, Ho 70 Toro kak Manaeab6poT 06paTHA Ha HuX BHMMaHHe (M TpH-
3HaA, YTO OHM MOMOTAIOT Y/AUBHTEABHO TOYHO OMUCHIBATb 06AaKa, FOPbl H GeperoBble AH-
HHH ), UX CYHTAAH YHCTBIMH Kypbe3aMH, aHOMAAMAMH C TlapaZioKCaAbHbIMH CBOHCTBAMH.

C Tex nop usyueHue sTHX «HOBbIX QHUryp», KoTopble VManzerbb6poT HasBar (pak-
maaamu, NPeBpaTHAOCh B OZHY U3 CAMbIX MOIIHbIX 06AACTeH COBPEMEHHOH MaTeMaTHKH,

U UX CBOMCTBA TECHO CBSI3aHbI C TEOPHEH MEPDI.

CNOXHOCTb

Koraa Manzaeab6poT roBopHT, 4TO «ropbl — He KOHYCbI», OH He HMeeT B BUZY, 4TO FopbI
He 06AaZAI0T HAEAAbHOH CUMMETPHEH HAM 4TO HX OCHOBaHHe — He poBHbIi kpyr. Ha ca-

MOM Z€A€e OH TOBOPHT O 6oAee TAy6OKOH pasHHLE MEKAY KOHYCaMH U TOPAMH.
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Koraa mb1 Bugum ropy usaareka, To 3samedaeM, 4To, AEHCTBUTEABHO, ee (JOPMa Harlo-
MHHaeT JOpMy KOHyCa, HO 4TO TIPOMCXOZHT, KOI/la Mbl OAXOAUM K Heil mobamake? Ecan
Mbl OKMHEM BOO6GpaX<aeMbIM B3TASIIOM COBEPIIEHHbIH MaTeMaTHuecKuil koHyc (uzeainb-
HbIHl KOHYC, KOTOPOTO He CyIECTBYET B (DU3HYECKOH PEaAbHOCTH), TO YBH/UM TAAJKYIO,
MPaBUAbHYIO [TOBEPXHOCTb.

CKOJ1bKO 6bl Mbl HY MPUBNIMIKA/IUC K uAeaslbHOMY KOHYCY, Mbl Bcerga 6yaem BUAETb OAHY
U Ty XKe NOBEePXHOCTb, OAHY 1 Ty e CTPYKTypy. To e caMoe NPOUCXOAUT C ppaKTanamm.

Ecau Mb1 10cTaTOMHO CHABHO MPUOGAMSHMCS K KOHYCY, TO €r0 KpHBH3Ha 6yZeT Moyt
HE3aMETHA W MOBEPXHOCTb MOKAKETCsl HAM HZEAaAbHO MAOCKOH (TIPHMEPHO TO K€ MPOHUC-
XOZUT H C TIOBEPXHOCTbIO -3eMAH, KOTOpast BOAM3H KazKeTCsl HaM MAOCKO# ).

A ecau Mbl IpHO6AMBHMCS K TOPE, TO YBH/IUM, YTO €€ CKAOHDI, KOTOpbIE H3/laAeKa Kasa-
AHMCb TAQZIKMMH, Ha CAMOM JZieAe TIOAHbI HEpOBHOCTEH, KaMHeH, KyCTOB U Tak Aaree. A ecau
MbI [IOZI0HAEM eLe GAM2KeE, TO YBUAUM BbIXOZbl HA IOBEPXHOCTb MHHEPAAOB, KAllAH POCHI
u Tak zaree. A ecau 6bl Mbl IPHOAHSHAKCD ellie 60AbIIIe, TO CMOTAH 6bl YBUAETb MOAEKY -
Abl, ZBHKYIUHMECS] H B3aHMOZAEHCTBYIOLIME MeKAY COO0H U C MOAEKYAAMH BO3ZyXa, elle
6An2K€ MbI Obl YBHZEAH aTOMBI, ele GAu2Ke — IPOTOHbI, HEHTPOHDbI, SIAEKTPOHbI H TaK
naree. lakum 06pa3oM, ecAM y abCTPAKTHOTO MaTeMaTHYECKOTO KOHycCa Mbl BCe BpeMs
BHZHM TAaJKYIO IIOBEPXHOCTb, 6e3 0COObIX NPH3HAKOB, TO y TOPbI Mbl Gbl BUAEAH CAOX-
HOCTb Ha KazK/IOM YpOBHe.

[opa 06razaeT cA0KHOCTDIO Ha PaSAHYHBIX YPOBHSIX, B TO BPEMSI KaK KOHYC B OCHOB-

HOM l'lpOCTOﬁ, HE3aBHCHMO OT TOro, C Kakoro pacCTosgsHHsA Mbl Ha HEro CMOTPHM. C(pepa
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BEHYA MAHAENbBPOT

™ MaHgenbbpot pogunca 20 Hosbps 1924 roaa
B Bapwasge (MonbLwa). Ero ceMbs aMurpupoBa-
na 8o ®panuuio B 1936 rogy, noatomy benya
Hayan cpeaHee obpasoBaHue B nuuee PoneH
B [lapuie. Ero yyeba 6bina npepeaHa Bropoi
MUPOBO# BOWMHOMI. CemMbs MaHAenb6pOTOB Gbina
€BPENCKOM, NO3TOMY OHU Nepeesxany U3 ropo-
[Ja B ropog, cnacascb 0T HauucTtoB. beHya cmor
NPOA0NKMUTL 0QULManbHOE 06pa30BaHKe NULLb
B 1944 ropay, xoTa roAbl CNYCTA OH 06BACHAN
CBOI4 yCnex B MaTeMaTuKe OpUrMHanbHbIMK TOY-
Kamu 3peHusi, KOTOpbIE OH NPUOBPEN B TeYeHHue

3TUX NIET BbIHYXAEHHOr0 CaMo06pa3oBaHus.

MaHaenb6poT MHULMMPOBAN COBPEMEHHOE
u3yyeHue Gppaktanos. MepBoi paboToii, B KOTOPOH OH U3NOKMUN HEKOTOPbIE CBOW NPUHUMNMAND-
Hble coo6pameHus Ha 3Ty Temy, 6bina cTaTbsl, onybnukoBaHHaa B 1967 roay. B Hel OH goKasbl-
BaJ, YT0 nobepexbe BenmkobpuTaHuM Ha caMoM aene UMeeT 6ECKOHEYHY0 AnuHy. Camo noHATUe
dpakTana 66110 GopmManbHO NPeACTaBNEHO B ero KHure «PpaktanbHblie 06beKTbI», 0Ny6AMKOBAHHOM
B 1975 ropy, v B Knure «dpaktanbHas reometpus npupogsl» 1982 roga.

MaHAenb6poT HarpamaeH MHOrOYUMCAEHHBIMU NPEMUAMMU U 3HAKAMKU OTIUYMS, CPEAU KOTOPbIX
opaeH MoyetHoro JlernoHa (1989), camasn BbiCOKas Harpaga, KoTopas Bpy4aeTcs npaBuTeNb-
ctBoM ®paHumu. beHya Manaenb6poT ckoHyancs B Kembpuawe (Maccauycetc, CLUA) 14 okTabps
2010 ropa.

TaKze HMeeT TAaZKYI U 4YeTKO OIpeZeAeHHYIO ITOBEPXHOCTb, B TO BpeMs KaK rpaHHLA
obAaKa, HalPOTHB, MMOCTOSIHHO MEHSIETCS ¥ IBU2KETCsI, TaK YTO, €CAH CMOTPETb ¢ 6AH3KOro
PACCTOSIHUS, TO HESICHO, Ile 3aKaHYMBAeTCsl 0OAAKO M HAUHHAETCs] BHEILHsIsl 06AaCTb.
Cheays aToit uzee, (ppakTan ONPEAEASETCS KAK OODBEKT, CAOKHBIH HE3aBHCHMO
OT TOTO, C KaKOT0 paccTosiHUsA Mbl Ha Hero cMoTpuM. (Dpaktaa HuKorza He cokpalaercs
710 IPOCTOH AMHHMH MAH HAEAAbHO TAaJIKOH TMOBEPXHOCTH, H, YBEAHYHB MacuITab Ar060H
€ro 4aCTH, Mbl TOAYYHM CAO2KHYI0 purypy. HacTo (paKkTaAbl JOCTHralOT 3TOH CAOZKHOCTH

Ha Bcex LIKaAaX H3MepeHHst TI0CPeACTBOM CBoHCTBa camonogobusi. Murypa camonogo6-
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Ha, ECAH KaKasi-TO U3 ee YaCTeH COAEPKUT YMEHDbILIEHHYIO KOIHIO IOAHOH (PUrypbl — KO-
IHI0, KOTOpasi, B CBOIO O4epesb, COAEPKHUT KOIHIO B ellle MeHbIlleM MaciuTabe, KoTopas,
B CBOIO OYepeZib, TaK2Ke COAEP2KHUT ellle YMEHDbIIEHHYIO KOIHIO, U TaK 40 6eCKOHEYHOCTH.

Mpuorue gpakTarbl 7eHCTBUTEABHO CamMONOAOGHbI, H 9Ta XapaKTEPUCTHKA TPHOAH-
KAeT UX K MPHUPOJHBIM 00bEKTaM, KOTOPbIE 00AZAIOT BbICOKOH CTENEHbIO CaMOIOA00HS!.
Hanpumep, BeTBH epeBa camu 1o ce6e SIBASIOTCSI ePEBOM B MUHHATIOPE, H OHH, B CBOIO

o4epeab, COZEPKAT ellle MEeHbILHe KOIHH JepeBa.

lMpumep ppaKTanbHoOro gepeBsa.

Boabiue Benbl v apTepun KPOBEHOCHOH CHCTEMbI ZEASTCS HA MEHbIIME BEHbI U apTe-
pHH, KOTOPDIE, B CBOIO O4Yepesb, AEASTCS Ha KalMAASIPDI, U KaXKAbIH YPOBEHb KPOBEHOC-
HOM CHCTeMbl SIBASIETCSl YMEHbIIEHHOH Komuel npeablayiero. 1o ke caMoe TPOHCXOUT
C KPYIHBIMH peKaMH, Ay4aMH H MOAHHSIMH 1 MHO?KeCTBOM JPYTHX 0O'beKTOB.

[Toasoas wuror, ars ManaeabbpoTa roppl — He KOHycbl, 0O6AaKa — He cQepsl,
a Ayun — He oTpe3kH npsamoit. J\ast Hero roppl, 06Aaka B Ay4d — 3TO (PPaKTaAbl, H, CAe-
JOBaTeAbHO, HMEHHO (DPAKMANbHAS 2COMCMPUS MOKET Ay4Ille BCETO MPeACTaBUTDb NPH-

POJHDbIE SAEMEHTDI.
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MHoxecTBo MaHaenb6pota

[Ipumep camonozo6moro obbekta — Tak HasbiBaemoe MHO:xecTBO Vanzeabbpora,

TO ecTb 06AACTb ITAOCKOCTH, I'paHHLIA KOTOpOﬁ IpeacTaBA€Ha Ha PUCYHKE.

KaK MOZKHO 3aM€THTD, 'DaHHLIA MHOZKECTBA MaHﬂ,eJ\prOTa COAEPKHUT YMEHDIIIEHHDIE
KOITHH TIOAHOH rpaHHULIbl, KOTOPbIE, B CBOIO O4Y€pesb, COAepKaT €Lle CHAbHEE YMEHDbIIIEH -

Hbl€ KOITHH I'paHHULIbl, H TaK 0 6eCKOHEYHOCTH.
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Urobbr zath onpeserenre MHozsecTBy VIaHaeab6poTa, BCIOMHHM, HTO TOYKH IMAO-
CKOCTH MOTYT 6bITb ONpeZieAeHbI C TIOMOILbIO BYX KOOPAMHAT, MOZ06HO TOMY, KaK TOYKH
Ha KapTe ONpeAeAsIoTcs mupoToil u goarotoit. Ha caeayromeit urype mbi 0603HauHAM
TOuKy ¢ KoopauHatamu (3, 2).

-1

B CBOIO Oo4epeab, Kaxzasd TOYKa ITAOCKOCTH MO2KET ObITh ornpeAeA€Ha KaK KOMI/ECKC~

HOE YUCA0 — TO €CTb YHUCAO, OIIPpEAEAEHHOE Ha OCHOBE CHMBOAA i, XapaKTEPHOE CBOHCTBO

KOTOPOro cocTouT B ToM, uTo i’ = —1. Takum o6pasom, Touka ¢ koopaunatamu (3, 2)

UTEPALIUA

Urepayms 0603HaYaeT JeiCTBUe, 3aK0Yal0WEeecs B NOBTOPEHWM OAHOM 1 TOW e npoueaypbl. Ute-
pauua 04YeHb BaXHa B MaTeMaTuKe; HanpuMep, MHOTUe MEeToAbl HaxOKAEeHUs NocNea0BaTeNbHbIX
NPUGNMKEHUI B PeLleHnn 3aaa4m COCTOAT B UTepaLumn onpeaeneHHbIX popmyn. B kayectse npumepa
NOKa¥eM MET0A, BNEePBbIE NPUMEHEHHbLIN [epOHOM ANEeKCaHAPWICKUM B | BEKe ANA BbIYMCNEHMUS NO-
CNefioBaTENbHbIX NPUBAMIKEHMIE 3HAYEHNA v/2. MeToa OCHOBLIBAETCA Ha Gopmyne

()
= X+—|.
2 X
B KayecTBe nepsoro npubnKeHns 6epetca 11060€ NONOKMTENBHOE YUCNO U NOACTABASETCS BME-
CTO X; MONYYEHHbIN Pe3ynbTaT NOACTaBNAETCA B Ty e GpopMyny, U Tak Aanee HECKONbKO pa3. Pesynb-
TaThl Kanablit pa3 GyayT Bce 6anme K 2 = 1,41421356237310... Hanpumep, ecin MCXOAHOE 3Ha-

yeHue — 1, To nocneaytowme npubaumeHus Takossl: 1; 1,5; 1,4166666...; 1,41421568627451...;
1,41421356237469...
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onpezieAsieTCs KOMILAEKCHbIM uucAoM 3 + 2i; Touka (2, 1) — kommaekcHbIM uMcAOM

2 + i; Touka (—3, 0) — xommaexcubiM uncaom —3 + 0i = —3, u Tak zaxee.
[lenHocTb 3TOH MzEH 3aKAIOYAETCS B TOM, YTO, TIOCKOABKY KOMIIAEKCHBIE YHCAA MOK-

HO CKA@ZIbIBaTb M YMHOKATb, TaKOE ONpeZleAeHHE MO3BOASET HaM COBEPILATb apU(PMETH-

yeckue AelcTBus ¢ Toukamu. Hanpumep:
(3+2i)(5—-6i)=3-5—-3-6i+5-2i — 2i-6i =15 — 18i + 10i — 12(—-1)=27 - 8;,

u toraa (3+2i)(5—6i)=27 —8i, a ato To 2xe camoe, uTo ckasatb, uto (3,2)(5,—6)=
=(27, -8).

Uro6b1 onpeaerutsb Muozkectso Manzeab6poTa, HaM Hy2KHO OMHCATb HEKYIO MaTeMa-
THYECKYIO TIPOLIeZLyPY, KOTOPas COCTOUT B TOM, 4TO6bI COBEpLIHTb HECKOABKO pas Orpeze-
AeHHble OTepaLMH ¢ HCXOZHOH TOUKOH, BbibpanHOH caydaiiHo. [ lycts P 6yaer ucxoanoi
TOYKOH, KOTOPYIO MbI HAa30BEM 3ampasKoil MPOUeAYPbl K KOTOPYIO AAA paboThl ¢ Hel
onpezieAUM Kak KoMrmaekcHoe uucao z. Cama mo cebe mpolezypa 3aKAIOYAaeTcsi B TOM,
4TO6bI BOSBECTH YHCAO Z B KBaZPaT U Z106aBUTb K HEMY Z; TIOAYHEHHbIH pPe3yAbTaT CHOBA
BOBBOJAMTCSA B KBaZlpaT M MPUOABASETCA K Z; 9TOT pesyAbTaT CHOBa BO3BOJMTCS B KBazZpaT
H NPUOABASIETCS K Z, M TaK A0 6ECKOHEYHOCTH.

Hanpumep, ecan saTpaBka — Touka (0, 0), o z = 0 + 0i = 0, u na Bcex aTanax npo-
LieZlypbl Mbl Beerzia 6yzeM MOAyHaTh 0ZHO H To 2ke unucao (), uTo o3HavaeT, 4TO Mbl HUKOTZA

e coiizem ¢ Touku (0, 0). Ecau sarpaBka — Touka (1, —1), koropas coorsercTByer

z =1 — i, To mepBbIe 3TANbI NPOLEAYPDI AAAYT CAEAYIOLIHE PE3YABTATDI.

Jtan Pesynbrar Touka
0 1-i ) (1,-1)
1 (1-i2+1-i=1-3i (1,-3)
2 (1-3i)2+1-i=-7-T7i (-7,-7)
3 (-7-T7iy2+1-i=1+97i (1,97)
4 (1+97i)2+1-i=-9407+193j (-9407,193)
5 (-9407 + 193i)?+ 1-i=88 454 401-3631 103i (88 454 401,- 3631 103)

TO'-!KH, KOTOPbIE TTOAYYAKOTCA IIPH MHOIOKPAaTHOM ITOBTOPEHHH onepagnﬁ, yxozaAar

B 6eCKOHE4YHOCTb, HAH, TOBOPsI MaTeMaTHYECKHM S3bIKOM, Mpoleaypa Jusepzupyem.
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W nanporus, ecau satpaBka — Touka (0, —1), koTopas cooTBeTCTBYeT KOMIIAEKCHOMY
uHCcAy —i, pesyAabratel npusoasat k Toukam (—1, —1), (0, +1), (=1, =1), (0, +1),
(=1, —1) u tax aaree. B atom cayuae npoueaypa ne auseprupyer.

(Dpaxrar Maungeabbpora onpezersiercst kak o6AaCTb Ha MAOCKOCTH, 06pa30BaH-
Hasl BCeMM TOYKaMHM, KOTOPbIE, €CAH B3SITh UX B KauecTBe 3aTPaBKH, J€AAI0T 11pO-

ueAypy HeAuBepzeHmMHOU.

Tak, Touxu (0, 0) u (0, —1) npunazrexxaT Pppaxrary, B To Bpems Kak Touka (1, —1)
He npuHazAeKuT eMy. Ha pucynke mbl BuaMM (ppakrtan, npezcTaBAeHHbIH Ha KOOPAHHAT-

HbIX OCHX.

Tor akt, uro rpanuia 06aacTH UMeEET BBICOKYIO CTEleHb CAOZKHOCTH, obsi3aH Xa-
OMuU4HOCMU paHee OTMHCAHHOH TPOLEeAYypbl. JTO O3HAYaeT, YTO MaAeHbKHe BapHalUH
3aTPaBKU BeAyT K MOAYYEHHIO OYeHb pasHbIX pesyibratoB. Hanpumep, mbr yae Buze-
AH, uto ecau 3atpaska (0, —1), npoueaypa npusoaur x (—1, 1), (0, 1), (-1, —1), ...
A ecau BTOpasi KOOpAMHATA 3aTPABKH U3MEHSIETCs] Ha OZHY ThICSIMHYIO M OHa MMeeT BHJ,
(0; —1,001), To npoueaypa auseprupyer (na 20-m srane, Hanpumep, morydaem mnpH-
6ausureabno 31850,6784429 + 113412,2943437i). Taxxke npoueaypa auseprupyer,
ecau satpaBka (0, —0,999). Takum o6pasom, cAOKHOCTb rpaHHULIbI BbI3BaHA TEM, YTO

MaAenilee U3MEHEHHE B TY HAH HHYIO CTOPOHY BA€YET JUBEPIr€HUIHIO HAH €€ OTCYTCTBHUE.
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XAOC U ®PAKTAJIbI

Cuctema xaoTu4Ha, ecny maneilee U3MEHEHUE UCXOQHbIX YC/I0BUI MOXET Bbl3BaTb CUIIbHbLIE U3Me-
HEHUS B laNbHeLIEeM ee COCTOSIHUM. 3T0 NOHATUE 6biN0 pa3paboTaHO aMepUKAHCKUM MaTEMATUKOM
1 MeTeoponiorom 3asapAom JlopeHuom (1917-2008), KOTOPLIA OTKPbLL, YTO NOroAa XaoTudHa. [ns
BbIPaMEHUs 3T0M MbICAK JIOpEHL, MCnob30Ban 6aecTawyio metadopy: ecnv 6a604Ka B3MAXHET Kpbl-
NbAMK B UHAKM, 3TO MOXET NPEAOTBPATUTb yparaH Ha KapubecKux 0CTpOBax B CieAyloLWeM roay Uiu,
Hao60poT, Bbi3BaTh TAKOW yparaH CEeroAHs B KakoM-T0 Apyrom mecte. Mbic/ib JlopeHua, CoKpalieHHas
10 «3pdekta 6a604KkK», CTana 04eHb NONYNAPHON Aame CPeau HecneunanucToB. B onucaHuu nio6oi
Xa0TMYHOW CMCTEMbI BaXHYIO POJib UrpatoT dpaKTanbl, MOCKONLKY OHU BCEraa ONUCLIBAIOT €€ JONro-
CPOYHOE NOBEAEHHE.

PazmepHoCTb M Mepa

Kak mb1 y:xe BugeAu B npeapiayux raaBax, CylecTByeT TeCHasi CBSI3b MeXKy TOHATHS -
MH Mepot 1 pasmeprocnu. Kaxaas pasmepHocTs acconuupyeTcs ¢ ecTecTBeHHOH Mepoit;
TaK, eCTeCTBEHHas Mepa OJHOMEPHbIX 06bEKTOB — 3TO JAHHA, ABYMEPHbIX 06'bEKTOB —
nAOLIazb, TPEXMEPHbIX 06beKToB — 06beMm. [ lycts aruna — Mepa,, AOLIaAb — Mepa,

u o6bem — Mmepa,. Ecau E — cepa ¢ paguycom r, To
3 Pep
4 s
Mepa3(E)=5nr ;

HMmeet Au cmbica roBoputb 06 06beme kBazpata HAM TAomazu otpeska? Jla, umeer.
Boaxee Toro, B raaBe 3 mbl yzKe roBOpHAH, YTO MAOIAZb MAaTEMATHYECKOrO OTPe3Ka paBHA
HyAI0. A IOCKOAbKY KBaZipaT MOKHO pPacCMOTPETb KaK MPHU3My C HYAeBOH BbICOTOH, €ro
0o6beM Takzke paBeH HYAIO.

Ho kpome atoro, moxsHO roBopHTb 0 AAMHE KBazpaTa HAM O MAOIIAAu Ky6a (roBops
«Ky6», Mbl HIMeeM B BHJly BCE TE€AO, a He TOAbKO ero rpaHH). Kak Mbl BuzeAn B raase 3,
KBaZipaT COCTOMT U3 GECKOHEYHOTO YHCAA OTPE3KOB, KOTOPbIE MO2KHO NEPeMEeCTHTb H CO-
eAHHHUTD, CPOPMUPOBAB NPAMYIO HeckoHeuHoH aAuHbl. Ha caeayromem pucynke B kave-

CTBe MPHUMepa JaH KBaZpar, B3sITbIH 33 €UHULLY.
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Jpyrumu croBamu, KBaZpaT COZEPKUT O6BEKT, JAHHA KOTOPOTO GECKOHEYHa, TI09TO-
My ZAMHA CaMOTO KBaZpaTa TaKzke JoAxHa 6biTb 6eckoneunoit. Ecam A — ksaapar,
To Mepa,(4) = co. Touro Tak e GeckoHedHbI AAHHA U IAOILAZD Ky6a.

Bce BbIllIECKa3aHHOE CBEJEHO B Ta6jmgy, rae a, b, C — KOHEYHbI€ YHCAQ, 66AbHIHC

HYASL.

Anuna (mepa,)

Mnowaasb (Mepa,)

06bem (mepa,)

OTpe30K (pa3mepHoOCTb 1) a>0 0 0
KBapgpat (pa3amepHoCTb 2) oo b>0 0
Ky6 (pa3mepHocTb 3) (%) () c>0

Hewmeuxuit maremaruk Meauxc Xaycaopd B 1919 roay nepsbim samerna, uTo, Kak
TI0Ka3aHO B TabAHMIE, Pa3MEPHOCTb O6BEKTa OTMEYaeT Pas/IeAUTEAbHYIO TOUKY MEKJIy
MepaMH, KOTopble JaloT B pe3yAbTaTe GECKOHEYHOCTb, H MEPAMH, PaBHbIMH HyAI0. Ecau
F — naockas gurypa (ee pasmeprocts 2), To Mepa, (F) = o, a mepa,(F) = 0. ITockoas-
Ky aTa uzes 6oiaa npearozxena Meankcom Xaycaoppom, pasmepHocTb, cBsI3aHHas C Me-
poii TakuM 06pasoM, U3BECTHA Kak pasmepHocmb Xaycaoppha, HO Mbl 6yzeM TOBOPHUTD
TIPOCTO — Pa3MePHOCTb.

PaccmatpuBas 3TOT croco6 MOHMMaHUA Pa3sMEPHOCTH, XaycAOpd 3aMETHA, YTO Cy-
ILIECTBYIOT HEKHe CAOKHble reoMeTpHueckde o6bexTbl (ux Vanaeab6poT nos:xe HasBar
(paKTaraMH), pasMEPHOCTb KOTOPBIX OTAMYAETCS OT TOH, KOTOPYIO MM MPHIHCHIBAOT
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Ha nepBbIi Barasz. /lo TOro Mbl roBOPHAH, YTO KPUBAsi — OZHOMEPHBIH 06BEKT, OHAKO
B 1890 roay urarpsuckuit marematuk Jzxysenme [ Teano npeacraBua kpusyro Takoi cre-
TIeHH CAO2KHOCTH, YTO y Hee OKa3aaoch aBa usmepenusi. B caeayromem rogy Jlasua [vab-
6epT NMpeACTaBUA OYEHb MOXOXKYI0 KPHMBYIO, OHa TOKasaHa Ha pucyHke. Kpusas [vrb-
6Gepra, Kak u Kpusas | leano, cogepxutcs B KBazpare, B3ATOM 3a eJHHHILY, H PHCYETCS

B HECKOADBKO IIOCA€0BAaTEAbHDbIX 3TAIIOB. l_lepBbIe TPH NIPUBEAEHDI.

Ha nepsom srane mb1 aeaum kBazpat, B3sATHIH 3a eMHHILY, Ha YeTbIpe PAaBHBIX KBa-
Zpara U POBOJAHM AOMAHYIO AMHHIO, NIPOXOZASIIYIO Yyepes ux LeHTpbl. Ha Bropom ara-

Ie KBazpart, B3ATbIH 3a €AMHHLY, AeAUTCs Ha 16 paBHbBIX KBaZpaTOB, a 3aTeM Mbl CHOBa

O®EJIUKC XAYCAOPD

Xaycaopd poauncsa B bpecnay (FepmaHus, ceroaHs —
ropoa Ha Tepputopuu Monbimn) 8 Hos6ps 1868 roga
U yuunca B Jlenuurckom ynusepcurere, rae B 1891 rogy
3aluTHA JOKTOPCKYIO AuccepTaumio. Ero guccepraums,
KaK 1 nepBble UccneaoBaTenbckue pa6oTsl, Gbina cBs-
3aHa C ONTUKOM 1 acTpoHoMUeN. Takwe Xaycaopd o4eHb
uHTepecoBancs Gunocoduei U nuTepaTypon u aaxe
B 1904 roay Hanucan nbecy, KOTOpPas HECKOMbKO NET
cnycTa 6bina ¢ 60MbWKUM YCNEXOM nocTaBneHa. B ToT ke
rog Xaycaop® noceatun ce6s YUCTON MaTEMATUKE U CTan
0Y€eHb U3BECTEH B 3TOW 061aCTHU. OH BHEC 3HAYMTENbHBIN

BK/1aJ B TONONOMMIO (rAe U3y4yalTcs TaK HasbiBaeMble
xaycaop$oBbl NPOCTPAHCTBA), TEOPUI0 MHOMECTB, TEO-
puio Mepbl ¥ TEOPHI0 BepOATHOCTE. Penunke Xaycaopd ckoHyanca B boHHe (Tepmanus) 26 sHBaps
1942 ropa.
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[HY3ENNE NEAHO

eaHo poaunncs B ropoge CnuHetra, psaom ¢ KyHeo, B pe-
rnoHe MNMbemoHT (MTanusa) 27 asrycta 1858 roga. Yuuncs
B TyprHCKOM yHuBepcHUTeTe, rae 29 ceHtabpa 1880 roga
3alWUTHN JOKTOPCKYI0 AnccepTauumio. Ero nepebie pa6o-
Tbl GblIM CBS3aHbI C AUddepeHLnanbHBIM UCHUCTEHUEM,
B YACTHOCTH C pelueHneM guddepeHumuanbHbix ypaBHe-
Hui. B 1888 rogy oH ony6ankoBan KHUry «feomeTpuye-
CKOEe UcUMCNeHner, B KOTOPOi cAaenan akUeHT Ha CTporo
NIOrUYHbIX YOPMYNIUPOBKax. ITa paboTa CUIbHO NOBAMANA
Ha BCe nocneayouie TpyAbl N0 3T0M Teme. [ABUKUMBIN
WHTEPECOM K NI0rMYecKoi cTporocTy, MeaHo B 1889-m

chopmynnpoBan 1 ony6aMKoBan akCMOMbI, Bbipamalto-
wue dyHAAMEHTaNbHbIE CBOWCTBA HATypasbHbIX YUCEN
U U3BECTHbIE CEroAHA Kak akcuomsbl MeaHo. HaunHasa ¢ 1903 roga oH B3sNCA 3a pa3paboTy yHu-
BEepCasbHOT0 UCKYCCTBEHHOrO A3blKa C 04€Hb NPOCTOM FPAaMMaTUKOM U COBAPEM, OCHOBAHHbLIM
Ha NaTbiHK, aHTMIACKOM, GPaHLY3CKOM U HEMELIKOM fi3blKax. XoTa [leaHo noTpaTtua Ha 3TOT NPOEKT
MHOTO YCUNWW U fiaxe ony6anKoBaN KHUry N0 MaTeMaTKe Ha 3TOM UCKYCCTBEHHOM f3bIKE, ero Uaes
TaK U He NpuBNeKna uHTepeca Konner. CkoHyancs B Typure (Mtanusa) 20 anpena 1932 ropa.

TIPOBOZMM Yepe3 MX LEHTPbl AOMaHyto AuHHMI0. Ha Tperbem sTanme Mbl geaum kBagpat
Ha 64 paBHbIX KBazpaTa U ONATH MPOBOAMM AOMAHYIO AMHHIO uepes HX ueHTpbl. Kpupas
[Teano cama no cebe onpezersieTcsi Kak Pe3yAbTaT, KOTOPbIH MOAYYAeTCs OBTOPEHHEM
3TOro npolecca 6eCKOHEYHOe YUCAO pas.

Paccunraem obmyto aauny kpusoi. J[Ast aTOro npoanarusupyeM, KakoBa AAHHA AO-
MaHbIX AHHHH, TIOAYyYEHHbIX Ha COOTBETCTBYIOIIUX 3Tanax. Ha nepsom srane y nac ectn
TPHU OTpesKa, Kaxabiil aruHok 1/2; 061as aAMHa NepBOH AOMaHOH AMHHH, CAE/I0BATEAb-
Ho, paBHa 3/2 = 1,5. Ha Bropom srane y nac romanas us 15 orpeskos, kaxapiii AAHHOH
1/4; o6iuas aruna pasna 15/4 = 3,75. Ha tperbem stane ectb 63 orpeska arunoit 1/8,
u ux obas aauHa pasHa 63/8 = 7,875.

Uro6b1 BbIBECTH (POPMYAY, TIO3BOASIOILYIO BbIYMCAUTD ZAMHY AOMaHOH Ha AI060M 9Ta-

e, 3aMETHM, 4YTO:

|
Ha niepBoM stamne ecTb 3 = 22 — 1 oTpeskoB AAMHOH — ;
2
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—_ 74 - 1
Ha BTOopoMm aTane ectb 15 = 2* — 1 orpeskos arunoh — ;
>

o 1
Ha TpeTbem aTane ectb 63 = 2% — 1 orpeskoB aruHOR — .
>

Hrak, Mbl MozkeM caeAaTb BbIBOJ, YTO CyIIECTBYET NPAaBHAO, CBI3aHHOE CO CTeNeHsl-
MH YHCAa 2, KOTOpPOE MO3BOASIET HaM BbIMHCAMTb KOAMYECTBO OTPE3KOB Ha Ka:KJ0M JTare
U JAMHY KaJOro us HHMX. B caezyromiell Tabauie MoKasaHbl AAHHbI AOMaHbIX AMHHH

Ha stanax ot 1 70 6.

Jtan KonuyecTtBo oTpe3KoB | [IMHa KaXKaoro otpesKka O6was anmMHa
1 22-1=3 %=0,5 1,5
2 2¢-1=15 2i2=0,25 3,75
3 26-1=63 5=0,125 7,875
" 2% _1=255 21 -0,0625 15,9375
. 2101 =1023 %=o,03125 31,96875
6 212 _ 1 = 4095 2_16 -0,015625 63,984375

Kaxk Buzano us TabAuLpbI, AAMHA KaxA0H AOMAHOH AHHHM YBEAMYHMBAETCS 110 CPABHE-
HHIO C TIpeabIAyIel MpUMepHO B ABa pasa. A nockoabky kpusas [ leano crpoures B pe-
3yAbTaTe GECKOHEYHOro YHCAA II1aroB, CAe0BaTeAbHO, ee JAHHA OeCKOHEeYHa.

C apyroit cToponbl, Ha pucynke Ha ctp. 121 BuaHo, yTo Mocaeg0BaTeAbHBIE AOMaHbIe
AMHHH TIOCTETIEHHO BCe 6OAbIIe 3aMOAHSIOT KBazgpart. JleHcTBUTEAbHO, MO2KHO ZI0Ka3aTb,
yTO, 6yZy4H MOAHOCTbIO OCTPOeHHOH, KpuBas | leano sanoauuT noutn Bech kBaapar, rae
«TI0YTH BECb» — 3TO BbIpaxkeHHeE, YaCTO HCIIOAb3yeMOe B TEOPHUH Mepbl U O3Havalollee,
YTO HENOKPbITasl 4aCTh KBaZpaTa, TO eCTb 4aCTb KBaZipaTa, KOTOpasi He BXOJUT B 0OAACTb

TIpOBeZICHHOHN KPHBO#, HMeeT MAolazb, pasHyto Hyalo. CaezoBateabHo:

[Tromaznp kBagpara = [ romazp kpusoit +
+ Iromwaap yacTH, He BxoasIel B 06AACTb MPOBEAEHHS KPHBOH.
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[Tockoabky nromazb kBagpara paBHa 1, a naomazab yacTH, He BXoasiied B 06AacTb

npoBesenus kpuBoil, paua 0, zeraem BbIBOZ, YTO:
[Trowaap kpusoii [ Teano = 1.

Kpusas [leano umeer mromazp 1 u 6eckoneunyro aruny. Ha ocnoBanuu atoro mbi
ZleAaeM BbIBOJI, YTO PasMepHOCTb Xaycaop(da AAsd Hee paBHa 2, To ecTb KpuBas | lea-
HO — HACTOABKO CAOKHbIH OOEKT, YTO B HEKOTOPOM POZE OH PaBeH MOBEPXHOCTH.

Acuo, uto rpanuueit A1060H 06AACTH MAOCKOCTH SBASETCSI KPHBasi, CA€Z0BaTEABHO,
KPMBO# sBAsieTcst M rpanuua MHoxectBa Mangean6pora. Mozno gokasate, urto, kak
u B cAyyae ¢ kpusoi | leano, rpanuua muoxecrBa Manzeabb6pora Tak crozkHa, 4TO ee
AAuHa 6ecKoHeyHa, a pasMepHOCTb paBHa 2 (3Ty XapaKTePHUCTHKY OHM /IEAST CO MHOTHMH
ZPYTUMHU (PPaKTaAbHBIMH KPUBbIMH ).

Koneuno, ToT axT, uTo cyIecTByIoT AByMepHbIE KPUBbIE, MI0PaKaeT, HO ellle yAHBH-
TeAbHee TO, YTO CYILIECTBYIOT FeOMETPHYECKHE O6bEKThI, PA3MEPHOCTb KOTOPBIX HE SBAS-
ercs ueroi. Ee snauenus rexat B npomexsytke mexsay 0 u 1, 1u 2 uau 2 u 3. B caeay-

IOLLIEM paszZeAe Mbl YBUAUM TaKOH [IpUMep.

KaHTOpOoBO MHOXECTBO

Tak nasbiBaemoe xaHmoposo MHONcECMBO — 3TO (IpaKTaA, KOTOPbIH GbIA BriepBble
onpeaeren [eoprom Kauropom B 1884 roay. Kak u B cayuae ¢ kpusoii [ leano, ono onpe-

AENAETCA Yepe3 IMOCAELOBATEADHDIE JTAIlbl.

O|—
ol
W=

Hauunaem ¢ orpeska, B3sTOro 3a eAHHMILy, KOTOPbIH Mbl MO#eM 0603HAYMTb Ya-
CTbIO YMCAOBOH MPsIMOH, pacriorozkeHHoH Mexkay yucaamu O u 1 (06a BkArOUHTEABHO).
Ha nepsom atane zeaum aToT 0Tpe30K Ha TPH paBHbIE YaCTH U HCKAIOYAEM LIEHTPAABHYIO
yacTb. Y Hac ocTaroch ABa OTpesKa, Kaxabii aruHoH 1/3 (To ectb uncaa or 0 20 1/3
uor 2/3 no1). Ha Bropom arane aeaum Kazkzpiil U3 3THX OTPE3KOB Ha TPH PaBHbIE YACTH
M HCKAIOYaeM LIEHTPaAbHYIO YaCTb Kax/0ro U3 HUX — y HaC OCTaeTcsi YeTbIpe OTpesKa

arunoit 1/9. /leiictBys Takum 06pasom, Ha Kax/oM 3Tale Mbl €AHMM BCE HMEIOIHe-
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Cs1 OTPE3KH Ha TPU paBHbIe YaCTH M MCKAIOYaeM LIEHTPAAbHYIO YacTb KazKAOro M3 HHX.
['lo onpeaerenuto, MuO2KECTBO 6yZIET 06Pa30BAHO BCEMH TOUKaMH, KOTOpPbIE He GBIAK HC-
KAIOYEHbI ITocAe 6eCKOHEeYHOro MOBTOPEHHs! POLIe Ay Pbl.

[Tockoabky MHO2KECTBO COZEP?KHTCS HA MPAMOH, 3aKOHOMEPEH BOIIPOC, KAKOBA 2KE

ero aauHa. B Tabauie nokasana o61asi AAMHA OTPE3KOB, ITOAYYEHHDBIX Ha MEPBbIX ISTH

3JTanax.
dtan KonunyectBo oTpe3kos JAnuHa Ka)kgoro otpesKa O6wasn gnuHa
1
0 1=2° 1= Ed 0
1 3 =" 1.1 0,666
- 3 3 !
2 4=2 LIS N 0,444
E: NEG ,
3 8=23 L% 0,296296
- 27 3 !
4 16 = 2¢ . - 0,19753
B 81 3¢ i
5 32=25 . 0,1316872
- 243 3 !

Kak moxHO sameruTp, 06mas aruna ymenomaetcs. MozxHo aokasaTb, uTo mocae
TIpUMeHeHHs1 6eCKOHEeYHOTO KOAHYECTBa 3TarnoB obias AAuHa 6yzeT paBHa HyA0. Jpyru-
MH CAOBaMH, KAHTOPOBO MHO2KECTBO SIBASIETCS] HUTZE HE IIAOTHBIM H IIPEACTaBASIET COO0H
npuMep AUCKOHTHHYyyMa. IVI02KHO MOZYMaTbh, YTO TO MPOM3OIIAO 6AArOZAPs TOMY, 4TO
nocAe 6eCKOHEYHOr0 KOAMYECTBA STAIOB ObIAM HCKAIOYEHbI BCE TOYKH OTpe3Ka, B3ATOro
sa egunuy. OzHaKo 3TO He Tak: MOKHO ZOKAa3aTb, YTO Y MHOKECTBA HE TOABKO €CTb
TOYKH, HO M YTO OHO 06pa30BaHO GECKOHEYHbIM HECYETHbIM HX YHCAOM.

Kaxosa e pasmepnocTb kaHTOpoBa MHO:keCTBa? Y 0AHOH ToukM pasmepHocTb 0,
1 6eCKOHEYHOe CYETHOE YHCAO TodeK Takzke umeeT pasmepHocTb () (Hanpumep, rpymna
TOYEK YHCAOBOM IPSIMOH, COOTBETCTBYIOLIAs LIEABIM YHCAAM, HMEET TAKYI0 PA3MEPHOCTD ).
Ho xaHTOpoBO MHOKECTBO HECUETHO, CAEZOBATEABHO, Mbl MOKEM IIPEATIOAOKHTD, YTO
ero pasmepHocTb 60bie ().

B To :xe Bpems, kak Mbl TOABKO YTO BUZEAH, €TO AAHHA PABHA HYAIO; APYTUMH CAOBa-
MM, OHO He SBASIETCSl AMHHeH, T03ToMy ero pasmepHocTb He aocturaet 1. Kaxercs, uro

y MHO2kecTBa nipomezkyTouHasi pasmepnocTb ot 0 20 1. Haiiaem, uemy Touno ona pasna.
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HECYETHbIN ®PAKTAN

Kampaas TO4Ka KGHTOPOBA MHOMECTBA BO3HWKAET B pe3y/bTate 6ECKOHEYHOr0 YUCNa NOCAEA0Ba-
TeNbHbIX BLIGOPOB. Ha nepBom atane onpefeneHns MHOKECTBA Mbl UCKIIOYAEM LiEHTPaIbHYIO TPETh
UHTEpBana, B3ATOr0 3a eUHULY, U NPEANON0KMM, YTO OCTaNUCh C NPaBOW NGO NEBO TPETHIO.
Ha cnepyiowem atane yaansem LeHTpasbHyio TPeTb paHee BbIGPaHHOM YacTh U OCTaeMCs OnsTh
¢ NpaBoii 160 nesow TpeTbio. Mocne 6eCKOHEYHOrO KONMYECTBA BbIGOPOB TAKOr0 PoAa Mbl TOHHO
OnpeAenuM OAHY TOYKY KAHTOPOBA MHOKECTBA (CM. PUCYHOK).

/-Toqua MHoXecTBa: 010...

-
1
i
'
'
'
'
i
1
'
'
'

OcHoBblBasiCb Ha 3TOM MAEe, Mbl MOXEM NPUNKUCATL KaM/O0i TOYKE MHOKECTBA GECKOHEYHYIO No-
CnepoBatenbHOCTb U3 Hynei U eanHuu. Ecnu npu nepeom BbIGOPE Mbl OCTAHEMCS C TPETLIO CNEBa,
TO NepBoe YMCAo NocnefoBaTenbHoCTH 6yaeT O; ecnu Mbl OCTAHEMCS C TPETHIO CNpaBa, NePBOE YNUCI0
6yner 1. To we camoe NpoMCXoAuT NpyY nocneaylowem BoiGope. HanpuMep, TOYKE Ha PUCYHKE COOT-
BETCTBYET NOCNEA0BaTENbHOCTb, HaYMHalowasca ¢ 010...

To e camoe AoKa3aTeNbCcTBO, KOTOPOE Mbl UCMO/b30BaANY B rNaBe 2, YT06bl JOKa3aTh, YTO AEHCTBU-
TE/IbHbIE YUCNA HE ABNSIOTCA CYETHBIMM, MOXKHO NMPUMEHUTb NPAKTUYECKW B HEU3MEHEHHOM Buje Ans
[IOKa3aTeNbCcTBa TOr0, YTO NOCNEA0BATENLHOCTU HYEH U EANHUL, HECYETHDI. MOCKObHY €CTb TONLKO
OfiHa TOYKa KAHTOPOBA MHOMECTBA ANf KaiAow NocnefoBaTebHOCTU, Mbl MOMEM C/enaThb BbiBOA,
YTO Y MHOMECTBA HECHETHOE KONIMYECTBO TOYEK.

10661 BbIYHCAUTD pasMepPHOCTb MHO2KECTBA, NpeACTaBUM cebe, YTO y Hac eCTb (POTO-
rpagus, 1 Mbl yBEAHYHBAEM €€ CTOPOHBI Ha KO3(P@PHULIMEHT k. Bonpoc: Ha KaKkoH KO3 Qu-

LIMEeHT YBEAHUHBAETCs IAOLAZb H306paKeHUH Ha qJOTorpaqu?
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Cropona =1
[Tromaap =1

Cropona =L Ciaponn_2

[Tromazp = 22=4

Cropona = k-L

Kax Bugno cripaBa, ecau Mbl yABOMM CTOPOHDBI KBaZpaTa, TO €CTb €CAH Mbl yMHOZKHM
cTopoHbl Ha k = 2, To nAowaab KBaapata yBeauuutcst B 4 pasa. Ecau mbr ymuO:KHM
croponbl Ha kK = 3, To nrowaap yBeauuutca B 9 pas. O6061muB 3TH MpUMepDI, MOK-
HO CKa3aTb, YTO €CAHM Mbl yBEAMYHBAeM MAM yMeHbIlIaeM (PUrypy Ha KOap@ULHeHT R, ee
MAOIIAZb yBEAMYMBAaeTCs MAM yMeHblnaetcs Ha koadguuuent k2. Ecau F — gurypa,
Ha3o0BeM r, [ pe3yAbTaT ee yBeAHUeHHs HAM yMeHbIleHHs Ha KO3QuimeHT k. Boipazascy
MaTeMaTHIeCKH, NIOAy4aeM, uto mepa,(r,F) = k*- mepa,(F) (Bcriomunm, uro mepa, —
9TO eCTeCTBEHHAs Mepa 0GBEKTOB C PA3MEPHOCTDIO 2, TO €CTb Mepa, — JTO MAOIIAZD).

Ha caeayromem pucynke nokasaHo, 4TO €CAH Mbl YBEAMYHM HAM YMEHbIIHM TEAO
Ha KO3 QHIMeHT R, To ero o6bem yBeanumBaerca Ha k°. Ha pucynke ky6 6bin yBeauuen
Ha KO3(QHUIMeEHT 3, a ero o6bem yBeauuracs Ha 3° = 27. Bripazkasch maTemaTuueckw,

ecau F — Tero, 1o mepa,(r,F) = k; - mepa,(F).
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TAJIUEA U NPOMOPLIMK

Fanuneo lanunei (1564-1642) 6bin nepsbIM, KTO 3a-
METWUJI, YTO NPU YBEAUYEHUM NPONOPLUKUIA 06BEKTa ero
nnowazab yBesiM4MBaeTCs COrnacHo KBaaparty npo-
nopuuu, a ero 06bem — cornacHo ee Kyby. U3 atoro
dakTta l'anuneit caenan BbiBOA, YTO HEBO3MOXKHO Cy-
LEeCTBOBAHUE NI0AEN-BENUKAHOB, Y KOTOPbIX COXPaHA-
n1ch 6bl HawWwK NponopLuu. 310 CBA3AHO C TEM, YTO BEC
TeNna yBeNMYMBAETCA COrNacHo ero 06bemy, a conpo-
TUBNIEHWUE KOCTEH YBENIMYMBAETCA COrNacHo niowaau
nonepeyHoro paspesa. CnegosarenbHo, ecnu Gbl npo-

NopLMM YEN0BEYECKOTO TeNla YBENUYUIUC HA KOIDPU-

LMeHT 4, To Bec Tena Bbipoc 6bl B 64 pa3a, BTO BPEMA  [joprper lanmnes pyKu UTabHCKOro
KaK CONpPOTUB/IEHWE KOCTE HOT YBENIMYUIOCH Obl TONbKO ~ XYAOXHMKa 1 rpaBepa OTTaBuo JIeoHu
1624).

B 16 pa3s, 13-3a 4ero oHW 6biaK 6bl HECNOCOGHBI HECTH ( )

BEC Tena.

Kaxzoe usmepenne D, crezoBaTeAbHO, HMeeT eCTeCTBEHHYIO Mepy Mepa,, TaK 4TO
ecAH 06beKT F yBeAMUHTb MAH yMEHbIINTb Ha KO3(@HLHMEHT R, To ero Mepa usmepenusi D
YBEAMUHMTCS HAM yMeHbIIHTCA Ha Koad@uuuent kP, Bpipaxasch maTemaTnueckum sisbi-

KoM:
mepa(r,F) = kP-mepa,(F).

STO OTHOILIEHHE TIO3BOAHT HaM BbIYHCAHTb Pa3MEPHOCTb KAHTOPOBA MHOKECTBA.

ZleficTBUTEABHO, 3TO MHOKECTBO 06Pa30BaHO TOYKAMH, KOTOPbIE MIOCAE YK€ OTHCaH-
HoM npouezypb! (0Ha MpezcTaBAeHa Ha pucyHKe Ha cTp. 124) He 6b1AM uckAtouensr. Tou-
KM, 06pasylolire MHO?KECTBO, eCTECTBEHHbIM 06pa30M ZEAATCS Ha ABE YacTH: 0JHa 06-
pasoBaHa TOYKaMH, KOTopble u3HayaAbHO 6bian Mexsay 0 1 1/3 (To ectb Temu, koTopbIe
Ha NEepBOM JTalle OKa3aAMCh B OTPE3KE CAeBa), a APyras — BCEMH TOYKaMH, KOTOpbIe
u3HauaAbHO 6biau Mexay 2/3 u 1 (TemMu, KOTOpbIle Ha MePBOM 3Tamne OKa3aAMChb CIpa-
Ba). CrezoBaTeAbHO, Mepa MHOKECTBa paBHa cymMme Mep 3THX AByX yacteil. O603Hauus
MHO2keCTBO uepes 1, usmepenve — uepes D, a zBe 4acTH, 0 KOTOPBIX Mbl TOABKO 4TO
ckasaru, — uepes T, u T, noxyunm:

mepa,,(T) = mepa,(T,) + mepa,(T,).
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T

oz 1 2 7 8
0 9 9 3 3 9 9 1
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Kak Buano na stom pucynke, T, noayuaercs npu cokpaigernun T Ha Kos(uiieHT
1/3, 10 ecto T paBmo r, /3T. Oueuzano, To e camoe npoucxozaut ¢ T,. [Toayuaem, uro:

mepa,(T') = mepa, (r, ,T) + mepa,(r, ,T).

1/3 1/3

I/I 0 OTHOIIIEHHIO, KOTOPOE Mbl IIPHBOAHAH paHee, A€AAEM BbIBO/:

D

o (1= ey (1) sy (7

1\?
mepa,, (T) = 2(;) -mepay, (T).

Ecau 61 Mepa Muozsectna usmepennst D, To ectb mepa,) (T), 6bira 61 pasra 0, To 13

OTHOIIIEHHA

D
mepa,, (T) = 2(%) -mepay, (T)

HeAb3s1 6bIAO ObI HHYEro cKasaThb O D, INOCKOAbKY PaBEHCTBO

BbIITOAHAETCA A AIOOOro 3Ha4YeHHsI D TO‘{HO TaK K€ Mbl HU4Yero He MOTAH Obl CKasarTb,

ecAH 6bl Mepa 6biAa 6ECKOHEYHOH, TIOCKOABKY PaBEHCTBO
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D
( : )
0 = 2 — -0
3
TaKzKe BbIIIOAHSETCS AAd BCeX Bo3MozkHbix 3Hauenud D. Ho ecau D — wnacrosumee us-

mepenue T, To mepa, (T) He paBHa Hu HyAIO, HH GECKOHEYHOCTH, M B STOM CAyYae U3 OT-

HOLIIEHUsA

MepaD<T>=2(§)D -wepay (T)

MbI Mozxem cokpatutb Mepa,(T'). Caezoarenmo:

Urak, eaunctennoe uncao D, KOTOpoe yZ0BAETBOPSIET MOCAEZHEMY PABEHCTBY, 3TO
AorapuM 2 Mo OCHOBaHHIO 3 — HppALMOHAAbHOE 4HCAO, paBHoe npumepno 0,6309...
CaezoBateabHo, pasMepHOCTb KaHTOpoBa MHO2kecTBa pasHa 0,6309...

s npeapiaymux paccy:xaennit sorrexaet, uro D = 0,6309..., Ho HeAb3s caeratb
BbIBOJ 0 TouHOM 3HaueHun Mepa,(T). To ectb mbl 3Haem, uTo pasmepHOCTb KaHTOpOBA
muozkectBa paena 0,6309..., Ho eme He BbIMMCAMAM, KaKOBa Mepa 3TOH pasMepPHOCTH.
Bbruucaenre Mepbl HAMHOTO CAO2KHEE BbIYMCAEHHSI PA3MEPHOCTH U BBIXOAMT 3a PaMKH
stoit kuurk. CkazkeM AMIIIb, YTO MOXKHO JOKa3aTh, YTO Mepa KAHTOPOBA MHO2KECTBA pas-
mepuoctu 0,6309... pasua 1, To ectb B 3TOM H3MepEHHUH MHOZKECTBO PABHO €MHHIIE

H3MepeHHsI.

®dpaKTanbl BOKpYr Hac

[lpu usyuenun pakrara 06bIMHO HAMHOTO HHTEPECHEE Y3HATb €ro Pa3sMepPHOCTb -Xayc-
aop(a, yeM Mepy 3TOH pasMepHOCTH. Doaee TOro, BblYHMCAEHHE pasMEPHOCTH (PpaKTa-
A4, ZaA€KOe OT YHCTO TEOPETHYECKHX M abCTPAKTHbIX 3aad, HMEeT BIIOAHE KOHKDETHOE
NPaKTHYeCKOE TIPUMEHEHHE.

Haunem o6mbsicHenue ¢ oTKpbITHs HOBOTO (paKTara, HBBECTHOTO Kak rybka Menre-
pa, IOCKOAbKY B TepBbli pas oH 6bia onucan B 1926 roay aBcTpuiickuM MaTeMaTHKOM
Kaprom Menrepom, uru kak ry6ka Menrepa — CepnuHcKOro, mocKoAbKy MOAbCKHIX

matematuk Baupas Ceprunckuit (1882—1969) rak:ke B maware XX Beka pabotar
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¢ noaobubiMu (paxraramu. | locTpoenue aToro obbekta — 3TO TpexmMepHbIH BapHaHT

TMOCTPOEHUS! KAHTOPOBA MHOzKeCTBa (CM. PHCYHOK).

i

Kax u B caydae ¢ KaHTOPOBBIM MHOZKECTBOM, MOCTPOEHHE IPOUCXOAUT roatanHo. Ha-
yHMHaeM ¢ Ky6a, B3TOro 3a eAMHHUL (1epBblil CAeBa); 10 HUIM TIOHUMAETCs! IAOTHbIH Ky6,
a He npocTo noBepxHocTb. Ha nepsom stane aeanm ky6 na 27 pasubix Ky60B u 3aTeM HC-
KAIOYaeM LeHTPaAbHbIH Ky6 H 11ecTb cMe:kHbIX ¢ HuM (BTopoe nsobpazkenue). Ha caeay-
IOILIeM 3Tarie AAs Kazkzoro us octabimxcsi 20 Ky6oB MoBTopsieM Ty ke MPoLeaypy: AeAUM
Kazk/IbIi U3 HUX Ha 27 4yacTell H MCKAIOYaeM LIEHTPaAbHbIH Ky6 U IIECTb CMEKHbIX C HHUM.
STy npolesypy Mbl MOBTOPSIEM C KazKAbIM U3 Ky6OB, KOTOPDIH OCTAaACs OT MPEZAbIAYILEro
srana. [y6ka Menrepa — Cepnunckoro o6pasoBaHa BceMH TOYKaMH, KOTOpble He GbIAK
HCKAIOYEHbI ocAe HeCKOHeYHOro KOAHYEeCTBa JTArloB.

Tak 2xe, kak Mbl cieAaAH C KAHTOPOBBIM MHOZKECTBOM, MOKHO I0Ka3aTh, 4TO 06beM
ry6ku Menrepa — Ceprmnckoro pasen 0, a ero naomazap 6eckoneuna. PasmepHocTb
Xaycaopgpa rybku — rorapudm 20 1o ocHoBanuio 3, 3T0 MPPALIMOHAABHOE YHCAO, KOTO-
poe npumepHo pasHo 2,726833...

Ecau 6b1 pasmeprocTb 6bira 3, 310 6b1 3HAUMAO, YTO (PPaKTaA 3aHMMAET MOYTH BECh
Ky6. Ecaun 661 pasmeprocTb 6bira paBHa 2, ero obbem 6b1a 6b1 paen 0, u B aTOM cAyuae
(paKTar He 3aHMMaA Gbl IOYTH HUYEro OT Kyba, B3sTOro 3a eaunuly. | [pomexyrounnie
3HaueHHs] TOBOPSAT HaM, HACKOABKO (PpaKTaA 3allOAHsIET KyO, MOKa3sbIBalOT, HACKOABKO
NOPHCTbIM siBAsieTCs (ppakTar. Pasmepnoctb 2,5, nanpumep, ykasbiBara 6bl Ha TO, 4TO
(paxrar 6oree mopucTbId, yem rybka Menrepa — Ceprnmnckoro, B To Bpemsi Kak pas-
mepHOCTb 2,9 onmcbiBara 6b1 MeHee OPUCTBIH (PPAKTAA.

Korza B raaBe 3 mMbi roBopuan 0 usnyeckom napazokce banaxa — Tapckoro, mbi ot-
METHAH, YTO KaMeHb, HallpuMep, He M0X0:K Ha abCTPaKTHbIH reOMeTPHYECKHH 0ObeKT, Mo~
CKOAbKY Ha cybatoMHoM ypoBHe oH 1ycT. Ho ato npoucxoaut ne Toabko Ha cybaTomuom

YpPOBHE — KaMe€Hb BCerga CoJepzKuT, B 60ADBIIIEH HAH MEHDbIIIEH CTEIeHH B 3aBHCHMOCTH
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KAPJ1 MEHTEP

Menrep poauncs B BeHe 13 sHBapa 1902 roaa. Ero
oteu, Kapn MeHrep, 6bi1 U3BECTHBIM 3KOHOMUCTOM,
npogeccopom BeHCKOro yHuBepcUTETa M OCHOBATENEM
ABCTPUIACKOM 3KOHOMUYECKOM WKONbl. MaTb, XepMuHe
AHaepmMaH, 6bina nucatenbHULEH, JypHaNUCTKON U My-
3blKaHTOM. Kapn MeHrep noctynun B BeHCkui yHuBep-
cuteT B 1920 rogy ¢ HamepeHHeM U3yd4atb GU3UKY,
HO Nocne NeKUUn MaTemMaTKa XaHca XaHa, Ha KOTo-
pow oH npucytcTBoBan B 1921 rogy, CTyAeHT pewun
NOCBATUTL ce6s1 MaTemaTuke. B 1924 roay MeHrep 3a-
LWWTUA AOKTOPCKYIO AUCCEPTaLMIO N0 MaTeMaThKe nog

PYKOBOACTBOM Camoro XaHa Ha Temy «0 pasmMepHoCTH
MHOMECTB To4Y€eK». MeHrep Gbil Y1EHOM 3HAMEHUTOTO BEHCKOrO KpYKa — rpynnbl MHTENNIEKTYaNoB,
KOTOpbIe CO6Mpanuch B Kade atoro ropoaa, 4tobbl 06¢cyanuTb GUA0CoPUI0 HayKU. KpyHOK 6bin OCHO-
BaH Mopuuem LUnnkom B 1922 roay, 1 B ero coctaB BXOAUAMU, CPEAU MHOTMUX APYruX yueHbix, Kypt
F'énensb u Nioasur ButreHwteiH. C Hayana 1930-x roAoB pactylee BAMAHUE HALUMCTOB B BeHe cTano
NPEensTCTBUEM N8 COOPaHUIA KPYIKa, KOTOPbIN B KOHLIE KOHLOB 6bin pacnyweH B 1936 roay nocne
y6uictea Mopuua LLinuka. B cnepyowem rogy Kapn Menrep amurpuposan B CLUA, rae v pa6otan
[0 KOHUQ ¥M13HU. OH BHEC 3HAYUTENbHbIA BKNAJ B FEOMETPUIO, anrebpy U TeOp1I0 BEPOATHOCTE.
CKoHyancs B Yukaro 5 oktabpa 1985 roga.

OT CBOEH CTPYKTYpDI, My3bIpbKHU BO3/yXa, TO €CTb IIyCTOTbI, KOTOPbIE MPUAAIOT €My He-
koTtopyto nopuctoctb. Kak yreep:xaar Mauzgean6por, kamenb — He cepa, ckopee oH
OMUCBIBAETCs KaK (ppaKTaA, a MMeHHO Kak BapuaHT ry6ku Menrepa — Cepnunckoro.

Ecau paccmatpuBaTh kameHb Kak (paKTaA, pasMEpPHOCTb Xaycaopa MOKET TpH-
MEHSITbCSI, U OHA JEMCTBUTEABHO IIPUMEHSIETCSI B TEOAOTHH B KAY€CTBE Mepbl OPUCTOCTH.
MDpaxrarbHas pasMepHOCTb KaMHs1 ZJa€T F€OAOTY LIEHHYIO HH()OPMALIMIO O ero BHYTPeHHeH
CTPYKTYype.

[ IpumensieTcst pasmepHOCTb U B GHOAOTHH — AASI PaCUETOB (PPAKTAAbHOH Pa3MepHO-
CTH TKaHH, a TaK2ke B DKOHOMHKE — JAsl M3YYeHHs] ()PAKTAAbHOH PasMEPHOCTH pacripe-
Aeaenus 6orarcTBa B pernone. B nocaeanem cayuae npeacrasum cebe ppakTan, ocTpo-

€HHbIH C TNIOMOILUDbIO ITOCA€Z0BATEADHDIX 3TAIIOB Ha INOBEPXHOCTH KapThbl, H3 KOTOPOro MbI
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MOCTETNIEHHO MCKAIOYaeM CEeKLHH, 6OraTcTBO KOTOPbIX OMYCKAeTCsl HH2KE OINpeJeAeHHOH
BEAHYHHBI.

(DpakTarb nPUMEHSIOTCA M B MUpPE 3PEAHIL: HATIPUMEP, B COBPEMEHHDBIX MyAbT(MHAb-
Max C MX TOMOILIbIO Z€AAIOT MeH3axKM MaKCMMaAbHO peaiucTHuHbiMH. | Ipeanonoxum,
4TO peRUCCEPy HYKHO PEaAMCTHYHOE 306pazeHue ropbl. Jast 3TOro HauMHaIOT C OYeHb
YIIPOLUEHHOH ropbl, 3aTeM GepeTcsi HeGOAbILAst YaCTb ITOrO U306paAKEHUST H C TIOMOLIbIO
KOMIIbIOTEPHBIX MPOrpamMM 406aBASIETCS €ro MareHbKas Konus. Daarozaps stoit mpote-
Zype UCXozHas YIIPOLeHHasl ropa CTAHOBHUTCs Bce 6oAee caMONOZ06HOH, H B KOHLE KOH-
11I0B Mbl [IOAY4a€eM ZJ0BOABHO PEaAHCTHYHOE H306pazeHHe. JTa e MpoLiesypa NO3BOASET
pHCOBaTb JlepeBbsi, MOPCKHE BOAHbI H MHOTHE ApYyrHe caMomNoZAoOHble NPHPOAHbIE 06b-

€KThbI.
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dnuaor

Kak Mbl roBopuAM B NpesucAOBHH, C HAYAAbHOH IIKOAbI Mbl TIPHBBIKAM K BbIMHCAEHHIO
nAomazed U 06beMOB, TaK YTO MHOTHE M3 HAC AETKO HAXOZAT MAOLUAZb KPyra HAH 06b-
em cdepbl. Ho mbI peako sazymbiBaeMcsi 0 CAOKHOCTH, C KOTOPOH CBsI3aH BbIBOZ 3THX
(OPMYA, H ellle MeHbIlIe OCO3HAEM, YTO 3a HUIMH CTOUT He YTO HHOE, KaK 6eCKOHEYHOCTD.

ZeficTBUTEeAbHO, GECKOHEYHOCTb BCe BpeMmsi 6blaa PAZOM C HAMH BO BPEMsl HAlIero
0630pa MOHATHH M HCTOPUH MaTeMATHIECKOH Teopun Mepbl. VIbl yBuzZeAH, Kak onpezeae-
HHe ZAMHDI, NAOLIAZAM U o6beMa MpearnoAaraeT 6eCKOHEYHYIO OCAEZ0BATEABHOCTD TIPH-
6Amkenui v kak EBaoke u Apxumes MCTIOAb30BaAH 3Ty HAEIO AASI BBIMHCAEHHs [IAOLLAAN
Kpyra M ZAMHDBI OKPY?KHOCTH. Vbl y6eaHANCh, YTO HEKOTOPblE MaTeMaTHYECKHE ZOKa3a-
TEAbCTBA TPEANIOAAralOT PacceyeHHe (PUrypbl Ha GECKOHEYHOE YHUCAO YacTeH, XOTS AAs
TOrO, 4TO6bI TaKHE ZI0KA3aTEAbCTBA ObIAH CIIPAaBEAAMBBIMH, 3Ta 6ECKOHEYHOCTDb AOAZKHA
6bITb OCO6OrO THNA.

Mb1 Takzke ckasaAM, 4TO MPMHIMITMAADHOE PasAHYHE MeKAy abCTPAKTHbIM MaTema-
THyeckuM mapoM (K KOTOPOMY MO2KHO pUMeHHTDb Teopemy Danaxa — Tapckoro) u gu-
3uYeckuM mapoM (K KOTOPOMY HEAb3si IPHMEHHTb 3TY TEOPEMY) 3aKAIOYAETCsl B TOM,
YTO TMOCAEZHHH COCTOMT U3 KOHedHOro uucaa todek. Ho Mangean6por noutea zanbie
STOH MAEH U MOKa3aA, YTO clepa UAH AIOOOH JPYroH (PU3HYECKHH OOBEKT BCE-TaKH HMe-
€T HEKOTOPYIO CTereHb GECKOHEYHOCTH, TIOCKOABKY NPHPOZAHbIE OObEKTbI CaMONOAOOHbI
H OYeHb CAOKHbI Ha BCEX IIKAAAX H3MEPEHHI.

BeckoneunocTb, kak roBOpUT caMO 3TO CAOBO, HECKOHYaeMa M MOCTOSIHHO TPENO/AHO-
cut Ham cropripusbl. Uepes aBe Thicsum AeT mocae Toro, kak Apxumes paccautar 06beM
cpepnt, Credan Banax, Arvdpesn Tapckuii u HekoTOpBIE ApyTHE MaTEMaTHKH, GOABIIHH-
CTBO M3 KOTOPbIX MOSIBAAIOTCS B 3TOH KHHIeE, 3aCTaBHAH Iepe(OPMyAHPOBATb BCE IIO-
HATHS, CBA3aHHbIE C BbIYMCAEHHEM 06bEMOB, H Ja:Ke MOKa3aAH, YTO CyIECTBYIOT TPEX-
MepHbIe MaTeMaTH4eCKHe O6bEKTbI C HyAEBbIM 06beMoM (32 06bSICHEHHEM ITOTO ABAEHHS
onsTh cTouT HGeckoneunocTb ). DpakTaram cerosns MeHee NATHAECATH A€T, H KTO SHAET,
KaKHe elle CIOPNPU3bl OHU Ham npenoaHecyT? BosmozHo, Hac zeT mosiBAeHHe HOBbIX
TOHATHH, CBA3AHHbIX C U3yYeHHeM Mepbl U pasmepHocTH. Ho Mb1 He Mozxem Huyero npo-
THO3HPOBATD, MIOCKOAbKY 6ECKOHEYHOCTDb HelpeAckasyeMa H, K C4acTblo, OHa Bcerza 6y-

JeT 6p0C&Tb HaM HOBbI€ BbI3OBbI H CTaBHUTb I1€p€J] HaMH HOBbIE BOIIPOCDHI.
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