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Heckonbko 3ame4yaHuit BMECTO npeancnoBus

Knuea nanucana no mamepuaiam 3aHAMUL NPO2PAMMUDOEAHUEM CO
WKOALHUKAMU MAMEMATNULECKUT KAaccos wroavt N 57 2. Mockebt

u cmydenmamu maadwus xypcos (Mocroscruti 2ocydapemeenmviii
yrusepcumem, Hezasucumblli mockosckutl ynusepcumem, yHusepcumem
2. Uppsala, Hlseyus).

Knuea nanucamna 8 ybexrcdenus, wmo npopammuposanuve umeem ceot npedmem,
HE CB00AWULCA HU K KOHKDEMHbIM A3LIKAM U CUCTEMAM, HU K MEMOJam
NOCMPoerus ObICMPHIT AA20PUTIMOG.

Kmo-mo odnascdvl ckazan, wmo moxcno ybedums 8 npasuabHoCmy ai20Ppumma,
HO He 6 npasusbrocmy npoepammvl. Odna u3 yeael KHu2U — NONBIMAMLCA
NPOJEMORCMPUPOBAMb, UMO IMO HE MAK.

B npunyune, 603M0A#CHOCMb NPAKMULECKO20 UCTLOAHEHUA NPO2PAMM HE
ABAAEMCA HENDPEMEHHBIM YCAOBUEM UBYUEHUA NPO2PAMMUPOBaHUSA. OOHAKO OHa
ABAAEMCA CUALHETUWUM CTNUMYAOM — 0€3 MAK020 CIMUMYAL 6PA0 Al Y K020
TEAMUM UKMEPECA U TEPTLEHUL.

Buibpannviti #canp KHu2u no #eobTodumocmuy 0eparuuusaem eé
(MPORPAMMUPOBAHUEM 8 MAAOMS, OCTNABAAI 6 CMOPOHE HEOOLOJUMYI0 waACMb
NPOZPAMMUCTICKO20 00pa3068anus — pabomy no Mmodudurayus 604bWUL
npozpamm. Aemop npodoadrcaem meumamev 0 Ha6OPe YUEOHBIT NPOPAMMHBIL
CUCTNEM IMAAOHKOZ0 KAUECTNEA, JOCTYNHHIL 044 MOOUPUKAYUL WKOADHUKAMU.

Kancemesn, Xoap crxazaa, wmo acmemuueckas npesecms npo2pammbl — 3mMo He
APTUMERMYPHOE USAUULECTNEO0, G MO, UMO OMAUUGLEM 6 NPOSPAMMUP 06 AHUY
yener om weydavwu. Ecau, pewas 3adauu u3 amotli KHuu, wumamenb
NOUYBCMBYEM NPEAECTL TOPOULO HANUCAHHOY NPOPAMMBL, 6 KOMOPOT (HU
y6a6umb, HU NPUOABUMDbY, U COMHEHUL 68 NPALEUALHOCTU KOMOPOT KaAHNCYMCA
HEAENBIMU, O A8MOP 6YJem cuumams c6ot yeab docmuzhymot.

Xapaxmep ena6 paszauuen: 6 00HUT npedaaeaemcs Habop Maao CBA3GHHBIT IpYye
¢ dpyeom 3aday ¢ peweruAMUu, 8 JPY2UT NO CYWECMEY UBAA2ALTNCA
0dun-eduncmaeennvitl aszopumm. Tembl 2406 60 MHOLOM NEPECEKAOMCA, U Mbl
NPeInoUAY Koe-KaKue nosMmoperus PopmaibHblm CCHLAKAM.

Yposeno mpyornocmu 3aday u 24aa8 6ecoma pazauven. Movi cmapaauce
BKAOUUMb KAK NPOCMble 360U, KOMOPbIe MO2YM OblMb N0AE3HbL 044
HAYUHAIOWUT, MAK U MPYIrble 360a%U, KOMOPLLE MO2YM NOCAGIUMDb 6 AYHCY
cuabno2o wroaphura. (Xomov u pedko, no amo 6visaem noae3no.)



B xauecmee a3bika 044 3anuUCy npoepamm 0via 6v10par nackasy. On
d0CAMOYHO TPOCT U ECTMECTNBEH, UMEET, HENAOTUE Peaiu3ayut (Hanpumep,
cmapvie Komnuaamopwvt Turbo Pascal gupmvr Borland 6viau éviaoscenvt das
6€eCnaammno20 CKaUUBaARUA) U N0360ALET 3ANUCAMD DEUWEHUS 6CET
paccmampusaemolr 3a0ayu. Boamoncno, Modyaa-2 uau Obepon bviau 6vi 6oace
UBAUHBIM 8bI60POM, HO OHU meHee JOCTYNHbL.

IIpaxmuuecku 6ce 3a0auu U GAZOPUMMBL, PABYMEETNCA, HE ABAAIOMCA HOBLIMU.
(B nexomopuir pedKus CAyuaAT NPpusedenbl CCHIAKY Ha KOHKDPEMHYI KHU2Y Uil
KOHKPEMH020 ueaogera. CM. makice cCnucox knue 0ad 0asbHetdueeo Ymenus.)
Bmecme ¢ mem mbl HAOEEMCA, UINO 6 HEKOTMOPHIL CAYUAAL GAAZOPUTTLMbL

(u ocobenno doxazamenbcmea) usaoxHcenbl 6oaee KOPOMKO U OMUEMALBO.

Mo He MoAbKO U He COAbKO YUeOHUK 044 WKOADHUKG, CKOALKO CNPGBOUHUK
U 3000UNUK 048 NPENOIABAMER, 20MOBAULECOCA K 3AHAMUIN.

06 «a6mopcKuT NPasassr: NPaso GopmyIuPoeamd 3a0auy U 00 bACHAMDL €€
PeUeHUE ABAALMCA HEOMUYHIALEMBIM ECTNECTNBEHHBIM NPABOM BCAKO20, KMO HG
amo cnocoben. B coomeememeuu ¢ amum mexcm asasemcs c6060010
pacnpocmpansemvim. Adpeca aemopa: shen@mccme.ru, sasha.shen@gmail. com,
alexander.shen@lirmm.fr. Ckazannoe omuocumes K pYccromy mexcmy; éce
npasa Ha nepesodvt nepedanvt uzdamenbcmaey Springer.

IIpu nodzomosxe mexema ucnoav306a4acs (C60600H0 PACNPOCMPAHAEMASR)
sepcus WTEXa, skatouaowas cmuaesbie @atiavl, cocmasaenibie
C. M. JIvsoeckum (cm. £tp://ftp.mccme.ru/pub/tex/).

A pad cayuaro nobaazodapums 6CeT, ¢ KeM UMEA UECTL COMPYIHUUAMD, NPENO-
dasas npoepammuposanve, 0cobenno mez, kmo 6via «no Ipy2y cmopory 6appu-
Kadoly, G MAKNHCE BCET NPUCAABUUL MHE 3AMEUAHUA U UCTPABACHUS (CNEYUQIDb-
naa 6aazodaprnocmy — FO. B. Mamuacesuuy). Aemop 6aazodapum B. I[llysasosa
3a zaonombvl no eépcmre, a maksxce uzdameavbcmeo MITHMO. Baazodapio max-
sce Inemumym npobaem nepedavuy ungopmayuy PAH, Amepurancroe mamema-
muueckoe obwecmeo (Poud nomowu 6viswemy CCCP), gond Copoca, ynusep-
cumem 2. Bopdo, gond «Kysvmypnas unuyuamusar, gondvr STINT (Meeyus),
CNRS (®panyus), Ecole Normale (JTuon, @Ppanyusa), LIF (Mapceavr, Ppanyus),
LIRMM (Mownneave, Ppanyus), ynusepcumem 2. Ynncasa (Mleeyus), aeenm-
cmeo ANR (epawm RaCAF, ANR-15-CE40-0016-01), Poccutickuti gond dymnda-
menmaavhbir uccaedosanut, (epawmer 02-01-22001 HIIHHa, 03-01-00475 u dpy-
2ue), a maxace Cosem noddepicru nayunvlir wroa npu IIpesudenme PP (epanm
HIII-858.2008.1) 3a noddepacky. Bmecme ¢ mem codeprcanue Knuau omparcaem
MOUKY 3PEHUA AB8MOPA, 36 OWUOKY KOMOPO20 YKA3AHHbIE 0P2AHUZAUUL U AUYG
omeemcmeennocmu e wecym (u naobopom).
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1. NEPEMEHHDBIE,
BEIPAXKEHUA,
[MPUCBANBAHUA

1.1. 3apgauun 6e3 maccusos

1.1.1. [Jauer aBe neasle nepemenuse a, b. CocraBbTe QparMeHT mpo-
I'PaMMBbI, ITIOCJTE UCIIOJTHEHUA KOTOPOI'O 3HAYEHUA NEPEMEHHBIX ITOMEHAINCH
Obl MecTamMu (HOBOE 3HAUEHME a PABHO CTAPOMY 3HAYEHUIO b 1 HA060DOT).

Pemenne. Beeném qomoaHuTeabHYIO HEAYIO IEPEMEHHYTO t.

t = a;
a := b;
b :=t; O

ITonwiTka o6ouTUCE 6€3 TONOJHUTENLHOU IePEMEHHON, HAINCAB

a := b;
b := a;

He TIPUBOJUT K e (6e3BO3BPATHO YTPAIMBAETCS HAYATHLHOE 3HAUEHNUE TIe-
DEMEHHOH a).

1.1.2. PemwuTe mpegbIayIIyio 3a[ady, HE UCHOIL3YSA TOMOTHUTEIBLHBIX
MIEPEMEHHBIX (M MPEATONaras, 9TO 3HAYCHUAME LEIbIX E€PEMEHHBIX MOy T
OLITH IPOU3BOJILHEIE LIEIbIE TUCIA).

Pemrenne. Haxanbuble 3Ha4Menusa a u b o6o3uaavuM a0, bo.

a:=a+b; {a=a0+ b0, b=>b0}
a-b; {a=a0+ b0, b =a0}
a - b; {a =b0, b =al} O

p o
o
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1.1.3. [Taso mesoe 4mcao a u HATypaibHOE (LIEJ0€ HEOTPULATEALHOE)
“ucao n. Beraucnure a. [[pyrumu cioBaMu, HEOOGXOIMMO COCTABUTE TPO-
rpaMMy, IpY UCIOJTHEHUN KOTOPOU 3HAYMEHNUs IIEPEMEHHEBIX a U N He MEHSIOT-
Cs1, & 3HAYEHNE HEKOTOPOU APYTOU IePeMeHHOU (Hampumep, b) cTaHOBUTC
pasubM at. (IIpu 5TOM pa3pemaeTes UCHOIb30BATE U APYTUE IepeMeHHEIE. )

Pemenue. BrenéMm 1ienyio nmepeMenuyio k, kotopas MeHseTcsa oT 0 10 n,
TpUYIEéM O AEPKUBACTCA TAKOE CBOUCTBO: b = ak).

k :=0; b :=1;

{b = a B cTenenz k}
while k <> n do begin
k :=k +1;
b :=b *x aj;
end; O

[pyroe pelrenne TOU Xke 3a1a9M:

k :=n; b :=1;
{a B ctenmeru n = b * (a B crenenz k)}
while k <> 0 do begin

k :=k - 1;
b :=b * a;
end;

1.1.4. PemwnTe mpeauigyIiiyio 3amady, €cad TPeOyeTcs, ITOOBI HUCJIO0
[OEACTBUN (BBIIOIHAEMBIX OIEPATOPOB IIPUCBAMBAHUA) OBLIO IOpsgka logn
(To ects e npesocxoauio 6t C'log n nuis nekoropou koucranTsl C; logn —
DTO CTEMEHb, B KOTOPYIO HYXKHO BO3BECTU 2, YTOOLI MIOIYIUATH 1).

Pemenne. BuecéM HEKOTOpHIE M3MEHEHUSI BO BTOPOE U3 IPEIT0KEHHBIX
PeIIeHnH IPeqLIIYIIen 3a,1au:

k :=n; b :=1; c:=a;

{a B ctemeru n = b * (c B crenenx k)}
while k <> 0 do begin

if k mod 2 = 0 then begin

k:= k div 2;
Cc:= c*c;

end else begin
k :=k - 1;
b :=b * c;
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Kax e BTOpon pas (He pexe) OyAeT BHIIOJHATHCA TEPBHIU BAPUAHT
omepaTopa BbIOOpa (ecau k HEIETHO, TO MOC/HE BLIYATAHUA €IUHUALBI CTa-
HOBUTCA Y6THBIM), TAK 9TO 3a ABa LUUKJIA BEIUIMHA K YMEHBIIAETCA MO
KpalHe:l Mepe BIBOE. d

1.1.5. [Jamwbl HATypaTIbHBIE MUCIA &, b. Buraucante npousBenenue a - b,
HUCHOJB3YsA B IpOrpaMMe JIMIIb oIepanum +, —, =, <>,

Permrenne.
k :=0; c := 03

{unBapuanr: c = a * k}
while k <> b do begin

k :=k + 1;
c :=c + a;
end;
{c =a*xkuk=D>b, cregoBaTenbHO, C = a * b} O

1.1.6. [Januw HaTypaabHBEIE YHCIA a U b. Berauciure mx cymmy a + b.
Ucnonp3ynTe onepaTopsl IPUCBANBAHUS JUIIL BALA

(nepemennasl) := (mepemenHasn2),
(mepeMeHHas) : = (MUCIO),

(nepemennasnl) := (nepemennan?) + 1.

Perrenne.

{unBapuanT: ¢ = a + k}

O

1.1.7. [lano marypasbHOe (II€I0€ HEOTPULATENLHOE) UYMCJAO a U IeJ0e
TIOJIOKUTEJIBHOE InCao d. BBI‘H/ICJII/ITG YaCTHOE qu OCTaTOK ¥ IIpN OJEJICHUU a
Ha d, HE UCIOAL3Ys onepauuil div u mod.

Pemenue. Cormacuo onpegenennio, a=q-d+r, 0 <r<d.

{a >=0; d > 0}

r :=a; q := 0;

{unBapuanr: a = q *d + r, 0 <= r}
while not (r < d) do begin

{r >= 4}
r :=r - d; {r >= 0}
q :=q + 1;

end; O
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1.1.8. [dawxo HaTypanbHOe n, Beraucaure n! (0!=1,nl=n-(n—1)!). O

1.1.9. IlocregoBaTensHoCTh PuOOHAYTYIN ompefenseTca Tak: ag = O,
ay =1, ag =ag_q1 +ax-o npu k > 2. /[aHO n, BEIYUCIUTE an. (|

1.1.10. Ta xe 3agada, eciu TpebyeTcs, ITOOBI YUCIO OmEpanuil OBLIO
nponopuuoHaibHo logn. (Ilepemennbie JOKHBL OBITH LEIOIUCICHHBIMU. )

[Yxasanue. [lapa coceguux uucen PubGOHATIN TOLYIAETCA U3 IPEABIAY-
e YMHOXEHUEM HA MATPHUILY

— TakK 4YTO 3aJada CBOLUTCA K BO3BEIEHWIO MATPUILI B CTEIEHbL N. JTO
MOXHO caenarsb 3a C'logn geiicTBum TeMm Xe Cmoco00M, 49TO U IS YU-

cen.] O
1.1.11. [lano HATYpaJIbLHOE N, BEINUCINTE
1 1 1

a+ﬂ+...+a. O

1.1.12. To xe, eciu Tpebyercs, 9TOOB KOIXIECTBO OHepanuil (BBIIOJI-
HEHHBIX KOMAH[ IIPUCBauBaHus) ObLIo Obl nopsigka n (ue 6oaee Cn gus He-
KoTOpou KoHcTaHTH C).

Pemwenne. MuBapuant: sum = 1/1!+ ... 4+ 1/k!, last = 1/k! (BaxHO He
BBIMUC/SATE 3aHOBO KAXKABIU pa3 k!). O

1.1.13. [lamsl nBa HATYPAIbHBIX YMCIA a U b, HE PABHBIE HYJIO OIHO-
BpemerHo. Beranciaure HOL(a,b) — Hanboablmyl OOIUN IeJUTENb a 1 b.

Pemenune. BapuauT 1.

if a < b then begin

‘ k := a;

end else begin
‘ k :=b;

end;

{k = min (a,b)}

{unBapuanT: HuKakoe uucmo, 6ombuee k, He ABIAETCA
obmmM pemuTeneM (oHOo 6o0IBlle ONHOTO M3 YHMcel a,b)}
while not ((a mod k = 0) and (b mod k = 0)) do begin

‘ k :=k - 1;
end;
{k - obumy memuTens, GombBuMe - HeT}
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Bapuant 2 (amroputm Erkaumpa). Bymem cuwmrars, uro HOL(0,0)=0.
Torga HOI(a,b) = HOL(a-b,b) = HOL(a,b-a); HOQ(a,0) = HOO(0,a) = a
I BCex a,b > 0.

m := a; n := b;
{unBapuanr: HOQI (a,b) = HOOL (m,n); m,n >= 0 }
while not ((m=0) or (n=0)) do begin
if m >= n then begin
‘ m :=m - n;
end else begin
‘ n :=n - m;
end;
end;
{m = 0 wmm n = 0}
if m = 0 then begin

‘ k := n;

end else begin {n = 0}

‘ k := m;

end; O

1.1.14. Hanummre MoaupuurpOBaHHLIN BapuaHT aaropurMa EBkimaa,
ucnons3yromuu coorHormenus HOL(a,b) = HON(a mod b, b) mpu a > b,
HOO(a,b) = HOLI(a, b mod a) mpu b > a. O

1.1.15. [laumbl HATypaJbHEIE a U b, He paBHBE 0 OfHOBpeMeHHo. Hauaure
d = HOL(a,b) u Takue neasle x Uy, ¥rod=a-x+b-y.

Pemenne. [lo6aum B arroput™m EBkiamga mepeMmeHHBIE P, q, T, S U BIU-
IIeM B MHBAPHMAHT YCIOBUA m = p*a+q*b; n = r*xat+s*b.

m:=a; n:=b; p :=1; q :=0; r :=0; s :=1;
{unBapuanr: HOQI (a,b) = HOL (m,n); m,n >= 0
m = p*xa + q*b; n = r*xa + s*b.}
while not ((m=0) or (n=0)) do begin
if m >= n then begin
‘ m:=m-mn; p:=p-7r;q:=qg- S;
end else begin
‘ n:=n-mr:=r-p; s ::=s-(q;
end;
end;
if m = 0 then begin
‘ k :=n; x :=r; y :=s;
end else begin
‘ k :=m; x :=p; y :=q;
end; O
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1.1.16. PemmTe mpenbiayinyio 3amady, UCIOIL3YsA B aaroputme Epkin-
Ia IeJTeHme C OCTATKOM. U

1.1.17. (3. deukcrpa) Jobapum B anropur™ EBkiuga gonosHureasHbie
[IEPEMEHHEIE U, V, Z:

m :=a; n :=b; u:=b; v := a;
{unBapuanr: HOIL (a,b) = HOI (m,n); m,n >= 0 }
while not ((m=0) or (n=0)) do begin

if m >= n then begin

‘ m:=m-mn; v :=V + u;

end else begin

‘ n:=n-mu:=u+vV,;
end;

end;

if m = 0 then begin

‘ z:= v;

end else begin {n=0}

‘ z:= u;

end;

[oxaxwuTe, 9TO MOCIE UCIOJHEHUS AJCOPUTMA 3HAYUEHUE Z PABHO YIBOEH-
HOMY HaMMEHbIIEMY OOIIeMy KpaTHOMY 9ucen a, b: z =2 - HOK(a,b).

Pemrenue. 3amMeTuM, 9TO BeIMYMHA M- U + N - V HE MEHAETCA B XOJA€ BBI-
noaHeHus arropurMa. OcTaéres BOCIONB30BATHCA TEM, YTO BHAYAJIE OHA
paBHa 2ab u uro HOI(a,b) - HOK(a,b) = ab. O

1.1.18. Hanwmure BapuanT ajaropurma EBKIN A, KCIOAL3YIOMMUEA COOT-
HOIIIEHU
HOII(2a, 2b) = 2 - HOI(a, b),
HOL(2a,b) = HOL(a,b) npu HewéTHOM b,

HE BKIYAONINN TeJEHUsA ¢ OCTATKOM, 8 UCTIOAb3YIONIUY JUIIh TeJeHue Ha 2
u nposepky dérHocTu. (Yucio mercrBun ZO/KHO OBITH mopsaaka logk mas
UCXOAHBIX TAHHBIX, HE IPEBOCXOAAIIUX K.)

Pemrenne.

m:= a; n:=b; d:=1;
{HOL(a,b) = d * HOL(m,n)}
while not ((m=0) or (n=0)) do begin
if (m mod 2 = 0) and (n mod 2 = 0) then begin
‘ d:= d*2; m:= m div 2; n:= n div 2;
end else if (m mod 2 = 0) and (n mod 2 = 1) then begin
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‘ m:= m div 2;

end else if(m mod 2 = 1) and (n mod 2 = 0) then begin

‘ n:= n div 2;

end else if (m mod 2=1) and (n mod 2=1) and (m>=n) then begin

‘ m:= m-n;

end else if (m mod 2=1) and (n mod 2=1) and (m<=n) then begin
‘ n:= n-m;

end;

end;
{m=0 => orBeT=d*n; n=0 => oTBeT=d*m}

Ornenka 4ucia JeNCTBUN: KaXK J0€ BTOPOE JeUCTBUE JEIUT XOTA ObI OTHO U3
YHCeI M W N [OMOTIaM. U

1.1.19. /[lomoaHUTE aNMCOPUTM TPEILIAYINEH 331891 MOUCKOM X U Y, [JIA
KOTOpHIX ax + by = HOl(a, b).

Pewenme. (Uxesn coobwena [I. 3Bonxunniv.) [Ipexne Bcero sameruwm,
YTO OJJHOBPEMEHHOE NEJCHUE a U b IIONoIaM He MEHAET MCKOMBIX X 1 y. Ilo-
2TOMY MOXKHO CIMTATh, YTO C CAMOI'O HavaJa OJHO U3 IUCesl a 1 b HeIéTHO.
(910 CBOUCTBO GyIeT COXPAHATHLCA U JATee. )

Temepsb TOMBLITAEMCA, KAK ¥ PAHBIIE, XPAHATL TAKUE IUCIA P, d, T, S, ITO

m = ap + bq,

n = ar + bs.

I[Ipobaema B TOM, UTO TpHM AEJEHUU, CKaXeM, M Ha 2 HAAO PA3IeIUThH P
U q Ha 2, U OHU NEPECTAHYT ObITH LEJABIMU (8 CTAHYT ABOMIHO-DALMOHAID-
HbIME). [[BOMYHO-PAIMOHAIBLHOE YUCIO €CTECTBEHHO XPAHUTH B BUAE MAPHI
(qucauTenb, NOKA3aTeNb CTEIeHN ABOVKU B 3HaMeHaTeae). B urore Mul mo-
aydaeM d B BuJe KOMOMHAIIMU @ U b ¢ ABOMYHO-PALMOHAJIBHBIMEU KO>(pPu-
nneHTamu. UHBIMU CIOBaMU, MBI IMEEM

2id:ax—|—by

[IJIST HEKOTOPHBIX IEJNBIX X,y W HATypaabHOro i. Yro memarts, ecam i > 17
Ecau x u y 9éTHBI, TO Ha 2 MOXKHO COKPATUTL. Ecau 5TO He Tak, MOJI0XKEHTe
MOXKHO HCIPABUTE IPEOOPA3OBAHUEM

x:=x+Db,

yi=y—a

(om0 He MenseT ax + by). Yoequmcsa B 3ToM. HamoMHMM, 9TO MBI CIUTAEM,
9TO OfHO u3 4ncen a u b meuértHo. Ilycts »To Oyger a. Ecaum mpu sToMm
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y 9€THO, TO ¥ X [NOMKHO ObITH YETHBEIM (MHAYE ax + by OyIeT HEeIETHBIM).
A mpu HEYETHOM y BEIYUTAHUE U3 HETO HEIETHOTO a MeJaeT y I6THBIM. [

1.1.20. CocraBbTe mpOrpaMmy, MEYATAONIYI0 KBAAPATH BCEX HATY-
pauibHEIX wucesa oT 0 0O 3aaHHOIO HATYPAJILHOIO ..

Pemrenne.

k:=0;

writeln (k*k);

{unBapuanr: k<=n, HamevaTaHH Bce
KBaZpaTH LO k BKIOYMTENIBHO}

while not (k=n) do begin

k:=k+1;
writeln (k*k);
end; O

1.1.21. Ta xe 3ajgada, HO pa3peNUIAETCA UCIOIb30BATEL U3 APUPMETHIE-
CKUX OIIEPALAYU JIUIIL CJIOXKEHUE ¥ BBIYUTAHUE, IPUIEM O0IIee 49ucio Jeu-
CTBUU JOMKHO OLITH TTOPAIKA N.

Pemrenue. Beeném nepemennyio k_square (square — KBaJpaT), CBA3AH-
HyI0 ¢ k cooTHOmenneM k_square = k?:
k := 0; k_square := 0;
writeln (k_square);
while not (k = n) do begin

k :=k + 1;
{k_square = (k-1) * (k-1) = kxk - 2*k + 1}
k_square := k_square + k + k - 1;
writeln (k_square);
end; O

3amedanue. M0xHO 060UTUCH O€3 BEIYATAHUAA C IIOMOIIBLIO0 TAKOU XUT-
pocTu:

while not (k = n) do begin

k_square := k_square + k;
{k_square = kxk + k}
k :=k +1;
{k_square = (k-1)*(k-1)+(k-1)=k*k-k}
k_square := k_square + k;
end;

1.1.22. CocraBbTe IpOrpamMmy, MEYATAIOMIYIO PABIOKEHNE HA, TPOCTHIE
MHOXUTENN 33 IaHHOI0 HATYPAJBHOIO Yucaa n > 0 (,qpyFI/IMI/I CIOBaMU, Tpe-
6yeTCf[ nevaTaTh TONBKO IIPOCTHIC YHUCTIa W MPOU3BEICHUE HaIl€IaTaHHBIX
qucea JOMKHO OBITH PABHO N eciu n = 1, MeYaTaTh HUIero He Ha,qo).
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Pemenne. BapuauT 1.

k :=n;

{uHBapuaHT: mpousBemeHMe HaledaTaHHHX 4MCENl M Kk paBHO
I, HaledYaTaHH TONBKO IPOCTHE YHUCIat

while not (k = 1) do begin

1 :=2;

{unBapuanT: k He mMeeT memuTeney B muTepBame (1,1)}

while k mod 1 <> 0 do begin

| 1:=1+1;

end;

{1 - mauMenpmM¥ memuTens k, Gompumu 1, cIeZoBaTemBHO,
mpocTou}

writeln (1);

k:=k div 1;

end;

BapuauT 2.

k :=mn; 1 :=2;

{npoussemenne k ¥ HameYaTaHHHX 4YUCENl PaBHO N; HaledYaTaHHHE
qMCIa IPOCTH; Kk He MMeeT HemuTenel, MeHbumx 1}

while not (k = 1) do begin

if k mod 1 = 0 then begin

{k memmTca Ha 1 m He WMeeT IemuTeIeH,
MeHBUMX 1, 3Ha4yuT, 1 mpocTol}

k := k div 1;

writeln (1);

end else begin

{ k "e memurca Ha 1 }

1 := 1+1;

end;

end; O

1.1.23. CocraBbTe TpOrpaMmy PENIeHUs NPEIbLIYIIEN 3a,1a91, UCIOdb-
3YIOLIYI0 TOT (haKT, ITO COCTABHOE HUUCJIO UMEET NeIUTeNb, He IPEBOCXO-
AU KBAIPATHOTO KOPHA U3 DTOT0 IUCJIA.

Pemenne. Bo BTOpOM BapuanTe pemreHns BMecTO 1:=1+1 MOXKHO HaNu-
caTb

if 1*1 > k then begin

‘ 1:=k;
end else begin
| 1:=141;

end; O
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1.1.24. IIpoBepbTe, ABAAETCA JU 3aTaHHOE HATypaJbHOE YUCIO n > 1
IIPOCTHIM. U

1.1.25. ([na 3HaKOMBIX € ocHOBaMu aire6pnl) [aHo mejoe rayccoBo
qucio n + mi (mpuHaniexamee Z[i).

(a) IIpoBepbTe, ABIAETCA U OHO IPOCTEIM (B Z[i]).

(6) Haneuaranre ero pasioxenue Ha npocTeie (B Z[i]) MEO)uTemm. [

1.1.26. Paspemwum mpumeHATH KOMAaHILI write (i) Jums mpu i = 0,1,
2,...,9. CocraBbTe MPOrpaMMy, MEIATAOILYIO JECATUUHYIO 3ANNUCH 331aH-
HOro HaTypaabHOro Yucaa n > 0. (Caydan n = 0 ABMICA GBI HEKOTOPBIM UC-
KJIOYEeHNeM, TaK KaK OOBIYHO HyJW B HA4YAJIe UUCIA HE NMeYaTaloTCA, & LA
n =0 — meJaTarnTCs.)

Pemrenne.

base:=1;
{base - cremens 10, He mpeBocxopamas n}
while 10 * base <= n do begin
‘ base:= base * 10;
end;
{base - mMakcumMambHaa cTenenp 10, He NpeBoCXOoAAmad n}
k:=n;
{uHBapuanT: ocTamoch HamedaTaTh K C TeM Xe UHUCIIOM
3HAaKOB, 4TO B base; base = 100..00}
while base <> 1 do begin
write(k div base);
k:= k mod base;
base:= base div 10;
end;
{base=1; ocTamockr HameyaTaTb OJHO3HAYHOE YUCIO K}
write(k); O

Tunuunas ommoKa MPU PEIIEHNN STON 3aJa91: HEMTPABUILHO 00pabaThI-
BAIOTCA YUCIA C HYJJIME ocepenuue. [IpuBeqéHHBIN HBAPUAHT TOMYCKAET
caydan, KOrga k < base; B 5TOM CIydae MedaTaHWe k HAYMHACTCA CO CTap-
[IIX HYJEH.

1.1.27. To ke camoe, HO HAAO HATIEYATATH AECATUIHYIO 3aNUChL B 00paT-
HoM mopsazake. ([lna n= 173 Hago HamedaraTs 371.)

Pemenne.

k:= n;
{unBapuanT: ocTamockr HameYaTaTb kK B 06paTHOM IHOpALKe}
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while k <> 0 do begin
write (k mod 10);
k:= k div 10;
end; O

1.1.28. [Tamo marypaabaoe n. [logcunTanTe KOJUIECTBO pPELICHUN He-
paBeHCTBa X2 + y2 < N B HATYPAIBHEIX (HEOTPUIIATEIBHEIX IETBIX) TACIAX,
HE UCIIOJB3YsA AEUCTBUU C BENIECTBEHHBIMU THCJAAMU.

Perrenne.

k :=0; s := 03

{uHBapuaHT: S = KONIWMYECTBO pEelleHWH HepaBEHCTBA
x*x + y*¥y < n c x < k}

while k*¥k < n do begin

{t = umcmo pemenuy HepaBeHCTBa k*k + y*y < n
c y>=0 (mpm gmammom k) }

k :=k + 1;
s = s + t;
end;
{k*k >= n, mo>ToMy S = KOIMYECTBO BCeX pelleHuH
HepaBeHCTBa}
31ech ... — MOKa elé He HAMUCAHHBIA KYCOK MPOTPAMMEI, KOTOPHINA

OyaeT TakuM:

1 :=0; t :=0;

{unBapuanT: t = wMCIO pemeHUH
HepaBeHCTBa k*¥k + y*y < n c 0<=y<l }

while kxk + 1*1 < n do begin

1 :=1+ 1;
t =t + 1;
end;
{k*k + 1%1 >= n, modToMy t = w€mcmo
BCeX pelleHMI HepaBeHCTBa k*k + y*y < n} g

1.1.29. Ta xe 3a1a4a, HO KOJIMIECTBO ONEPAIUI JOJKHO OLITEH TOPA LKA
/1. (B mpeaeraymem pemennn, Kak MOXKHO HOACIATATE, TOPALKA I ONEPa-
uu.)

Pewenne. Hac unTepecyroT ToUku peméTku (C HeIBIMU KOODIUHATA-
MW) B TIEPBOM KBAJpaHTE, MOMAJAIONMEe BHYTPh KPyra panmyca /n. Un-
Tepecylouee HaC MHOXKECTBO (Ha30BEM ero X) COCTOUT U3 OOBEAUHEHUs
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BEPTUKATLHEIX CTOJOIOB YOLIBAOIIEN BHICOTHI.

Wpes pemmenus cocTouT B TOM, YTOOBI (IBUIATHCA BIOJIL €r'0 I'DAHULED,
CIIyCKasCh II0 BEPXHEMY €ro KPak, KaK 1o JecTHuue. KoopanHaTH ABIXKY-
mencs To9ku 06o3uadum <k,1>. Breném emé oguy nepeMennyio s u Oyjaem
IO IePKUBATH UCTUHHOCTH TAKOTO YCJIOBUS:

<k,1> HaxoaUTCA Cpa3y HaJ k-M CTOIOIOM;
S — YHUCIO TOYEK B IPEIBIAVIINX CTOJIOIAX.

DdopmanbHO:

e 1 — MHMHEUMAJbHOE cpean Tex 1 > 0, mid KOTOpeIX <k,1> He mpuHaI-
aexuT X;

® S — UNCJIO Iap HATYyPAJIbHBIX X, ¥, A1A KOTOPHIX X < k u <x,y> Opu-
HaaaexutT X.

O6o3nauuMm stu ycaosus depes (1).

k :=0; 1 := 0;

while <0,1> nmpumammexut X do begin

‘ 1:=1+1;

end;

{k = 0, 1 - munHuUManeHOe cpemu Tex 1 >= 0,
nna koTtopux <k,1> He mpunammexuT X}

s := 0;

{unBapuanr: N}

while not (1 = 0) do begin

s :=s + 1;
{s - 4Mcmo Toder B cTombuax Lo K-ro BKINYUTEIHHOY}
k :=k +1;

{Touka <k,1> mexur BHe X, HO, BO3MOXHO, €& Halo CIEBUHYTH
BHM3, YTOGH BOCCTaHOBUTH M}

while (1 <> 0) and (<k, 1-1> He npuuammexuT X) do begin

| 1:=1-1;

end;

end;

{#, 1 = 0, mosToMy k-t crombem ¥ BCe cIefyllMe IyCTH, a

S paBHO MCKOMOMY 4MCIY}
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OueHka ¥ImCna MeMCTBAN OUEBUIHA: CHAYANA MBI JBIKEMCA BBEPX HE 60iee
9eM Ha /I MAroB, & 34TEM BHU3 U BIPABO — B KAXKAYIO CTOPOHY He 6o/ee
9eM Ha /I Iaros. O

1.1.30. [lamsr HaTypasbHble uncia n u k, n > 1. Haneuaraure k gecs-
TUYHBIX 3HAKOB umcia 1/n. (Ilpy HaIMYMU ABYX ZECATUYHBIX PA3JIOXKEHUN
BLIOMPAETCA TO U3 HUX, KOTOPOE HE COAEPKUT AEBATKHA B mepuope.) Ipo-
rpaMMa JOJKHA UCIOIB30BATH TOIBKO IIeJbIE [I€DEMEHHEIE.

Pemenwve. CaBUHYB B IeCATUIHON 3aMUCH YUCIa 1/n 3anaTyo Ha kK MeCT
BIIPABO, MOIYIUM UUCJIO 10K /n. HaMm Hago HamevaTaTh €ro Henyio 9acTh,
TO €CTh pPa3IeJuTh 10K ma n maneno. CTangapTHEIX COCOO TpedyeT uc-
TMOJB30BAHUA OOJBINNX MO BEJUIUHE HUUCET, KOTOPbIE MOLYT BBIUTH 34
IPaHUULI UANA30HA OPEACTABUMBIX uucen. [losToMy MBI cremaem wmHAYe
(crenys OOBIMHOMY METOLY «IEJEHUs yIOIKOM») U OyAeM XPaHUTH «OCTa-
TOK» I:

1 :=0; r :=1;
{uHB.: Hamewarawmo 1 paspagmoB 1/n, ocTamock HamedYaTaThb
k - 1 paspamoB npobu r/mn}

while 1 <> k do begin

write ( (10 * r) div n);

r (10 * r) mod n;

1:=1+1;
end; O

1.1.31. [lamo marypanbHoe uucio n > 1. Onpenenure FIvHY Tepuoga
[OeCATUIHON 3amucu apobu 1/n.

Pemenne. [lepuoa npobu paBeH mepuogy B MOCIEIOBATEILHOCTU OCTAT-
KOB ([IOKaXWUTe 3TO; B YACTHOCTH, HAI0 HOKA3ATh, YTO OH HE MOXKET OBITh
menbine). Kpome Toro, B 3TOI IOCIE0BATEABLHOCTH BCE [IEPUOUIECKH 110
BTODAOIIKXECS WIEHBl PA3JIUYHBL, & IPEIIepPuo] UMeeT NIuHy He Oosee 1.
IMosTomy goctarouno HauTu (n + 1)-U WIEH TOCIEIOBATEILHOCTH OCTAT-
KOB U 3aT€M MUHUMAIbHOE k, mpu KOTOpoM (n + 1 + k)-i1 wieH coBmagaeT
¢ (n+1)-Mm.

1 :=0; r :=1;

{unBapuanT: r/n = pesymbrar orbpachBaHuA 1 3HakKoB B 1/n}
while 1 <> n+1 do begin

(10 * r) mod n;

1+ 1;

= R
.I'I 1]
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{c = (n+1)-u} 4YIeH TOCIeLOBATENTBLHOCTH OCTATKOB}
r := (10 * r) mod n;
k = 1;

{r = (n+k+1)-Hif YIeH NOCIeLOBATEILHOCTH OCTATKOB}
while r <> c do begin

r := (10 * r) mod n;
k :=k + 1;
end; O

1.1.32. (Coobumn }O.B.Maruacesnd) [Jana dyskuwms f:{1...N} —
— {1...N}. Hamgure nepuon nocaegosaremsrocTu 1,f(1),f(£(1)),...
KonuuecTBO nercTBUU HOMKHO OBITH MPOMOPIMOHAIBHO CYMMAPHOU [IJIU-
He Tpenepuoia u mepuoga (3Ta CyMMa MOXKET OBITh CYIIECTBEHHO MEHb-
e N).

Pemrenne. Ecim 0T6pOCHTH HAYMANTBHBIN KYCOK, TIOCIEI0BATEILHOCTE TIE-
PUOIUYHA, IPUIEM BCE WIEHBI MEPUOIA PABIUIHHI.

{06o3mauenne: f[n,11=f(£(...£(1)...)) (n pa3)}

k:=1; a:=f(1); b:=£(£(1));

{a=f[k,1]; b=f[2k,1]}

while a <> b do begin

‘ k:=k+1; a:=f(a); b:=f(f(b));

end;

{a=f[k,1]1=f[2k,1]; f[k,1] BXOomUT B mEepHOZUYECKYHL HACTB}
1:=1; b:=f(a);

{b=f[k+1,1]; f[k,1],...,f[k+1-1,1] pasmuunmu}

while a <> b do begin

| 1:=1+1; b:=£(b);

end;

{nepuon paBem 1} Il

1.1.33. (2. deukcrpa) Pynxuus f ¢ HATypaAIBHBIMU APIYMEHTAMU U
3HaveHusaMu onpegenena rtak: £(0) =0, £(1) =1, £(2n) = f(n), £(2n+ 1) =
= f(n) + f(n 4+ 1). CocraBbTe mporpamMmy BeIUuCIeHUs f(n) MO 3aIaHHO-
My n, TpeOylIyo nopaika logn omepanuil.

Pemrenne.

k :=n; a :=1; b := 0;
{unBapuanr: 0 <=k, f (n) = a * £(k) + b *x £ (k+1)}
while k <> 0 do begin

if k mod 2 = 0 then begin

‘ 1l :=k div 2;
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{k=21, f(k)=£f(1), f(k+1) =
f (n) = a*xf(k) + bxf(k+1)
a :=a+b; k :=1;

end else begin

1l := k div 2;

{k =21 + 1, £(k) = £(1) + £(1+1),

f(k+1) = £(21+2) = £(1+1),

f(n) = a*f(k) + bxf(k+1l) = a*f(l) + (a+b)*f(1+1)}

b :=a+ b; k :=1;

end;

end;

{k =0, f(n) = a * £(0) + b * £(1) = b, 4To ¥ Tpebomamocnr} O

£(21+1) = £(1) + f£(1+1),
= (a+b)*f(1) + bxf(1+1)}

1.1.34. To e, ecn £(0) = 13, £(1) = 17, £(2) = 20, £(3) = 30, £(2n) =
=43f(n)+57f(n+1), f(2n+1)=91f(n) + 179f(n+ 1) npun > 2.

[Ykazauue. XpanuTe koo QUIMEHTH B BrIpaxkenuu f(n) depes Tpu co-
CeIHUX JUCTA.| O

1.1.35. [lanbr HaTypasbHbIEe 9MCIa a 1 b, npuaéMm b > 0. Hanaure gact-
HOE€ W OCTATOK IIPU [AEJEHUU a Ha b, ONepupys JIUINb C EeJLIMU IUCIAMU
¥ He UCHONb3ysA onepanuu div um mod, 3a UCKIIOYEHUEM NeJeHus Ha 2 9€T-
HBIX 9HCENT; YUCIO MAroB He NOKHO mpesocxoautsh Cqlog(a/b) + Cy mus
HeKOTOpHIX KoHcTaHT C1, Cs.

Pertenne.

bl := b;

while bl <= a do begin

| b1 := b1 * 2;

end;

{bl > a, bl = b * (HekoTopasa cTemeHb 2)}

q:=0; r:=a;

{uHBapmauT: q, r - YacTHoe M OCTaTOK IIpM LeleHMX a Ha bl,

bl = b * (HekoTopas cTemeHb 2)}

while bl <> b do begin
bl := bl div 2 ; q := q * 2;
{a=bl*xq+r, 0O<&r, r <2 * bl}
if r >= bl then begin

r :=r - bl;
q :=q + 1;
end;

end;
{q, r - 4acTHoe ¥ ocTaTok mpu HeneHUH a Ha b} O
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1.2. Maccusbl

B caenyromux 3amavax nepeMeHHBIE X, Y, Z TPEIIONaraloTCsa OMUCAHHEI-
mu Kak array[1..n] of integer (rme n — HEKOTOpOE HATYDPAJIBHOE TUCJIO,
6ouabiee 0), eCIu UHOE He OrOBOPEHO SBHO.

1.2.1. 3anosnure Maccus x Hy1AMu. (DTO O3HAYAET, ITO HYKHO COCTA-
BUTH (PPArMEHT NPOrPAMMEL, IOCJE BHIIOJHEHUs KOTOPOI'O BCE 3HAYEHU
x[1]. .x[n] paBHAMUCL OBI HYJIIO, HE3ABUCAMO OT HAYAJIBLHOI'O 3HAYMEHUS IIe-
DPEMEHHON X.)

Pemrenne.

i := 0;
{unBapmanr: mepeme i 3mavemmy x[1]..x[i] pammm O}
while i <> n do begin

i::=1+ 1;
{x[1]..x[i-1] = 0}
x[i] := 0;
end; O

1.2.2. Topacuuranre koamaecTso Hyaen B Mmaccuse x. (CocraBbre dpar-
MEHT IIPOrPAMMBbl, HE MEHAOIMY 3HAMEHNA X, TOC/IE UCIIOJIHEHIA KOTOPOIrO
3HAYEHNE HEKOTOPOU IIEIOU TIEPEMEHHON K PABHATOCH OBI YUCTY HYJIE CPeIn
KOMIIOHEHT MAaCCHUBA X.)

Pemrenne.

{unBapuanT: k = wucnmo mymeu cpemm x[1]..x[i] }

O

1.2.3. He ucnosb3ysa onepaTopa NPUCBAUBAHUA [ MACCUBOB, COCTABb-
Te PpPArMeHT MPOrPAMMEI, SKBUBAJIEHTHBIU OIEPATOPY X : =Y.

Pemenmne.

i:=0;
{unBapuanT: 3HavYeHwe y He maMeHunock, x[1l]=y[1l] mpm 1<=i}
while i <> n do begin

i=1i+1;
x[i] := y[il;
end; O

1.2.4. Haumgure makcumym u3 x[1]..x[n].
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Permrenme.

i :=1; max := x[1];
{unBapuanT: max = makcmmym um3 x[1]..x[i]l}
while i <> n do begin
i=1+ 1;
{max = makcumym w3 x[1]..x[i-1]1}
if x[i] > max then begin
‘ max := x[i];
end;
end; O]

1.2.5. [Maum maccuB x: array[l..n] of integer, npuuém u3BECTHO, UTO
x[1] <x[2] <€... < x[n]. Hangure KOMMIeCTBO PAa3IUYHLIX YUCET CPEIN
3JIEMEHTOB DTOI'0 MACCHUBA.

Pemenue. Bapuaut 1.

i::=1; k :=1;
{unBapuanr: k - xommuecTBo pasmwynmx cpezu x[1]..x[i]}
while i <> n do begin

i=1i+1;
if x[i] <> x[i-1] then begin
‘ k :=k + 1;
end;
end;

BapuanTt 2. Uckomoe umciao Ha 1 60JbINE KOAXIECTBA, TEX YUCET 1 U3
1..n-1, g koropex x[i] me paBuo x[i+1].

k :=1;
for i := 1 to n-1 do begin
if x[i]<> x[i+1] then begin
| k :=k + 1;
end;
end; [l

1.2.6. [lam maccus x: array[l..n] of integer. Hamaure xonuaecTBo
PA3JIMYIHBIX YUCEI CPEIN DIEMEHTOB >TOro MaccuBa. (Hucao nencTsunt 1ou-
KHO OBITH TIOpAIKA n2.) O

1.2.7. Ta xe 3agada, eciu TpeOyeTcsa, YTOOLI KOIUIECTBO ACUCTBUU
ObLIO TOPsAAKa n logn.

[Ykazauue. Cm. ruasy 4 (Copruposka).| O
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1.2.8. Ta xe 3ajgada, €CaIu W3BECTHO, UTO BCE DIEMEHTHI MAaCCUBA —
quceaa OT 1 10 k ¥ 9uca0 QeUCTBUM NOKHO OBITH TMOPAAKA n + k. U

1.2.9. (Coo6mma A.JI. Bpyauo) IIpaMoyronbHoe mose m X n pa3buTo Ha
mn KBaJAPATHLIX KIETOK. HEeKOTOpEIE KIETKW MOKPAIIEHBE B YEPHBIA IIBET.
N3BecTHO, 9TO BCE YEpPHBIE KJAETKU MOTYT OLITH Pa30WTHI HA HECKOJIBKO
HEMepeCeKAIIMXCA U He UMEIOUMX OOMMX BEpIINH I¢PHBIX TPAMOYTO/b-
HukOB. CYUnTAas, YTO NBETA KJICTOK NAHLI B BUE MACCABA THIIA

array [1..m] of array [1..n] of boolean;

MOACIUTANTE YUCJAO IEPHBIX MPAMOYTOILHUKOB, O KOTOPHIX IILTa, PEUb. u-
CJIO TEUCTBUU JOJKHO OLITH MOPAIKA, M.

Pemenue. Yucao npsaMOyrOILHUKOB PABHO HUCAY WX JEBBIX BEPXHUX
yrioB. flBageTcsa au kmeTKa BEPXHUM YIVIOM, MOXKHO Y3HATH, IIOCMOTPEB
Ha eé uBeT, a Takke UBeT BepxHero u aesoro cocexeu. (He 3abyabre, uro
UX MOXET He OBITH, e/l KJIETKA C KPAIo.) (]

1.2.10. [laum maccus x[1]..x[n] mensix wumcea. He mcmoawsys apyrux
MACCUBOB, MEPECTABLTE DJIEMEHTHI MACCUBA B OOPATHOM MOPsAIKE.

Pemtenne. Onements! x[i] u x[n+1-1i] HyXHO NOMEHATH MeCTaMU I/
BCeX i, mma xOoTopeix i<n+1—1, Toecth 2i<n+1 & 2i<n&
&ign div 2:

for i := 1 to n div 2 do begin
‘ ...IOMeHATh MecTaM x[i] u x[n+1-i];
end; O

1.2.11. (U3 xuwuru [I.Tpuca) Jan maccus nenbix gucen x[1]. .x[m+n],
paccMaTpUBaEMbIN KaK COEIMHEHNE IBYX €r0 OTPE3KOB: Hadauaa x [1] . .x[m]
aauebl m 1 KOHIA X [m+1] . .x[m+n] nauuer n. He ucnons3ys momossHunTens-
HBIX MACCUBOB, MEPECTABbTE HAYAI0 W KoHel. (Yucio nencTBuil mOpsika
m+n.)

Pemrenue. BapuanT 1. llepesepuém (pacmonoxum B 06paTHOM OPAIKE)
OTIEJBHO HAYATIO U KOHEIl MACCUBA, & 3aTEM IIEPEBEPHEM BeCh MACCHUB KAK
€IMHOE LIENI0E.

Bapuant 2. (A.T. Kymmnupenko) PaccmarpuBas MaccuB 3anucanubIM 110
KPYry, BUAUM, 9TO TpeOyeMoe IercTBue — IOBOPOT Kpyra. Kak m3secTHO,
MTOBOPOT €CTh KOMIIO3UIUA IBYX OCEBBIX CUMMETPUN.

BapuanT 3. PaccmoTpum 6Gomee oburyio 3agady — OOMEH ABYX yIacCT-
xoB maccuBa x[p+1]..x[q] m x[g+1]..x[r]. lIpeanonoxum, 9TO AIUHA
JeBoro ydacrka (HazoBém ero A) He Goublie AIMHBI HIPABOro (HA30BEM
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ero B). Boigenmuv B B Havaa0o TOU XKe IIUHLL, 9TO U A, Ha30BEM ero By,
a ocrarok By. (Tax uro B = By + Bs, eciu 0603Ha9aTh ILIHOCOM MPUIY-
CBIBAHWE MAaCCUBOB ApYr K apyry.) Ham mano us A + By + By mony4duTs
By + Bs + A. Menssa mectamu yuactku A u By — OHU UMEIOT OJMHAKOBYIO
IJIVHY, 1 CAEIATh DTO JErko, — mnoaydaeM By + A + Bs, u ocranock nome-
HATE MecTamu A u By. TeMm caMBIM MBI CBEIM €0 K MEPECTAHOBKE IBYX
OTPE3KOB MEHBINEN LIWHLL. MTak, mOIydaeM TaKyl CXeMy MpPOrPAMMEL:

p:=0;q:=m; r :=m+ n;

{unBapuanT: ocramocek mepecrtaBuTs x[p+l..ql, x[q+l..r]}
while (p <> q) and (q <> r) do begin

{o6a yuacTka HemycTh}

if (q - p) <= (r - q) then begin

. .mepectasuts x[p+1]..x[q]l u x[q+1]..x[q+(q-p)]
pnew := q; qnew := q + (q - p);

P := pnew; q := qnew;

end else begin

. .mepectaBuThk x[q-(r-q)+1]..x[q]l n x[g+1]..x[r]
gqnew :=q - (r - q); rnew := q;

q := gnew; r := rnew;

end;

end;

Ouenka BpeMeHr pabOTHL: Ha OYEPEIHOM IIare OCTABLUIMUCA I 00paboTKu
Y4aCTOK CTAHOBUTCS KOPOYe HA MIMHY A; YMC/I0 IeMCTBUN IPU 3TOM TAKKe
TIPOTIOPIIMOHATLHO HauHe A. O

1.2.12. KosddunuenTsr MEHOrOWIeHa JeXKaT B Maccupe a: array[0..n]
of integer (n — HATypaJIbHOE YUCIO, CTEIEHb MHOIOWIEHA). Borauciaure
3HAYEHNE >TOr0 MHOIOWIEHA B TOUKe X, TO ecTh a[n] x® + ... +a[1lx +
+aflo0].

Pewenwe. (OnucoiBaeMbill anropurM HasbBaeTcs cxemon [opuepa.)

k :=0; y := aln];

{unBapuanT: 0 <= k <= n,

y= alnl*(x B cremenu k)+...+a[n-1]1*(x B cTremenu k-1)+...+
+ a[n-k]*(x B cremenu 0)}

while k<>n do begin

k =k + 1;
y :=y * x + a [nk];
end; O

1.2.13. (/[lna sHaxoMBIX C OCHOBaMu aHaam3a; coobmmn A.I. Kyumn-
penxo) [lonosHuTre airopuT™M BHUUCACHUS 3HAYEHUS MHOMOWICHA B 33 1aH-
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HOU TO4YKe 1O cxeme ['OpHepa BBLIYMCJICHMEM 3HAYECHWS €0 IIPOU3BOJHOU
B TOH XK€ TOYKe.

Pemrenne. [Jo6asenne HOBOro KO3(D(OUIMEHTA COOTBETCTBYET HEPEXOLY
ot muorouwieHa P(z) k muorowreny xzP(z) 4+ c¢. Ero npoussognas B Tou-
ke z pasHa TP’ (z) + P(z). (910 pemenue 061a1aeT 320aBHBIM CBONCTBOM:
He HaJ0 3HATH 3apaHee CTENeHb MHOrOYIeHa. Ec/iu TpeGoBaTh BHINOTHEHNS
DTOrO YCIOBUA, A €I IPOCATH BEIYUCIATH TOIBKO 3HAYEHNE IIPOU3BO.-
HOU, HE YIOMUHAA O CAMOM MHOTOYJIEHE, IIOLYIAETCA He TAKAsd YK MPOCTAL
3a1a4a.) O

O6iee yTBepxeHNE O CIOKHOCTY BBIYUCIEHUs MTPOU3BOIHBIX TAKOBO:

1.2.14. (B.Bayp, ®.lrpaccen) Jana nporpaMmMa BBIYUCICHUA 3HAYE-
HUsI HEKOTOPOro Muorowiena P(zq,...,z,), cogepxamas TOIbKO KOMAH 1Bl
npucBamBanua. VIX mpaBble 9aCTH — BBIPAXKEHWA, COMEPKAIME CJIOKEHIUE,
YMHOXKEHIE, KOHCTAHTBI, IIEPEMEHHBIE L1, ..., L, U PAHEE BCTPEIABIIAECT
(B meBoU wacTu) nepemenusie. JoKaxkuTe, 9TO CYIECTBYET NPOrPAMMA, TO-
ro e TUIA, BEYUCIAILIAA BCe N NPOU3BOAHEX OP/0x1, ..., 0P/0x,, npu-
uéM obmee ducao apudMeTHIecKnx onepanuu e 6osree deMm B C' pas mpe-
BOCXOIUT IUCIO apr(pPMETUIECKUX OMEPAIMI B NCXOMHON Iporpamme. Kon-
cranTa C' HE 3aBUCUT OT Nn.

[Ykasamme. MOXHO CUMTATh, 9TO KaX1asg KOMAHJA — CJIOXKEHHE IBYX
YHCeN, YMHOXKEHNE IBYX YUCENI WIN YMHOXKEHNE HA KOHCTAHTY. Mcnonb3yn-
Te MHIYKIWIO IO YUCIy KOMaH[, IPUMEHAA WHIYKTUBHOE IIPEeNIOJOXKeHne
K IPOrpaMMe, HOJLYYaloUencs OTOPACEIBAHIEM IIEPBOH KOMAHIEL. | (]

1.2.15. B maccuBax a: arrayl[0..k] of integer ub: array[0..1] of
integer XxpaHATCA KO3(DPUUIAEHTH IBYX MHOI'OYICHOB cTeneren k u 1. ITo-
MecTuTe B MaccuB c: array[0..m] of integer konddpUUMEHTH UX HIPO-
um3penenus. (Yucaa k,1,m — HaTypaibHble, m = k + 1; 1eMeHT MaccuBa
C MHAEKCOM i COmepkUT KOI(DMUIUEHT IIPU CTEIEH! 1i.)

Pemrenne.

for i:=0 to m do begin
‘ c[i]:=0;
end;
for i:=0 to k do begin
for j:=0 to 1 do begin
‘ cli+jl := cl[i+j] + alil*b[jl;
end;
end; O



28 1. Ilepemenmnbie, 8bIpaRcenus, NPUCEAUBAHUSA

1.2.16. TIpemJoXKEeHHLIN BHIIIE AITOPUTM MEPEMHOKEHUSA MHOTOUJICHOB
TpebyeT mopAaKa n’ JeHCTBUI 11 IepeMHOKEHUA IBYX MHOTOWIEHOB CTe-
nenu n. llpugymante Gosee adpdexTuBHbIN (141 GONBIIAX 71) AITOPUTM,

KOTOPOMY AOCTATOYHO Hopsaaka ni°84/1083 rejicrpuir.

[Ykazanue. [IpeacraBum cebe, 9TO HAIO IEPEMHOKUTD JBA MHOT'OWIEHA
crenenu 2k. X MOXHO pencTaBUTL B BUIE

A(x)z* + B(z) =» C(z)z* + D(x).
IIpoussenenne ux paBHO
A(z)C(z) 2** + (A(z)D(x) + B(z)C(z)) z* + B(z)D(x).

Ecrecrsennniun cnoco6 Boraucaenus AC, AD + BC, BD TpebyeT 4eTh-
PEX YMHOXEHUU MHOTOWIEHOB CTEMEHU Kk, OJHAKO WX KOJUIECTBO MOXKHO
COKPATUTBL A0 TPEX C MOMOMIBI0 Takou xurpoctu: Beraucauts AC, BD
u (A+ B)(C + D), a sarem 3amerurs, uro AD + BC = (A+ B)(C + D) —
— AC — BD.] O

1.2.17. [auber gBa BO3pacramommx MaccuBa x: array[1..k] of integer
u y: array[l..1l] of integer. Hangure xoamdecTBO OOMIUX 3IEMEHTOB
B DTUX MacCHBaX, TO €CTh KOMMUYECTBO TeX LEIBIX t, M1 KOTOPHIX t =
=x[i] =y[j] mna mexoropwix i u j. (Hucno gercreun nopsaixa k + 1.)

Perrenne.

k1:=0; 11:=0; n:=0;

{unBapuanr: 0<=kl<=k; 0<=11<=1;

HMCKOMHM OTBEeT = N + KOIMIeCTBO obumx
snemernToB B x[k1+1]..x[k] u y[11+1]..y[1]}
while (k1 <> k) and (11 <> 1) do begin

if x[k1+1] < y[11+1] then begin
| k1 := k1 + 1;
end else if x[k1+1] > y[11+1] then begin
| 11 := 11 + 15
end else begin {x[k1+1] = y[11+1]1}
k1l := k1 + 1;
11 := 11 + 1;
n :=n + 1;
end;

end;
{kl = k wnr 11 = 1, mo>ToMy OFHO U3 MHOXECTB, YIOMAHYTHX
B MHBapMaHTe, IyCTO, a N PaBHO MCKOMOMY OTBETY} O
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3ameuanuwe. B TpeThen ambTepHATUBE NOCTATOYHO OBLIO OLI YBEIUYIU-
BaTh OAHY U3 nepeMeHHBIX k1, 11; BTOpas qobamieHa A1A CUMMETDUU.

1.2.18. Pemmre mpeabigyiiyio 3amgady, €CAd PO MACCUBBI U3BECTHO
aumb, 9o x[1] < ... < x[k] u y[1] <...<y[1] (Bospacranue 3amene-
HO HEyOLIBAHUEM).

Pemrenne. YcaoBue BO3pacTaHua ObLIO UCIONB30BAHO B TPETHEN aabTep-
HaTuBe BBIOOpa: cABMHYB k1 u 11 Ha 1, MBI TeM caMbIM yMeHbIAau Ha 1
KOJMYIeCcTBO o0mux djaeMeHToB B x [k1+1] ...x[k] mw x[11+1]...x[1]. Te-
[Iepb 3TO NPUAETCA NeIaTh CJIOXKHEE.

end else begin {x[k1+1] = y[11+1]}

t = x [ki+1];

while (k1<k) and (x[k1+1]=t) do begin

| k1 := k1 + 1;

end;

while (11<1) and (x[11+1]=t) do begin

| 11 := 11 + 13

end;

n:=n + 1;

end; O

3ameganue. JTa IPOrpaMMa UMeET AedeKT: IPU IPOBEPKE yCJIOBUSI
(k1<k) and (x[ki1+1]=t)

(unm BTOPOro, aHAJOTWYHOTO) IIPU JOXKHOK MEPBOU CKOOKE BTOPAsA OKaKeT-
¢ GECCMBICACHHOU (MHIEKC BHILAET 3a CPAHUILI MACCUBA) U BO3HUKHET
ommbka. Hexkoroprie Bepcun mackasus, BerIucasas A and B, cHavasa BbIYU-
casior A u npu goxuoM A He Beramcasior B. (Tak Begér cebs, Hanpumep,
cucrema Turbo Pascal Bepcun 5.0 — Ho e 3.0.) Torga onucannas omuoka
HE BO3HUKHET.

Ho ecim MBI He XOTUM MOJAraTHCA HA TAKOE CBOUCTBO MCHIOIB3YEMOU
HAMM Dealu3anuyu nackans (He mpegycMoTpenHoe ero asropoM H.Bup-
TOM), TO MOXHO MOCTYHOUTbH TakK. BBENEM IOMOJIHUTENLHYIO IIEDEMEHHYIO
b: boolean u Hanumem:

if k1 < k then b := (x[kl+1]=t) else b:=false;
{b = (ki<k) and (x[k1+1] = t)}
while b do begin

k1:=k1+1;

if k1 < k then b := (x[kl+1]=t) else b:=false;
end;
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MoxHo Takxe COoelaTh MHAYE:

end else begin {x[k1+1] = y[11+1]}

if k1 + 1 = k then begin

k1 := k1 + 1;

n:=n+ 1;

end else if x[k1+1] = x [k1+2] then begin
| k1 := k1 + 1;

end else begin

k1 := k1 + 1;

n :=n + 1;

end;
end;

Tak 6yzeT xkOopoUe, XOTA MeHee CUMMETPUIHO.
Hakonern, MOXHO yBeIn4nTh PasMep MACCUBA B €r'0 ONUCAHUY, BKIIOINB
B Her0 (UKTUBHEBIE DIEMEHTHI.

1.2.19. [lausr gBa HeyObIBAOIMX MaccuBa x: array[l..k] of integer
ny: array[l..1] of integer. Hanaure 4ncio pasandHbIX 51€MEHTOB Cpe-
om x[1],...,x[k],y[1],...,y[1]. (Hucno nencreum mopsagka k +1.) O

1.2.20. [amer gBa maccuBa x[1] < ... <x[k] my[1] <...<y[1]. «Co-
equauTey ux B MaccuB z[1] < ... < z[m] (m =k + 1; KaxK b1 DIEMEHT TO0JI-
JKeH BXOJWTH B MaCCHUB Z CTOJBKO pPa3, CKOJLKO Pa3 OH BXOAUT B 00IIEn
CJIOXKHOCTHU B MACCHUBHL X U y). UUCJIO ZEUCTBUU MOPSAIKA M.

Pemenme.

ki := 0; 11 := 0;

{unBapuanT: orBeT momyuurca, ecaum k z[1]..z[k1+1ll] mo6aBuTm
cmpaBa coepuHenume MaccuBoB x[ki+1]..x[k] = y[11+1]..y[1]1}

while (k1 <> k) or (11 <> 1) do begin

if k1 = k then begin
{11 < 1}
11 := 11 + 1;

z[k1+11] := y[11];

end else if 11 = 1 then begin

{k1 < k}

k1l := k1 + 1;

z[k1+11] := x[k1];

end else if x[k1+1] <= y[11+1] then begin
k1l := k1 + 1;

z[k1+11] := x[k1];

end else if x[k1+1] >= y[11+1] then begin
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11 := 11 + 1;
z[k1+11] := y[11];
end else begin
‘ { Taxoro me 6mmBaeT }
end;
end;
{k1 = k, 11 = 1, MaccuBH COeIUHEHH} O

ODTOT IPOLECC MOXKHO MOSICHUTE TaK. IlyCcTh y HAC €CTh qBE CTONKM Kap-
TOYeK, OTCOPTUPOBAHHEIX 110 aixdaBuTy. MbI coenunseM ux B OLHY CTOI-
Ky, BBIOMPAas KaX b Pa3 Ty U3 BEPXHUX KAPTOUEK 06€UX CTOIOK, KOTOPAas
UAET paHbBINE B aTpaBUTHOM MOpsAKe. Kcau B 0THOU CTOMKE KAPTOIKA KOH-
YUIUCH, GEPEM UX M3 APYTOU CTOIMKH.

1.2.21. [Manwb gBa maccuBa x[1] <... <x[k] mwy[1] <... < y[1]. Hau-
IUTE UX «rmepecedenues, To ecTb maccus z[1] < ... < z[m], cogepxammn nx
001Ire DIEMEHTHI, IPUIEM KPATHOCTH KAXK OO DIEMEHTa B MACCUBE Z PAB-
HAETCA MUHUMYMY U3 €r0 KPATHOCTEN B MACCUBAX X U y. UUCIO nencTBUn
nmopsAagka k + 1. [l

1.2.22. [laner gBa maccuBa x[1] < ... <x[k]l ny[1] <...<y[1] u un-
cao q. Hangure cymmy Buga x[i] + y[j], Haubosee Giam3Kyio K 4UCIy Q.
(Yucno gericrBun nopsagka k+1, NOMOJHUTEIbHAS NMAMATH — (QUKCAPOBAH-
HOE 9HCJI0 LEJIBIX IEPEMEHHBIX, CAMU MACCUBBL MEHATH HE DA3PEeIaeTCs. )

[Ykasanue. Hago HaUTH MMHMMAIBHOE DACCTOSHME MEXKIY SIEMEHTa-
vz x[1] <...<x[k] wq—yl[1l] <...<q—yl[1], 9T0o HEeTPYAHO creTATH
B XOJl€ UX CJAUsAHUS B OAUH (BOOOPa:KaeMBIN) MACCUB. | O

1.2.23. (U3 xuwrum [I.Tpuca) HekoTopoe 4UUCIO COAEPKUTCA B KaxkK-
IOM U3 TPEX LEeJOYMCIeHHBIX HeyObBarommx maccuBoB x[1] < ... < x[p],
y[1] <...<ylql, z[1] <... < z[r]. Haugure oguo u3 rakux uucer. du-
CJIO TEUCTBUM JOJKHO OBITH MOPSAIKA P + q + T.

Pemrenmne.

pl:=1; ql=1; ril:=1;

{uuBapuantr: x[p1]l..x[pl, ylq1l..ylql, z[r1]..z[r]
comepxaT o6uUMM >IEMEHT}

while not ((x[pll=y[ql1]) and (y[qll=z[r1])) do begin
if x[p1l<y[ql] then begin

‘ pl:=pl+i;
end else if y[qll<z[rl] then begin
‘ ql:=ql+1;

end else if z[r1]l<x[pl] then begin
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‘ rl:=ri+1;
end else begin
‘ { Tax He 6mBaeT }

end;
end;
{x[p1] = ylq1l = z[r1l}
writeln (x[p1l); O

1.2.24. Ta xe 3amada, TOJBKO 3apaHee HE M3BECTHO, CYIMIECTBYET JIU
OOIIUY DIEMEHT B TPEX HEYOBIBAIOIINX MACCUBAX U TPEOYETCA 3TO BHISACHUTH
(u HaUTH OAUH W3 OOIINX DIEMEHTOB, €C/IN OHU €CTh). O

1.2.25. OmemenTavu maccuBa all..n] ABAAIOTCA HEYOLIBAIOIINE MACCHU-
Bul [1..m] meawIx gmcen:

a: array [1..n] of array [1..m] of integer;
al11[1] <...<al1l[ml,...,an][1]1 <...<aln][m].

WsBecTHO, 4TO CcymecTByeT 4mucio, BXOAsmee BO Bce MaccuBhl alil (cy-
IIECTBYET TAKOE X, YTO JJIsA BCAKOrO i m3 1..n maumaércesa j ud 1..m, s
kxoroporo ali] [j]1 = x). Hangure oguo u3 Takux 4ucern x.

Pemenwme. Beeném maccus b[1] ...b[n], oTmevaromun HaIaI0 «OCTAIO-
menca gactm Maccusos al1l, ..., aln].

for k:=1 to n do begin
‘ b[k]:=1;

end;

eq := true;

for k := 2 to n do begin
| eq := eq and (al11[b[11] = alk][b[k11);

end;

{uHBapraHT: oCTaBuMecCA YacCTM IEPEeCEKAWTCA, T.€. CYWECTBYET
Takoe X, 4TO &nA BcAkoro i m3 [1..n] maumérca j ms [1..m],
He Menbliee b[i], mma xoroporo al[il[j] = x; eq <=> mepmue
DJIEeMeHTH OCTABUMXCA YacTel paBHE}

while not eq do begin

s :=1; k := 1;

{als][bls]] - vunrumanesoe cpemu al1][b[1]]..a[k] [b[k]]1}

while k <> n do begin

k :=k + 1;
if alk] [b[k]] < a[s][b[s]] then begin
s := k;

end;
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end;
{als][b[s]] - vunumanenoe cpesm al[1][b[1]]..al[n][b[nll}
b [s] :=b [s] + 1;
for k := 2 to n do begin
| eq := eq and (al11[b[1]1] = alk][blk]11);
end;
end;
writeln (al1][b[1]1); 0

1.2.26. TlpuBeaéuuoe pereHue MpeqbIAYINCH 330U TpedyeT MOpAIKa,
mn? pefictemi. IpuayMaiiTe CIoco6 ¢ 9MCIOM JEHCTBUH MOPATKA M.

[Ykasanue. IIpugércs moxepTBOBATH CUMMETDUEN U BHIGPATL OLHY U3
CTPOK 3a OCHOBHYIO. [[BUrasich IO OCHOBHOU CTPOKE, O JEPKUBAEM TAKOE
COOTHOIIEHHUE: BO BCEX OCTAIBHBIX CTPOKAX OTMEYEH MAKCUMAJIBHBIA DJe-
MEHT, He MIPEBOCXOSAIINI TEKYIIEro SIeMeHTa OCHOBHON CTPOKIL. | (I

1.2.27. ([Isowunbint mouck) [lana nocaegosareasnocTs x[1] <. .. <x[n]
UEJIBIX YUCeN U 9HUCAO a. BBLACHUTE, COAEPKUTCA JU a B DTOU IOCIEL0BA-
TEIbHOCTH, TO €CTh CyIIecTByeT Ju i m3 1..n, mia xkoroporo x[i] = a.
(Kosmvecrso gencrsui nopsaka logn.)

Pewenne. (IIpeanonaraem, aro n > 0.)

1l :=1; r := n+l;

{r > 1, ecnr a ects Boobme, To ecTh M cpemu x[1]..x[r-1]}
while r - 1 <> 1 do begin

m:=1+ (r-1) div 2 ;

{1<m<r}

if x[m] <= a then begin

‘ 1l :=m;

end else begin {x[m] > a}
‘ r :=m;

end;

end;

(O6paruTe BHUMaHUE, 9TO U B Ciyvae x[m] = a uHBApDUAHT He HapylIa-
ercs.)

Kaxaei pas r — 1 yMeHbIIAETCA IPUMEPHO BABOE, OTKYAA U BEITEKAET
TpebyeMas OLEHKA IUCIa [eUCTBUM. O

3amedanue.

14 (r-1)div2= (21 + (r —1))div2 = (r + 1)div2.
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B sTou 3agade CyIecTBEHHO, YTO MACCUB YTIOPAJOYUEH — TTOUCK B HEYTIO-
PAJZOYEHHOM MacCuBe TpeOyeT BpeMeHU, IPONOPINOHAILHOTO IINHE MACCH-
Ba. (UT06b! y6eauThes, 9TO KAaKOr0-TO IUCIA HET B MAaCcCUBE, HA 0 IPOCMO-
TPEThb BCE €ro DIEMEHTEHL. )

1.2.28. (U3 xuuru [.Tpuca) Mmeercs maccus x: array[l..n] of
array[l..m] of integer, ynopsgoYeHHBIN IO CTPOKAM U IO CTOJIOIAM:

x[i][]

1 <x[il1[j+1],
x[1]1[j] <

x[i+1] [3],

u quciao a. Tpebyercs BuIACHUTH, BcTpedaercs jau a cpeau x[1] [].

Pewenue. [Ipeacrapiss cebe MaccuB x Kak MaTpuly (IPAMOYTOJIbHUK,
3AIIOJHEHHBIN YUCJIAMHA), Mbl BBIOEDEM IIPAMOYIOIBHUK, B KOTOPOM TOJIBKO
¥ MOXKET CONEPKATHCA a, U OyIeM ero cyx)arhb. [IpaMoyroisHuk 3ToT 6y aeT
comepxkath x[11[jlmpn 1<i<luk<j<m

1 k m

(momyckaroTCA myCcThIE TPAMOYTOMLHUKY Tipu 1 =0 mk =m + 1).

1l:=n; k:=1;
{1>=0, k<=m+l, ecim a eCcTh, TO B ONNCAHHOM IPAMOYLOIBbHHUKE}
while (1 > 0) and (k < m+1) and (x[1][k] <> a) do begin

if x[1]1[k] < a then begin

‘ k := k + 1; {meBmit cTombem He CONEpXUT a, yoandaeM ero}
end else begin {x[1]1[k] > a}
‘ 1 :=1 - 1; {HuRHAA CTpoKa He COLEPRUT a, yHaudeM ed}
end;

end;

{x[1][k] = a winm mpaMoyrombHUK mycT }

answer:= ( > 0) and (k < m+1) ;

3ameqanme. 31eck Ta xe ommbka: x[1] [k] moxeT okasaTbCcsa HEOmpe-
nenéuaeiM. (E@ ucnpapienue npegocTaBisaeTcs duTaTedNo. ) O
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1.2.29. (MockoBcKkasa omuMmuaIa Mo nporpaMMupoBanuio) [lan HeyObI-
BAOIIAKA MACCUB MOJOXUTETLHEIX meablx umcena al[1] < al2] <... < a[n].
Hanaure HamMeHbIIEe 1IeI0€ MOJOKUTEALHOE IUCIO0, He IPEICTABIMOE B BH-
€ CyMMBI HECKOJBKUX DJIEMEHTOB DTOI'0 MACCUBA (KAaXKABIM DIEMEHT Mac-
CHBAa MOXeT OBITh UCIOJIB30BAaH He Oosiee oxHOro pasa). ducao nencrsun
TIOPAIKA N.

Peurenme. I[lycTs m3BeCTHO, 9TO YHMCIA, IPEICTABUMBIE B BAAE CYMMEI
anemenToB al1],...,alk], sanoausaioT orpe3ok ot 1 10 HekoToporo N. Ec-
au alk+1] > N+1, 7o N+1 u Oy e T MUHUMAJIBHBIM YUCJIOM, HE IIPEICTABIMBIM
B BUJ€e CyMMEBI ajaeMeHTOB MaccuBa all]...aln]. Ecin xe alk+1] < N+1,
TO YUCJA, MPEICTABUMEIE B BUIe CyMMBI daemenToB a[1] ... a[k+1], 3anoa-
HAIOT O0TPe30K oT 1 no N+al[k+1].

k :=0; N := 03
{uHBapuaHT: umMcma, npencTaBMMHE B BHLE CYMMH DIIEMEHTOB
maccuBa a[1]..a[k], zanommswT orpesox 1..N}
while (k <> n) and (al[k+1] <= N+1) do begin
N := N + alk+1];
k : =k + 1;
end;
{(k = n) wmu (alk+1] > N+1); B obomx cmyvasx orBeT N+1}
writeln (N+1);

(CuoBa TOT )€ gedeKT: B yCIOBUM LMKIA IIPU JOKHOM IIEPBOM YCIOBHUU
BTOPOE HE OMPEIEIEHO. ) O

1.2.30. (/[na 3HAKOMBIX C OCHOBaMu aareGper) B memouwcaennoMm mac-
cuse a[1] ...al[n] xpanurcsa nepecranoBka qucera 1...n (Kaxnoe u3 ducel
BCTPEYAETCS 10 OLHOMY Da3y).

(a) Ompexnenure uéTHOCTH TepecTanoBku. (U B (a), u B (6) xommIecTBO
IEUCTBUN TOPAIKA 7. )

(6) He ucmonbays opyrux MacCUBOB, 3aMEHUTE IEPECTAHOBKY Ha 00paT-
HyIo (ecau 10 paboTel nporpammer al[il = j, To mocae gomkno 6eiTh alj] =

=1i).
[Ykaszamue. (a) TETHOCTB IEpPECTAHOBKY OMPEIENAETCA KOMMIECTBOM I[H-

KI0B. YTOOBI OTIMYATE yKe MPOUIEHHLIE UKL, ¥ WX SJIEMEHTOB MOXKHO,
HanpuMmep, MeHATH 3HakK. (6) O6palneHre IpOM3BOAUM IO LUKJIAM. ] O

1.2.31. [laun maccus al[1..n] u uucao b. [lepecraBbre Uncia B Maccuse
TakuM 06Pa3oM, ITOOHI CJIEBA OT HEKOTOPOU MPAHUIIEI CTOAIA YUCIA, MEHb-
Ve WM PABHBIE b, & CIpaBa 0T rpaHuubl — OOabIne win paBabie b. Jucio
OEUCTBUN HOPAIKA N
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Permrenme.

1:=0; r:=n;

{unBapuanr: a[1]..al[ll<=b; alr+1]..a[n]>=b}
while 1 <> r do begin

if a[l+1] <= b then begin

‘ 1:=1+1;
end else if a[r] >=b then begin
‘ r:=r-1;

end else begin {a[l+1]>b; al[r]<b}
. .moMenaTs al[l+1l] u al[r]
1:=1+1; r:=r-1;
end;
end; O

1.2.32. Ta xe 3ajgata, HO TpeOyeTCsa, ITOOBI CHAYATA LLTH DJIEMEHTHI,
MeHbIIue b, 3aTeM paBHBIE b, a Juib 3aTeM O0abime b.

Pemenwme. Teneps moTpeOy0TCsa TpU CPAHUILBE: 10 TEPBOU OyAyT UATH
BJIEMEHTEI, MEHLIIE b, OT IIePBOM 1O BTOPOU — paBHLIE b, 3aTeM Hems-
BECTHO Kakue 10 TPeThed, a nociae rperbern — Odapmme b. (Boaxee cum-
METPpUYIHOE peneHune nCroaIb30BaAJIO 6I:>I YEeThIPpE I'PAHUIIBI, HO BPsA JIX UI'DaA
CcTOUT cBed.) B KauecTBe 0UepeqHOr0 pacCMaTPUBAEMOrO DIEMEHTa Oepém
DJIEMEHT CIpPaBa OT CPEIHEN TDAHUIIL.

1:=0; m:=0; r:=n;
{unBapumanr: all..1]<b; a[l+l..m]=b; alr+1]..a[n]>b}
while m <> r do begin
if a[m+1]=b then begin
‘ m:=m+1;
end else if a[m+1]>b then begin
.obMenaTs a[m+1] u al[r]
r:=r-1;
end else begin {a[m+1]<b}
.obMenaTs a[m+1] u a[l+1]
1:=1+1; m:=m+1;
end;
end; O

1.2.33. (BapuanT npeapiayiien 3a1a49u, HA3BAHHBIA B KHUTEe [[elKCTPHL
3a1aden o roaangckoM ¢guare.) B maccuse mamHBL n cToAT yucaa 0, 1 u 2.
IlepecTaBbTe X B MOPALKE BO3PACTAHNSA, €CINA €[UHCTBEHHOU PA3PeIIEHHON
omepamuen (IOMUMO YTEHWsA) HAJ MACCABOM ABJAETCS MEPECTAHOBKA ABYX
2J€MEeHTOB. ucao JelCTBUN MOPAIKA N. O
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1.2.34. [aum maccuB al[1..n] u umncao m < n. /[asg Kax10r0 yIacTKa u3
M CTOMIIUX DAJOM WIEHOB (TAKUX YIACTKOB, OYEBUIHO, n — m + 1) BBIYU-
caure ero cymmy. Ofmiee 9uCaI0 QEUCTBUN JOTKHO OBITH MOPALKA 1.

Pemenne. llepexons oT ydacTka K COCefHEMY, MBI MOOaBIgeM OJWH
WIEH, & APYTOU BHIUUTAEM. O

B sToM perenun Kit09eBy0 poJb UCPAET BO3MOXHOCThH BEIYUTAHUI —
cKaxkeM, ecau Obl HAMO ObLIO BHIYUCAATH HE CYMMY, & MAKCAMYM, TO TaK
IeHCTBOBATEL OBLIO HEIb3sA. TeM He MeHee 3TO TOXKEe BO3MOXKHO, KaK MOKAa-
3BIBAET caepyomas 3agada (coobmun A.T'. Koran):

1.2.35. [aum maccuB al[l..n] u umncao m < n. /[asg Kax10r0 yIacTKa u3
M CTOSMIIMX PALOM WIEHOB (TAKUX yIaCTKOB, OU€BUIHO, n — m + 1) BEIYUCIA-
Te MAKCUMYM 3HAYEHUUN Ha 3TOM ydacTke. OOIee Iucjao JeUCTBUN TOTKHO
OBITH TTOPAIKA 1.

Pemenue. Pazo6bém MaccuB Ha OJIOKU IO M DJIEMEHTOB, U IS KAXKIOI'0
DJIEMEHTA BBIYUCAUM MAKCUMYM DJIEMEHTOB, CTOAIIUX B TOM 2Ke OIOKe CIeBa
OT HEro, a TAK¥XKe MAKCUMYM DIEMEHTOB, CTOAIINX B TOM Xe OJOKe CIpa-
Ba OT HEro (BKJKIOYAA CAM DTOT DJIEMEHT). DTO MOKHO CAEJAATH, IIPOUIA O
Kax oMy OJIOKY CJIeBa HAIIPaBO, a Takxke cupasa HameBo. Ocrasoch 3ame-
TUTh, YTO KaXKIBIM YIACTOK MJIUHEBL M JuOO COBIATAET C OMHUM U3 OJIOKOB,
au60 pa3buBaeTCsA MPaHULEN OIOKa HA IBE YaCTH, M KaXKIOU U3 KOTOPBIX
MaKCAMYM MBI YK€ BBIUUCIIVLIN. O

Takon cmoco6 roauTcs AL 000N acCONMUATUBHON onepanuu (a HE TO-
JBKO IJIA MAKCUMYMa).

1.2.36. [lana xBagparHas Tadmuna all..n][1..n] u gucmo m < n. [las
KaXKJI0T'0 KBaApaTa m X m B DTOU TAOIUIE BEIYUCIATE CyMMY CTOAIIMX B HEM
aucen. Obimee YUCI0 I€ACTBAH mopagka n2.

Pemenne. Cuavana o Kaxgoro TOPU3OHTAIBHOIO MPAMOYTOJBHUKA
pasMepoM m X 1 Bbruuc/aseM cymmy crosimux B HéM uucen. (IIpu casure
TAKOI'0 IPAMOYIOJIBHUKA [0 TOPU3OHTAMM HA 1 HYyKHO noOABUTH OJHO “IH-
CJIO ¥ OJHO BHIYECTh.) 3aTEM, UCIONb3YA ITU CyMMbI, BEIMUCIAEM CyMMbI
B kBajgparax. ([Ipu casure KBagpaTa Mo BepTUKAINA NOOABIAETCA TOMOCKA,
a Apyras moJocka yOaBJsaeTcs. ) O

1.2.37. Kak peummTb OpegbIiaymyio 3aJady, €Cau CyMMa IO KBaJIPaTy
3aMEHEHA Ha MAKCUMyM?

[Ykasanue. CpaBuute 3anaan 1.2.34 u 1.2.35.] O
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1.2.38. B maccuse a[1] ...a[n] BcTpedarorcsa mo ogHOMY pa3y BCe Iie-
Jbie 9ucaa oT 0 10 n, Kpome ogHOro. Hauqure mpomyimeHHoe 9ucio 3a BpeMs
IOopAdKa N 1 C KOHe‘IHOIL/i ,E[OHOJIHPITGJIBHOI;)I IIaMATBIO.

[Ykazauue. CroxuTe BCe YMCIa B MacCuse.] O

1.3. NuaykTueHble dyHkuunmn (no A.T. KywHupenko)

IMycTs M — mexoTopoe MHOXKeCTBO. DyHKIMA f, apryMeHTaMu KOTOPOU
SIBIAIOTCSA MOCJAEIOBATEIBHOCTH DIEMEHTOB MHOXECTBA, M, a 3HAYCHUAMU —
DJIEMEHTHI HEKOTOPOr0 MHOXKeCTBa, N, Ha3wIBaeTCa uHdyKmusHotl, ecan eé
3HaveHne Ha mociaegoBareabHOCTH X[1]...x[n] MOXHO BOCCTAHOBUTL IIO
eé 3HaveHnio Ha mocaenoBarenbHocTu x[1]...x[n-1] u mo x[n], To ecTn
ecau cymecTByeT pyaknus F: N X M — N, ais koTopoun

f((x[1]1,...,x[n])) =F(£((x[1],...,x[n-11)),x[n]).

Hanpumep, pyuxima sum (CyMMa BCEX WIEHOB MOCIENOBATEILHOCTY) WH-
OYKTHUBHA, TOCKOIBKY OYE€DPETHON WIEH MOCICIOBATEILHOCTY TPUOABIACTCA
K €€ cyMMe:

sum((x[1],...,x[n])) = sum({x[1],...,x[n-11)) + x[n].

[pyron mpumep MHIYKTUBHOM (JYHKUNM — IJIMHA MOCJIELOBATEILHOCTH.
B srom cayuae F(n,m) =n + 1.

Hanpotrus, cpegnee apudmeTmieckoe He ABILIETCI HHAYKTUBHOU (ByHK-
LWeN: eCIM MBI 3HAEM CPeqHee apudMeTHIeCKOe HEKOTOPOU MOCIENOBATENb-
HOCTH, HO HE 3HaeM €€ [IMHEL, TO He MOXKEeM IPEICKA3aTh, KAKUM CTa-
HeT cpefHee apudpMeTUIECKOe IOCIe JONUCHLIBAHNI HEKOTOPOr'O (M3BECTHO-
IO HaM) YHCJIA.

CxeMa alIropuTMa BEIMUCICHWS WHIYKTABHOU (DYHKIMN:

k :=0; £ := £0;

{unBapuanr: f - 3HaveHme ¢ymkumm Ha <x[1],...,x[k]>}
while k<>n do begin

k :=k + 1;

f :=F (£, x[k]);
end;

3necs £0 — 3HavYeHue (QYHKIUW HA IMyCTOU MOCAEIOBATEILHOCTH (IIO-
caepoBarensHocTu guauabl 0). Ecau ¢yuxkumsa f onpenenena ToIbKo HA He-
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MyCTHIX MOCJAETOBATEIBHOCTAX, TO IePpBasd CTPOKa 3aMEHAECTCA Ha
k:=1; f:=f(<x[11>);

Ecau dyskuus £ He ABIACTCA VHIYKTUBHON, TTOJE3HO UCKATH €€ undyK-
MUBHOE PACWUPERUE — TAKYIO UHIYKTUBHYIO QYHKIUIO g, 3SHAYCHUA KOTO-
POU OIPEIENAT 3HadeHUuA f (2TO 3HAYUT, 9TO CYMIECTBYeT Takasd (DyHK-
g t, 9To

f((x[1]...x[n1)) = t(g((x[1]...x[n1)))

upu Bcex (x[1]...x[nl)). Moxuo gokasarb, 94TO cpegu BCeX UHIYKTUB-
HEIX DACIIMPEHUU CYIIECTBYeT MUHUMAILHOE paciumpenue F (MUHUMATL-
HOCTb O3HAYAET, 9TO /A JIOOr0 UHIYKTUBHOIO PACIIUPEHNUS g 3HAYeHUA F
OIPEAESIOTCA BHAICHUAMH g).

1.3.1. YxaxuTe VHIYKTUBHBIE DACIIUDPEHUA /A CACIYIOMAX QYHKIIAN:

(a) cpemnee apudMeTHIECKOE TOCIEOBATEIBLHOCTH TUCEJ;

(6) IUCI0 BAEMEHTOB TOCIEIOBATEILHOCTH HEbIX TACENT, PABHBIX €6 MaK-
CUMAJTBLHOMY DJICMEHTY;

(B) BTOPOU MO BEJIWYMHE BJEMEHT IOCIETOBATENBHOCTHU IEMBIX STHCEN
(TOT, KOTOPEIU GyAET BTOPHIM, €CIN TIEPECTABATL WICHH B HEyOBIBAIOIIEM
HOpAIKE);

(r) MaKCMMATBHOE YUCJIO UAYIIUX MOAPAL OJUHAKOBBLIX DJIEMEHTOB;

(1) MakcuMaJbHAsA IJIMHA MOHOTOHHOIO (HEyOBIBAIOIIErO WM HEBO3Da-
CTAIOMEr0) yIaCTKA U3 UAYIHUX TOAPAT SIEMEHTOB B IOCIEI0BATEIBHOCTA
HEJIBIX YUCET;

(e) 9mMcaIo rpyNn U3 eQVHUL, PA3JeJEHHBIX HYJIAME (B HOCJIEI0BATEILHO-
CTU HyJeU U €IUHUII).

Perenue.

(a) (cymMa BCEX WIEHOB IOCIENOBATEIHHOCTH; JJINHA);

(6) (dmcio >1eMEHTOB, PABHBIX MAKCUMAJIBLHOMY; 3HAUYEHUE MAKCUMAJb-
HOI'O);

(B) (HAMOONBIIMY BIEMEHT MOCIENOBATEIBHOCTH; BTOPOU 110 BEIMIUHE
DJIEMEHT);

(r) (MaxcuMaIBbHOE YUCJIO UAYIIAX TOAPAL OOUHAKOBBIX DJIEMEHTOB; T~
CJIO UIYIIUX HOAPAL OANHAKOBLIX DJIEMEHTOB B KOHIIE IOCJAEI0BATEILHOCTH;
HOCJEHAN 3JEMEHT TTOCIEI0BATEIBHOCTH);

(1) (MakcuManbHAs AJIMHA MOHOTOHHOI'O Y4aCTKA; MAKCUMAIbHAS -
HA HEeyOBIBAIOLIEr0 yIACTKA B KOHIIE MOCAEIOBATEILHOCTH; MAKCUMATILHAL
[IJIVHA HEBO3PACTAIIIET0 yIACTKa B KOHIE MOCJIEI0BATEILHOCTH; MOCAEI-
HUI 9WIEH MOCJIEN0BATEILHOCTH);

(e) (amcno rpynn u3 eIVHUL, TOCAEIHUN “IEH). O
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1.3.2. (Coo6umn [I.B.Bapcanodres) [JaHbl nBE MOCAEIOBATEILHOCTH
nensix uncen x[1] ... x[n] u y[1] ...y[k]. Beuacuure, sapisercs 1 BTopas
[IOCJIEJOBATEIBHOCTD TOAIOCIEJOBATEILHOCTIO IEPBOM, TO €CTH MOXKHO JIU
U3 MEPBOM BHIYEPKHYTH HEKOTOPHIE WIEHBI TAK, YTOOBI OCTATACH BTOPASI.
Yucao mercTBuM mopagka n + k.

Pemenmne. BapuauT 1. Bygem cBoauTh 3a1a4dy K 3amade MEHBINETO Pa3-
Mepa.

nl:=n;
k1:=k;
{unBapuanT: uMckommu oTBeT <=> Bo3MoxHocTh 3 x[1]..x[n1]
momyunrs y[1]..y[k1]l }
while (n1 > 0) and (k1 > 0) do begin
if x[n1] = y[k1] then begin
nl :=nl - 1;
k1 := k1 - 1;
end else begin
‘ nl :=nl - 1;
end;
end;
{n1 = 0 wmu k1 = 0; ecnx k1 = 0, To oTBeT - ma, ecmu k1<>0
(1 n1 = 0), To oTBeT — HeT}
answer := (k1 = 0);

Mur ucnonb3oBaau To, uto ecan x [n1] = y[k1] wy[1]...y[k1] — mox-
nocrenoBarentHoCcTh x[1] ... x[n1], To y[1] ...y[k1-1] — moamocsienoBa-
TenpHOCTH x[1] ... x[n1-1].

Bapuant 2. ®yukuus (x[1]...x[n1]) — [makcumaabaOe kK1, 1 KOTO-
poro y[1]...y[k1] ecrs noamocaenoBarensuocts x[1]...x[n1]] uaayk-
TUBHA. g

1.3.3. Haumwr gBe nmocaenoBarensuocTu x[1] ... x[n] w y[1] ...y [k] me-
JbIX ducen. Hauamre MakCUMaTbHYIO [MJIWHY MMOCAEIOBATEMLHOCTHU, SABJIA-
IOIIEUCSA TIOATIOCIE[OBATEILHOCTHIO 006X mocaenoBaTeabaocTen. Konude-
CTBO OIepaIui HOPAIKa I - K.

Pewenmne (coobmweno M. H. Bannusanrom, A. M. Jumenrmanom). O6o-
3HauuM 4depes f(p,q) MAKCUMATBHYIO [JIWHY OOIIEH I0ATOCTIENOBATEILHO-
ctu nocaenosarensrocTen x[1] ... x[p] m y[1]...y[q]l. Toraa

x[p]l #ylq]l = £(p,q) =max(f(p,q—1),f(p—1,9));
x[p]l =ylql = £(p,q) =max(f(p,q—1),f(p—1,q9),f(p—1,9—1)+1).
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(TTockoabky f(p — 1,9 — 1) +1 > f(p,q — 1),£f(p — 1,9), BO BTOPOM CIy-
Jae MaKCUMyM TPEX YhCeJ MOXKHO 3aMEHUTDb Ha TpeThe u3 Hux.) IlosTomy
MOXKHO 3alOMHATSH TAOMuIly 3HadeHun GpyHKuuu f, nMeromyo pasmep n - k.
MoxHo 060ouTUCE U TaMATHIO HOPsALKa K (1ix n), ecau UHAYKTUBHO (IO p)
Borauciaate (£(p,0),...,f(p,k)) (kak PpyHKUUSI OT p DTOT HAOOD UHAYK-
TUBEH). O

1.3.4. (U3 xuurm [I.T'puca) /laHa mOCAEI0BATENILHOCTD LEIBIX HUUCENT
x[1],...,x[n]. Hangure MakcCuMaIbLHYIO IIMHY €€ BO3PACTAIOMIEX IIOIIIO-
CJIEOBATEABHOCTH (YMCAO NeACTBUM IOpsgKa n logn).

Pemenue. Nckomasas GyHKIUSA HEe WHIYKTUBHA, HO WMEET CIEAYIOIIEE
UHIYKTUBHOE PACIIUPEHNE: B HEMO BXOAAT MOMUMO MAKCUMAJbLHOU [IJIMHEL
BO3PACTAIOUIEN [OANOCIENOBATEIBHOCTY (0003HaYMM €8 K) TakKe M Iucaa
ul1],...,ulk], rge uli] — MUHMMAIBLHBIN U3 IOCAEIHUX WIEHOB BO3pacTa-
OUWX [MOAIOCAeqoBaTebHOCTer mnHbl i. OueBuano, ull] < ... < ulk].
[Ipu gobGaBneHUN HOBOT'O WIEHA B X 3HAYEHUS U U K KOPPEKTUPYHOTC.

nl :=1; k :=1; ul1] := x[1];

{uHBapyaHT: k ¥ U COOTBETCTBYWT LAHHOMY BHIle OIUCAHUD}
while nl <> n do begin

nl := nl1 + 1;

{i - maumbomrwee u3 Tex umcen orpeska 1..k, mma
xortopux uli] < x[n1]; ecmm Takux Her, To i=0 }
if i = k then begin
k =k + 1;
ulk+1] := x[n1];
end else begin {i < k, ul[i] < x[n1] <= ul[i+1] }
‘ uli+1] := x[n1];
end;
end;

®parMenT . .. UCHOIB3YET UACI0 IBOUTHOTO MOUCKA; B MHBAPUAHTE YCJIOB-
HO mosaraeM ul[0] paBueiM mMuHyC OeckoHedHOCTH, & ulk+1] — miaroc Gec-
koneunoctu. Hama meas: uli] < x[ni1] <uli+1].

i:=0; j:=k+1;
{uli] < x[n1] <= u[jl, j > i}
while (j - i) <> 1 do begin

s =1+ (j-i) div 2; {i < s < j}
if x[n1] <= u[s] then begin
‘ j = s;

end else begin {uls] < x[n1l}



42 1. Ilepemenmnbie, 8bIpaRcenus, NPUCEAUBAHUSA

‘ i = s;
end;
end;
{ulil < x[n1] <= u[j], j-i = 1} U

3ameganue. Bonee mpocroe (HO HE MUHUMAIBLHOE) WHIYKTUBHOE PAC-
UINPEHNE MOy IUTCA, €CAN I KAXKAOI0 1 XPAHUTL MAKCUMAIBHYIO IJIUHY
BO3PACTAIOIIEN IIOAIOCIEI0BATEALHOCT], OKaHInBaiomencsa Ha x[i]. dro
paCIINpEeHne IPUBOIUT K aJCOPUTMY C YMCJIOM JeicTBui nopagka n?. EcTs
U OPYroW U3SILIHBIM AINOPUTM C KBAAPATUYHBIM BPEeMeHeM paboThl (co-
o6mma M. B. Berorus): HaAUTH MAKCUMAIBLHYIO OOIIYIO MOMOCTEIOBATEb-
HOCTB UCXOTHOU MOCJAEI0BATEILHOCTU U OTCOPTUPOBAHHON TOCIEIOBATEb-
HOCTHU C TMOMOIIBIO TPENLIAYIICH 3a,1a5 0.

1.3.5. Kakne m3MeHeHus Hy:XKHO BHECTH B PEIICHUE IPEILIIYIIEH 3a-
a4y, eCau HANO UCKATH MaKCHMAJIbHYIO HEyOBIBAIOILYIO IOC/IELOBATEb
HOCTB? O



2. NOPOXAEHUE
KOMBUHATOPHbBLIX
OBEBEKTOB

31eck cCOOpaHBL 3a1a41, B KOTOPHIX TPEOyeTCsS MOLYyYUTh OQUH 33 APY-
T'UM BCe 3JEMEHTHI HEKOTOPOI'O MHOXKECTBA.

2.1. Paswmelerunsa c nosTopeHusimu

2.1.1. HamegaTauTe BCe MOCIeJOBATEILHOCTH JIWHLL K 13 4ucen 1. .n.

Pemrenue. Bynem nedarars ux B JeKCUKOrpapuueckoM nopsaake (moce-
[IOBATEJBHOCTD & IPEAUIECTBYET MOCIESI0OBATEILHOCTH b, €CIu I/ HEKOTO-
pPOT0 S UX HAYAMBHLIE OTPE3KY JJIUHEL S PABHHL, a (8+1)-1 WieH mocaea0Ba-
TEJILHOCTU a MeHbIne). 1lepBol OyAeT mocieqoBaTeabHOCTh <1,1,...,1>
MOCJAEIHEN — TMOCJAEI0BATEILHOCTD <n,1, . . . ,n>. Bygem xpanuts mocuem-
HIOIO HAIEYATAHHYIO MOCIeI0BATENLHOCTL B Maccube x[1] . .x[k].

...x[1]. .x[k] momoxure paBHmMu 1
.. .HameyaTaTh X
...last[1]..last[k] momoxuTe paBHEM n
{mamevaTaHn Bce [0 X BKINOUMTENBHOL}
while x <> last do begin
.X = clemywmad 3a X IOCIEeLOBaTEIbHOCTH
. ..HameyaTaTb X
end;

Onuiem, KaKk MOXKHO IEPEUTHU OT X K CICAYIOMIEN TOCICI0BATEIBLHOCTH.
CoracHo OmpeIeneHnio, y CIeIYOMeN TOCAeI0BATENLHOCTH TIEPBLIE S Tie-
HOB [OKHBI OBITH TAKUMU XKe, a (s+1)-u — 60JbIe. DTO BO3MOXKHO, €CIU
x[s+1] menbme n. Cpean Takux s HYXKHO BHIOpAThH HauboJblIee (MHAYUE
MOy 9eHHAs [MOCAEeI0BATEIbHOCTD He OyJeT HEINOCPEICTBEHHO CJeLYIOIen).
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Cootrsercryromee x[s+1] Hyx)HO yBeauunTsb HA 1. UTak, HAIO, ABUrasLCH
C KOHIIA, TIOCJIE[0BATEABLHOCTHI, HAUTY CAMBIN [IPABBIN “WIEH, MEHbIIMA 0 (OH
HAUAETCA, T. K. 0 MPEIIOTI0KEHUIO x<>1ast), YBEJIWYUTH €ro Ha 1, a uay-
[Iye 33 HUM <WIEHBI TOJOXKUTH PABHBIMA 1.

p:=k;

while not (x[p] < n) do begin

| p = p-1;

end;

{x[p] < n, x[p+1] = ... = x[k] = n}

x[p] := x[p]l + 1;

for i := p+1l to k do begin

‘ x[i]:=1;

end; O

3aMeanne. ECJII/I TIE€HaMU IMOCJAECIOBATECIBHOCTU CINTATh YNCIa HE OT 1
Zon,aor 0 10 n—-1, To mepexos K CIeAyIOMEMYy COOTBETCTBYeT IpubaB/e-
HNIIO €INMHNILBI B n—I/I‘IHOﬁ cucreMe CInucCJIeHUsd.

2.1.2. B npemioXeHHOM AIrOPUTME UCTIOIB3YETCS CPDABHEHUE IBYX MaC-
cuBOB (x <> last). YcrpauuTe ero, 1o6aBUB OyJEBCKYH MNEPEMEHHYIO 1
¥ BKJIIOYUB B WHBAPUAHT COOTHOIIECHUE

1 < nocaenoBaTETbHOCTD X — HOCJAETHSA. O

2.1.3. HameuaraliTe BCce MOIMHOXKECTBA MHOXKeCTBa {1..k}.

Pemenne. [TogvuOX)ecTBa HAXOAATCA BO B3AMMHO OTHO3HATHOM COOT-
BETCTBUU C [MOCJAELOBATEAbHOCTAMY HyJEH M €IMHNAL IJIMHBL K. O

2.1.4. HameuaTauTe BCe MOCJAEOBATEILHOCTH IOJOKUTEILHBLIX MEIBIX
YUCEN QJIWHBL K, Y KOTOPBIX i-U WIEH HE MPEBOCXOIUT i. O

2.2. [lepecTaHoBkM

2.2.1. HameuaTauTe BCE IEPECTAHOBKY IKCEa 1. .10 (TO €CTh MOCAEI0BA-
TEIBHOCTY [IJIVHBLI N, B KOTOPBIE KAXKI0€ U3 DTUX YUCET BXOAUT O OJHOMY
pasy).

Pemenne. IlepecranoBku Oymem xpanuTh B MaccuBe x[1]..x[n] u me-
yararh B Jekcukorpadudeckom nopsaigke. (Ilepeou mpu sTom GyaeT mepe-
cTaHoBka (12...n), mocaegsen — (n...21). 1A COCTABIEHNA aIrOPATMA
mepexoja K CJAeIYIOIEN IepeCTaHOBKE 33,13, IMMCS BOIPOCOM: B KAKOM CJIy-
4qae k-6 9ieH MepeCcTAHOBKYM MOXKHO YBEIWYUTb, HE MEHSA MPEeIbITYIIX
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OTBeT: eCM OH MEHBINE KAKOTO-IU00 U3 CICAYIOUMX WICHOB (T.€. WICHOB
¢ Homepamu Goubie k). MBI JOKHBL HAUTU HauGOJbIIEE K, IPU KOTOPOM
9TO Tak, T.€. Takoe k, 4TO

x[k] < x[k+1] >...>x[n]

ITocre sToro 3mauenue x[k] HYXHO yBEIMIUTH MUHUMAJBLHBIM BO3MOXK-
HEBIM crtoco6oM, T. e. HauTu cpean x [k+1] . .x[n] maumensinee aucio, 60/16-
mee ero. [lomensas x[k] ¢ HuM, ocTaéTCsA PACIONOKUTL YUCAA C HOMEPAMHA
k+1..n Tak, 9TOOLI IEPECTAHOBKa ObLIa HAMMEHBIIEH, T.€. B BO3PacTAaio-
IIIeM TIOPSITKE. DTO OOMErvIaeTCs TeM, ITO OHU yiKe PACIONOXKEHEI B yOLIBA-
IOIIEM TIOPSITKe.

Anroputy™ mepexoga K CJIEYIOMIEN IePECTAHOBKE:

{<x[1] ... x[n]> <> <n ... 2 1>}

k:=n-1;

{mocmenoBarensHocTs cmpaBa oT k y6mBawmas: x[k+1]>...>x[n]}
while x[k] > x[k+1] do begin

| k:=k-1;

end;

{x[k] < x[k+1] > ... > x[nl}

t:=k+1;

{t <=n, Bce umenm orpeska x[k+1] > ... > x[t] 6ompmwe x[k]}
while (t < n) and (x[t+1] > x[k]) do begin

| ti=t+1;

end;

{x[k+1] > ... > x[t] > x[k] > x[t+1] > ... > x[n]}
...o6MeHaTe x[k] u x[t]

{x[k+1] > ... > x[n]}

...nepecTaBUTh yyacTok x[k+1]..x[n] B o6paTHOoM mopazmke (I

3ameqanue. [Iporpamma umeer 3HakoMbIn gedeKT: eciu t=n, 7O x [t+1]
HE OIIPeeNeHo.

2.3. lloamHOXecTBa

2.3.1. [nssaganseix nu k (k < n) nepedncanre Bce K-JIeMEHTHBIE IO~
MHOXKeCTBa MHOkecTBa {1..n}.

Pemrenne. Bynem npegcTaBiaTh Kax o€ MOIMHOXKECTBO HOCIEI0BATE b
wocteio x[1]..x[n] Hynen m eguuuUI] IIUHEL n, B KOTOPOU POBHO K €au-
aun. ([pyrou cmocob npeacrapaeHusa pa3dbepéM mosxke.) Takue mocaenosa-
TEIBHOCTY YIOPALOIUM JeKCUKOrpaduiecku (cM. Boiuie). O9eBUHBIN CIIO-
co0 peleHns 3a0adu — nepedupaTh BCE MOCAEJOBATEIbHOCTH KAK PAHbIIE,
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a 3aTeM OTOWPATHL CPENU HUX T€, Y KOTOPHIX K IUHUI[ — MBI OTOPOCUM,
CUATAsA €r0 HEPKOHOMUYHBIM (YMCJI0 TMOCAEI0BATEILHOCTEN ¢ k eMHUIAME
MOXKEeT ObITH MHOI'O MEHBIIE IUCJIa BCEX MOCAEI0BATEIbHOCTEN). Bynem uc-
KaTh TAKOU AATOPUTM, YTOOBI MOMYy9IEHNE OUE€PETHOU MOCAEJOBATEILHOCTH
TpeboBaino He Oogee C-n MEUCTBUML.

B kaxoMm ciaydae s-U WieH MOCIeOBATETLHOCTH MOXKHO YBEIWYUTDL, HE
Menss npeasrayimume? Ecaum x[s] mensercs ¢ 0 ma 1, TO misa cOXpaHeHUs
001Iero Yucaa equHuIl HyKHO crupasa oT x[s] 3amenuts 1 ma 0. [l1s sTo-
ro Hajuo, 9ToOwl crpasa oT x[s] egquuunnt 6putn. Ecan Mbr XoTuM mepenTu
K HENOCPEACTBEHHO cleayiomemMy, To x[s] momken OvbITb mEPBBIM CHPABA
HYJEM, 32 KOTOPBIM CTOAT eguHuusl. Jlerko Bugers, 4o x[s+1]1=1 (unaue
x[s] me nepswim). Takum 06pa3oM HALO UCKATH HAMOOJBIIEE S, M4 KOTO-
poro x[s]=0, x[s+1]=1:

x| [0[1..1]0..0]
L

3a x[s+1] MoryT uaTH emeé HeCKOJIBLKO eUHUII,  MOCJHe HUX HECKOIBKO HY-
qen. 3amenus x [s] Ha 1, HaIO0 BHIOPATH UAYINUE 33 HUM WICHBI TaK, ITOOBI
MOCJIEI0BATENBHOCTD ObLIA OBl MUHIMAIBHA C TOYKY 3PEHUS HAIIErO TOPSII-
Ka, T.e. YTOOBI CHAYAJA LK HYJIU, & TOTOM e[UHUILL. BOT 4TO mOIyIaeTcs:

[epBasi MOCIeL0BATEILHOCTE: 0..01. .1 (n-k Hysen, k equnu);
TOCJEIHAA TIOCAEOBATEIBHOCTE: 1..10..0 (k equnum, n-k Hysen);

aaropuTM mnepexoga kK ciaemyromen 3a x[1]..x[n] mocregoearensHOCTH
(npegnosaraeM, 9TO OHA €CTh):

s :=n - 1;

while not ((x[s]=0) and (x[s+1]1=1)) do begin
‘ s :=s8 - 1;

end;

{s - umeH, mommexaumi u3MeHeHump c 0 Ha 1}
num:=0;

for k := s to n do begin

‘ num := num + x[k];

end;

{num - uwmcmo emummn ma yyacTtke x[s]..x[n], umcmo mymen
paBHo (mmuHa - uucno eguumu), T.e. (n-s+1) - num}

x[s]:=1;
for k := s+l to n-numtl do begin
‘ x[k] := 0;

end;
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{ocramock moMecTuThr num-1 emuHMI B KoHIe}

for k := n-num+2 to n do begin

‘ x[k]:=1;

end; O

[pyrou cmocob MpencTaBIeHus TOIMHOKECTB — DTO MEPEUUCTCHNE UX
21eMEeHTOB. ITOOHI KaxXJ0€e IOIMHOXKECTBO UMEIO POBHO OJHO IPEICTaBIIC-
HUE, JOTOBOPUMCA IEePEYnCIATE 3JIEMEHTE B BO3pacTapmeM nopaike. Ilpn-
XOOMM K TAKOU 3ajade.

2.3.2. IlepeuncauTe BCe BO3PACTAIOMINE IOCAEIOBATEIbHOCTH IJINHBI K
u3 umcen 1..n B Jexcukorpaduaeckom mopsaske. ([Ipumep: mpu n=5, k=2
momygaeM: 12 13 14 15 23 24 25 34 35 45.)

Peurenwe. MunuManbHOR OygeT MOCAELOBATEILHOCTE (12...K); Makcu-
maiabHOU — ((n-k+1) ... (n-1)n). B xakom ciy4ae s-il WIeH HOCIENOBa-
TEILHOCTH MOXKHO yBeanduth? OTseT: eciu oH Menbine n-k+s. Ilocae yBe-
JMYEHWA S-TO DIEMEHTA BCE CIeAyOIue AOJLKHBEI BO3PACTATH € mWarom 1.
[onywaem Tako¥ aaropuT™ HEPEXO4a K CIeyIOmeMy:

s:=n;
while not (x[s] < n-k+s) do begin
‘ s:=s-1;

end;

{s - HoMep >meMeHTa, HOLNIEXallero yBEIUICHUWO) ;
x[s] := x[s]+1;

for i := s+l to n do begin
‘ x[i] := x[i-11+1;
end; O

2.3.3. IlycTs MBI pemmau mpeacTaBIATEH K-DJIeMEHTHBIE TTOIMHOXKECTBA,
MHOXkeCTBa {1..n} yOLIBAIOIIMME [OCTEIOBATEABHOCTAMH [IJIWHBL K, YIO-
PASOUEHHBIME TO-TIpexHeMy Jekcukorpadudecku. (IIpumep: 21 31 32 41
42 43 51 52 53 54.) Kak BHIVIAZUT TOrAa alrOPUTM IEPEXOia K CIeLy-
omen?

OrBer. Umem nanboubmee s, aus koroporo x[s+1]1+1 < x[s]. (Ecanm
Takoro s Her, noiaraeMm s=0.) Yeauuus x [s+1] Ha 1, k1aaéM ocTalbHBIE
MUHUMAJIBHO BO3MOXKHBEIME (X [t]1=k+1-t mis t>s). O

2.3.4. PemmTe nBe TpesbIIymIve 3amadu, 3aMEHUB JEKCUKOTpadutie-
CKUW TIOPAJOK Ha OOpAaTHBI (paHbIIE WAYT T€, KOTOPHIE OOIBIIE B JEK-
CUKOTpAPUIECKOM TIOPAIKE). O

2.3.5. Ilepeuncaure BCe BaIOKeHUA ((PYHKIUW, MEPEBOIALME DA3HBIE
DJIEeMEHTHI B pa3Hble) mHOXkecTBa {1..k} B {1..n} (upeamonaraercs, uro
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k < n). TlopoxkgeHue 0YepEIHOrO DIEMEHTa JOMKHO TpeOGOBATH HE Goiee
C -k JgencTBuUin.

[Ykazauue. JTa 3aJa4a MOXKET ObITH CBEJEHA K MEDEUNCICHUIO TOJMHO-
JKECTB U IIEPECTAHOBOK IEMEHTOB KaXI0I'0 IOJMHOXKECTBA. ] O

2.4. PazbueHus

2.4.1. Tlepeunciaute Bce pa3sOUEHUs IEJOTO MOJOKUTEIHLHOIO UUCJAA N
HA IeJble IOJOXKUTEbHBIE ClaraeMble (pa3OUeHus, OTIXIAIOMIUECs JIULIb
TMOPAJKOM CIaraeMerx, cauranrca 3a oguo). ([Ipumep: n=4, pasbueHus
1+14+1+1, 24141, 242 3+1, 4.)

Pewenue. [Torosopumcs, 1o (1) B pasbuenusx ciaraeMbie UIyT B He-
BO3PACTAIOWIEM HOpAAKe, (2) caMu pa3OUeHUs MBI MEPEINCIAEM B JEKCUKO-
rpadguieckoM nopsaake. Pazbuenue xpanum B Hadauae maccusa x[1]. .x[n],
IpU DTOM KOJUYECTBO BXOMAMMX B HEro 4mcen obosHadum k. B mauane
x[1]=...=x[nl=1, k=n, B koune x[1]=n, k=1.

B xakom caydae x[s] MOXHO yBeIWYUTH, HE MEHASI NPEABIIYIIAX?
Bo-mrepBrix, momxHO ObITHL x[s-1]>x[s] mam s=1. Bo-BTOpBIX, S JOMK-
HO OBITH HE MOCAEIHUM BJIEMEHTOM (yBeIMdIeHHe S HajI0 KOMIEHCHDOBATH
YMEHBIIEHUEM CJAEAYIOMNUX). YBEIUUUB S, BCE CIEAYIOLIME DJIEMEHTHI HAL0
B3Th MUHUMAJIBHO BO3MOXKHEBIMU.

s : =k - 1;

while not ((s=1) or (x[s-1] > x[s])) do begin
‘ s := s-1;

end;

{s - nommexamee yBenudeHnmwo craraemoe}
x [s] := x[s] + 1;

sum := 0;

for i := s+1 to k do begin

‘ sum := sum + x[i];

end;

{sum - cymma 4menoB, cTosBumx mocme x[s]}

for i := 1 to sum-1 do begin

‘ x [s+i] := 1;

end;

k := s+sum-1; O

2.4.2. llpeacraBmiasaa mo-mpexHEeMY pa30UeHnsa KaK HeBO3PACTAOIINE TTO-
CJIeIOBATEILHOCTH, IEPEINCINTE UX B MOPALKE, 0OPATHOM JeKCUKOrpadu-
geckoMy (s n=4, HampuMep, JOJIKHO OBITH 4, 3+1, 2+2, 2+1+1, 1+1+1+1).
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[YkasaHue. YMEHBIIATH MOXKHO MEPBBIN CIIPABA WIEH, HE PABHBLIN 1; Hall-
I €r0, YMEHBINNM Ha 1, a CAEIYIONME BO3BMEM MAKCAMAILHO BO3MOXKHEI-
MU (PaBHBIMHU €My, IIOKA XBATAE€T CYMMHI, & HOCIEIHUN — CKOIBKO OCTa-
HeTcs). ] O

2.4.3. llpencraBasas pa3OumeHus Kak HEYOBIBAIOIINE TMOCJEIOBATENLHO-
CTH, EPEeYnCINTe UX B Jekcukorpadpuyaeckom mopsake. [Ipuvep nms n=4:
1+1+1+1, 1+142, 1+3, 2+2, 4.

[Ykazauue. [locaegnuil wieH yBeJWYUTH HEAb3s, & MPEINOCICIHUN —
MOXKHO; €CJIM IOCJE YBeAWYeHUs Ha 1 NpeanocaefHero WieHa 3a CIET IO-
CIeIHErO HAPYIINTCA BO3PACTAaHUEe, TO U3 ABYX WIEHOB HAJO CAEIAaTh OUH,
€CJIM HeT, TO TMOCJACIHUN WIeH HAIO Pa3OUTh Ha CIAaraeMble, PABHbIE MPEIbI-
IYLIEMY, ¥ OCTATOK, He MEHBIINH €ro.] O

2.4.4. llpencrapnasasa pa3OueHus Kak HeyOLIBAIOIINE IIOCJIEIOBATEIbLHO-
CTHU, IEePEUYNCAUTE UX B HOpPAAKe, 0OpaTHOM JekcukorpaduieckoMmy. [Ipu-
Mep qiag n=4: 4, 2+2, 1+3, 1+1+2, 1+1+1+1.

[Ykasamue. ITo6bI anemeHT x[s] MOXKHO GBLIO YMEHBIINTDL, HEOOXOLY-
MO, 9T00I =1 miu x[s-1]1<x[s]. Ecan x[s] me nocaequuu, T0o 3TOr0 u 10-
crarouno. Ecau on nocaegnun, To HyxkHO, 4T00bl x[s-1] < |x[s]1/2] nm
s=1. (3gech || o6o3HAMAET LTy YacTh )] O

2.5. Kogbl ['peda u aHanoruyHsie 3agaym

Nuorma GuIBaeT MOJE3HO MEPEIUCIATE OOBEKTHI B TAKOM MOPSAIKE, ITO-
Obl KaXXKIBIU CJIEIYIONMI MUHUMAJABLHO OTIMYAICA OT IpeablayInero. Pac-
CMOTPHUM HECKOIBKO 33734 TaKOT'O POJIA.

2.5.1. IlepeuncaunTe BCce MOCAETOBATENBHOCTH IUHBL N U3 4mcea 1. .k
B TAKOM TIOPAIKE, YTOOLI KAXK A CIEIYIOMAA OTINIATACH OT TMPEILITYIIen
B IVHCTBEHHOU IUdpeE, TpuiéM He 6osee, 1eM Ha 1.

Pemenue. PaccMoTpuM IpAMOYTOIBHYIO JOCKY IMIUPUHBI N U BHICOTHI K.
Ha xaxmgou BepTukamu OygeT CTOATDH INAINKA. 1TakuM 00pa3oM, MOJOXKE-
HIA MIANIEK COOTBETCTBYIOT MOCIENOBATEILHOCTAM U3 Yuces 1. .k IJIUHEBL n
(s-71 WieH mOCIeqOBATEIBHOCTH COOTBETCTBYET BLICOTE LIAIIKA HA, S-U BEP-
rukanu). Ha kaxou mamke HapucyeM CTPEJIOUKY, KOTOPas MOXeT ObIThH
HaIpaBJIeHa BBEpX Wi BHU3. BHadvane Bce IMIANIKYA TOCTABUM HA HUXKHIOKO
TOPU30HTANL CTPEIOIKON BBepX. /lanee IBUraeM IAIKY M0 TAKOMY TPABU-
JIy: Has CAMYIO TIPABYIO MIAIIKY , KOTOPYIO MOXKHO MOABUHYThH B HATIPABJIE-
HuM (HAPUCOBAHHOW HA HEW) CTPEIKH, IBUaeM €€ Ha OJHY KJIETKY B 3TOM
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HANPABJCHUN, 8 BCE CTOAIIUE MpaBee HeE Ak (OHU YHEPIUCH B Kpau)
pa3BOpadMBAEM KPYI'OM.

ScHO, 9TO Ha KaXKAOM IIare TOJBKO OJHA MIAIIKA CABUTAETC, T. €. OJAUH
9IeH MOCJAENOBATENbHOCTH MeHseTcs Ha 1. [lokaxkeM MHAyKIUen mo n, 4To
MIPOXOAATCA BCE MOCIeA0BaTeNbHOCTH U3 ducedn 1. .k. Caydan n=1 oueBuae.
IIycts n>1. Bee xoaul momenuM Ha, Te, T'Jie IBUTACTCA TOCTCTHAA IIAITKA,
¥ Te, Tle OBUTAETCsA HE MOCICIHsAsA. BO BTOPOM CIydae MOCTETHAS IIAIIKa
CTOUT y CTEHHI, X MBI €€ IIOBOPAYUBAEM, TAK YTO 3& KAXKABIM XOIOM BTOPO-
ro tuna creayer k-1 XOJOB IEPBOIO THIA, 3& BPEMs KOTOPBIX IIOCTIEIHSA
mamka noOBIBaeT BO BCEX KJIETKAX. Kcim MBl Temepnb 3a0ygeM O IOCJe[-
HEU HIAIIKE, TO [BUXKEHUs IEPBBIX N-1 [0 NPEIIOI0KEHUIO UH TYKIUU [IPO-
0eraimT BCe MOCJEOBATEILHOCTH [JIUHBI Nn—1 MO OOHOMY pa3y; ABUKEHU
JKe TOCAeTHEeN MAITKY U3 KaxXK JOU TOCJAeI0BATEIbHOCTU [IWHE n—1 nemaoT
k mocJeoBaTEIbHOCTEN [JIWHEL 1.

B mporpamme, momumo mocaenoBaTeabroctu x[1]..x[n], 6ymzem xpa-
muTh MaccusB d[1]..d[n] u3 wmcen +1 u -1 (+1 cooTBeTCTBYET CTpEIKE
BBEPX, -1 — CTpeJIKe BHU3).

Hauanbuoe cocrosimme: x[1]=...=x[n]=1; d[1]=...=d[n]=1.

IIpuBegéM aaropuTM mepexofa K CIeAYIOMEn MOCAeI0BaATEeIbHOCTH (O~
HOBPEMEHHO BBIACHSIETCS, BO3MOXKEH JIM II€PEX0] — OTBET CTAHOBUTCA 3HAa-
“eHueM OyJeBCKOU IEPEMEHHON P).

{ecimm MoXHO, cmemaTk WAr ¥ IOJOXKMTH P := true, ecim HeT,
momoxuTs p := false }
i := n;
while (i > 1) and
(((d[i]=1) and (x[il=n)) or ((d[i]l=-1) and (x[il=1)))

do begin

ir=i-1;
end;
if (d[i]=1 and x[i]l=n) or (d[il=-1 and x[i]l=1) then begin
‘ p:=false;
end else begin

p:=true;

x[i] := x[i] + d[il;

for j := i+l to n do begin

| a3l := - d[§];

end;
end; ]

3ameuanue. [ MOCIEIOBATEILHOCTEN HYJEN U €TUHUIL BO3MOXKHO IPY-
roe pelleHne, UCIOoAb3ylee IBondHyo cucremy. (IMeHHO OHO CBA3BIBa-
eTcs OOBIMHO C HAa3BaHUEM «KOABI I'pes.)
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SamumieM noapsas Bce dnciaa or 0 go 2" — 1 B gBomunon cucreme. Ha-
IpuMep, IJd 7 = 3 HAINIIEM:

000 001 010 011 100 101 110 111

3areM Kax[Ioe U3 YUCEN MOABEPrHEM MPeOOPA3OBAHUIO, 3AMEHUB KaX IYIO
uudpy, KpOMe IEePBOIL, Ha €€ CyMMy C Ipeabayien uudpou (1o Moayro 2).
WNupiMu cioBaMu, uCIo ay, ds, - . - , G, TPEOOPA3yeM B a1,a01 + A2,a2 + a3, . . .
ey Apo1 + ay (cymma mo Moxyro 2). s n = 3 nomyduM:

000 001 011 010 110 111 101 100

Jlerko mpoBepuTh, YTO OMUCAHHOE MPEOOPA3OBAHUE HUUCEa OOPATUMO
(u TeM camMbIM TaéT BCe MOCIENOBATEILHOCTH 10 OJHOMY pa3y). Kpome To-
IO, IBOUYHEIE 3AIUCU COCETHUX IUCEJ] OTAMIATCA 3aMeron korna 011 ... 1
ua kouerr 100...0, ¥To — mocnre nmpeoOpa3OBaHUsA — MPUBOAUT K U3MEHe-
HUIO €IUHCTBEHHOU HU(PHI.

Ilpumenerne koga I'pesa. llycTs ecTh Bpallaomasaca OCb, U MBI XOTUM
[IOCTAaBUTHL NAaTYMK YIJa IOBOPOTa »TOW ocu. Hacamum Ha och, OGapabaw,
BBLIKPACHUM II0JIOBUHY OapabaHa B YEPHBIM LIBET, OJOBUHY B O€JLIA U yCTa-
HoBuM dorozaemernt. Ha ero Beixome Oymer B monoBmue ciay4daeB (0, a B
nonoBuHE 1 (T.e. MBI U3MEpAEM YTOJ «C TOYHOCTHIO 10 180»).

PassépTka Gapabana:

0 1
[ T < CkJIeHTh OOKa

CrenaB psagoM APYTryo AOPOXKKY U3 IBYX YEPHBIX U OEJIBIX 9aCTEN U HO-
CTaBUB BTOPOUN (POTODIEMEHT, MOIYIAEM BO3MOXKHOCTH U3MEPUTH YTOM C
TOYHOCTBIO 10 90°:

CuenaB TpeTsIo,

00001111
00110011
01010101

)
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MBI I3MEPUM yT'OJI C TOYHOCTBIO 10 45° u T. 1. ITa uges uMeeT, OIHAKO, He-
JOCTATOK: B MOMEHT IepeCceueHns TPAHUIL CPA3y HECKOJIBKO (hOTOIEMEHTOB
MEHAIT CUTHAJ, U €A DTU U3MEHEHUs MPOU3OUAYT HE COBCEM OTHOBDE-
MEHHO, Ha KaKOe-TO BPeMs MOKa3aHus POTODIEMEHTOB OyayT OeCCMBICACH-
weiMu. Konwr I'pes nospossior usbexkars srou omacHocTu. CuenaeMm Tak,
9TOOBI HA KAXKIOM I1are MeHsI0ChH MOKA3aHUe JUIL OTHOTO ()OTODIEMEHTA
(B TOM UmCIe M HA TOCTETHEM, TIOCIE [EJOr0 060POTa).

00001111
00111100
01100110
I
[ N
[

Hamucannasa mamu ¢dpopmyJia MO3BOIIET JerKO TpeoOpa3oBaTh JaHHLIE
OT (POTOPIEMEHTOB B IBOMYHLIN KOI yIVIa MOBOPOTA.

3aMeTuM TakkKe, 9TO MeOMETPUIECKU CYIIECTBOBAHUE KOna ['pes o3Ha-
YaeT HAIMYUe (CAMUIBTOHOBA LUKJIA» B N-MEPHOM Kybe (BO3MOXKHOCTH
000UTK BCe BEPIIMHBEI Ky0a II0 pasy, ABULAsACh 10 péOpaM, U BEPHYTHCA
B UCXOIHYIO BEPILIUHY ).

2.5.2. HameuaranTe BCe mepeCcTaHOBKN ducea 1. .n Tak, 9TOOLI KaxK 1asa
CJEAYIOMA IOy 9aJach U3 IPEeAbLAYIIEN ePEeCTAHOBKON (TPAHCIO3UIMEN )
OBYX cocenuux umcen. Hampumep, npu n=3 gomnycTuM TAKOU MOPSIOK:

3. 21 -+-23.1-+2.13—-123—=132—=312
(Mex 1y mepecTaB/IsIeMBIMU IUCAAMYA BCTABIEHBL TOUKH).

Pemenme. Hapsaay ¢ MHOXECTBOM TI€pECTAHOBOK PACCMOTPUM MHOXKE-
cTBO moctenoBaTenbHocTen y[1]..y[n] measx HEOTPUIATENBHBIX YUCe,
ot KoTopeix y[1]1 <0, ..., y[n] < n-1. B HéM cTOIBKO XKe 3JIEMEHTOB,
CKOJIBKO B MHOXECTBE BCEX IEPECTAHOBOK, U MBI CEUYIAC YCTAHOBUM MEXK Y
HUMU B3aUMHO OJHO3HAYHOE COOTBETCTBUE. IMEHHO, KaXK [OU IIePECTAHOBKE
IOCTaBUM B COOTBETCTBHUE TocaefoBaTenbHocTs y[1]..y[n], rae y[i] —
KOMWYECTBO YUCET, MEHBIINX 1 W CTOAIMIUX JEBEe 1 B DTOU MEPECTAHOBKE.
Bsaumuas 0ZHO3HAYHOCTH BHITEKAeT M3 Takoro 3amedanwus. IlepecraHos-
Ka ducen 1..n IoAydaeTcsa U3 mepecTaHoBku umceda 1..n-1 mobasiaeHueMm
4qKciIa n, KOTOPOe MOXKHO BCTABUTH HA J060e u3 n mect. Ilpu sToM k como-
CTaBIAEMON C HEeW TMOCICIOBATEILHOCTY JOOABMACTCS €IE ONUH “ICH, TPU-
HUMAOIWMK 3Ha4eHns oT 0 10 n-1, a mpegbIIylIre WIEHBl HE MEHSIIOTCH.
[Ipu 5TOM OKa3BEIBaETCs, ITO U3MEHEHNE HA €UHUIY OJHOIO M3 WIEHOB IIO-
CJIeIOBATENIBHOCTA § COOTBETCTBYET TPAHCIO3ULUU ABYX COCEIHUX HUUCE,
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€CJIM BCe CIEYIOUINE YUCIa TOCAEJOBATEILHOCTH ¥ TPUHUMAKOT MAKCUMATh-
HO WM MWHUMAJIHHO BO3MOXKHBIE [Js HUX 3HAYEHUsd. VIMEHHO, yBeandeHune
y[i] ma 1 cOOTBETCTBYET TPAHCIO3ULIMM YUCJIA 1 C €0 IPABBIM COCEIOM,
& YMEHBIIEHUE — C JIEBBIM.

Tenepb BCHOMHUM DELIEHWE 3AJA4U O MEPEIUCICHUU BCEX MOCIEIOBA-
TEILHOCTEN, Ha, KAXKAOM IIare KOTOPOro OJWH IeH MEHACTCs Ha, €IUHUILY.
3aMeHUB TPAMOYTOMBHYIO TOCKY NOCKOU B (POPME JECTHUIBI (BBICOTA i-U
BEPTUKAJIM DABHA 1) M ABATAd MIALIKA 110 TEM XK€ IPABUIAM, MBI [IEDEIU-
CJIUM BCE MOCJAENOBATENBHOCTH y, MPUIEM i-U wieH OygeT MEHATHCI KaK
Pa3 TOABKO eCJu BCe CAefyOlIe IAIKKA CTOAT y Kpas. Hano emé ymers
[IAPALIEJIBHO ¢ UBMEHEHUEM ¥ KOPPEKTUPOBATE epecTaHoBKy. O4eBu HbIT
cnoco6 TpebyeT OTHLICKAHWA B HEU YMCIA 1; 3TO MOXKHO OOJETYUTH, €CJIU
TMTOMUMO CAMOU TIEPECTAHOBKU XPAHUTE (hyHKIWIO

i — Do3unuA 4uCaa 1 B IepeCcTaHOBKE,

T.e. 0OpaTHOE K IIE€PECTAHOBKEe OTOOpaXKeHue, U COOTBETCTBYIOIIUM 00Opa-
30M €€ KOppEeKTUpOBaTh. BOT Kakas MmoaydaeTcsa mporpaMMas

program test;
const n=...;
var
x: array [1..n] of 1..n; {mepecranoBka}
inv_x: array [1..n] of 1..n; {o6paTHasz mepecTtanoBka}
y: array [1..n] of integer; {y[i]l < i}
d: array [1..n] of -1..1; {manpasmenma}
b: boolean;

procedure print_x;
‘ var i: integer;

begin
for i:=1 to n do begin
‘ write (x[i], ’ ?);
end;
writeln;

end;

procedure set_first;{mepmaa: y[i]=0 mpm Bcex i}
‘ var i : integer;

begin
for i := 1 to n do begin
x[i] (= n + 1 - i;
inv_x[i] :=n + 1 - i;

y[i]:=0;
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end;
end;

‘ var i, j
begin
i := n;

move (b)

end;
end.

‘ d[il:=

1;

procedure move (var done : boolean);

, posl, pos2, vall, val2, tmp : integer;

while (i > 1) and (((d[il=1) and (y[il=i-1)) or

((d[i]=-1) and (y[il=0))) do begin

i = i-1;
end;
done := (i>1); {ympomeHume: IepBHN 4UNeH HeXb3A MEHATH}
if done then begin
y[i]l := y[il+d[i];
for j := i+l to n do begin
| dlil := -d[§]1;
end;
posl := inv_x[il;
vall := i;
pos2 := posl + d[il;
val2 := x[pos2];
{pos1l, pos2 - HoMepa mepecTaBIAEMHX SIEMEHTOB;
vall, val2 - ux 3HaveHua; val2 < vall}
tmp := x[posi];
x[posl] := x[pos2];
x[pos2] := tmp;
tmp := inv_x[vall];
inv_x[vall] := inv_x[val2];
inv_x[val2] := tmp;
end;
end;
begin
set_first;
print_x;
b := true;

{HanevaTaHn Bce IepeCTaHOBKM LO TeKylledl BKINYUTEIBLHO;
ecimu b IOKHO, TO TeKymad - NMOCIEHNHAA}
while b do begin

>

if b then print_x;
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2.6. Heckonbko 3amevyaHun

IMocmoTpuMm emgé pas Ha UCIONIB30BAHHBIE HAMU IpuéMbl. BHavase yaa-
BAMOCh PEINATEL 33Ja4Yy MO TAKOUW CXEMe: ONpEeIeaseM TMOPALOK Ha TMOJJe-
JKAIIUX TIEPEYUCICHUI0 00BEKTAX U SABHO OMUCHLIBAEM IIPOLEAYPY IEPEex0ona
OT JAHHOTO OOBEKTA K CIeAyIomeMy (B CMBICJAE 3TOrO mopsagka). B zagade
o xogxax ['pes moTpeboBaIOCh XPAHUTE, IOMAMO TEKYIIEro OOLEKTa, U HEKO-
TOPYIO JOHOMHUTEIbHYI0 nH(popManuio (HanpasiaeHus cTpeaok). Hakonen,
B 3a,Ja4€ O MePeINCACHUN TEPECTAHOBOK (HA KaK JOM Iare JOITYCTAMA, OJHA,
TPAHCIO3UIHUA) MBI IPUMEHWIA TAKOU MPUEM: YCTAHOBWIM B3AWMHO OTHO-
3HAYHOE COOTBETCTBUE MEXK Y MEPEINCIIEMBIM MHOXKECTBOM U APYTUM, 60~
JIee IPOCTO YCTPOEHHLIM. TaKMX COOTBETCTBUN B KOMOMHATOPUKE U3BECTHO
MHOr0. MBI npuBenéM HECKOJILKO 3a4a4, CBA3aHHLIX C TaK HA3LIBAEMBIMIU
«anciamu Karanaray.

2.6.1. IlepeuncauTe BCe MOCIEIOBATEILHOCTHY IJNHBL 2N, COCTABICHHLIE
73 N €IUHUIL 4 0 MUHYC €IUHUL, y KOTOPBIX CyMMa JI0O0r0 Ha9aJIbHOI'O OT-
pe3Ka HeOTPUIATENIbHA, T.€. YUCA0 MUHYC €IUHUI] B HEM HE MPEBOCXOIUT
qncaa equani. (ucao Takux mocien0BaTeNbHOCTEN HA3BIBAIOT 4ucaom Ka-
masana; Gopmyiy masa ducen Kartanana cMm. B caeyiomeMm pasiede. )

Peurennme. N306paxkasn equauiry BekTopom (1,1), a MUHYC € TUHUIY BEK-
Topom (1,-1), MOXHO CKa3aTh, ITO MBI uieM nyTu u3 ToIku (0,0) B TOU-
Ky (n,0), He OMyCKAIOMMECS HUXKE OCH abCIUCC.

Byzem mepednciisTh mociefoBaTENbHOCTH B JIEKCHKOIPAPUIECKOM IIO-
pagke, camtasa, 4to -1 mpemmectsyer 1. IlepBou mOCIEIOBATEILHOCTHIO
OygeT «mmaay

a TIOCTETHEN — (TOPKa»
1,1, 1,..., 1, -1, -1,..., -1.

Kax mepeuTn oT mocaenoBaTEILHOCTH K caenytomen? [[o HEKOTOPOro
MeCTa OHU JOJXKHEL COBIQAATh, & 3aTeM Ha 10 3aMeHuTh -1 Ha 1. MecTo 3a-
MEHBI JOJKHO OBITH PACIIONOXKEHO KaK MOXKHO npasee. Ho 3amensaTs -1 Ha 1
MOXKHO TOJBKO B TOM CJIydae, eC/Id CIPaBa OT Heé eCThb eAuHuLa (KOTOPYIo
MOXKHO 3aMeHuThb Ha -1). [locme 3amensr -1 Ha 1 MBI IPUXOIUM K TAKOU 3a-
nade: (PUKCUPOBAH HAYAILHBIN KYCOK MOCAEIOBATEILHOCTH, HAJ0 HANTH MU-
HEMAJbHOE IpoJoKeHne. E€ pemenne: Ha 10 TpUNNCHIBATE —1, ecan 5TO He
HAPYLIUT YCJIOBUSA HEOTPULIATEIHHOCTH, & nHAYE IpunuckBaTh 1. [loxydaem
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TAKYIO TPOTPAMMY:

type array2n = array [1..2n] of integer;

procedure get_next (var a: array2n; var last: Boolean);
{B a moMemaerca cuenywmasg IOCIEeFOBATEIBHOCTH, €CIM}
{ona ecte (upm sTom last:=false), uHade last:=truel}
var k, i, sum: integer;
begin
k:=2%n;

{uuBapuanr: B alk+l..2n] Tomeko MuHyC enmuHWuE}
while alk] = -1 do begin k:=k-1; end;

{k - makcumManbHOe cpegmum Tex, mna KoTopux alk]=1}
while (k>0) and (al[k] = 1) do begin k:=k-1; end;
{alk] - camas mpaBasz -1, 3a XOTOpo# ecThb 1;

ecnmu Takux HeT, To k=0}

if k = 0 then begin

‘ last := true;

end else begin

last := false;

i:=0; sum:=0;

{sum = a[1]+...+a[i]}
while i<>k do begin

‘ i:=i+1; sum:= sum+alil;

end;
{sum = a[1]+...+a[k], alk]=-1}
alk]:= 1; sum:= sum+2;

{BmnmoTe mo alk] BCé m3MeHeno, sum=al[1]+...+al[k]}
while k <> 2*n do begin

k:=k+1;

if sum > O then begin

‘ alk]:=-1

end else begin

‘ alk]:=1;

end;

sum:= sum+alk];

end;

{k=2n, sum=al[1]+...+a[2n]=0}

end;

end; O

2.6.2. llepeuncaute Bce PACCTAHOBKU CKOOOK B IPOU3BEIEHUU N COMHO-
xkurenen. [Topsagok COMHOXUTENEN He MEHAETCA, CKOOKY TMOMHOCTHIO OIpe-
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IeJNA0T MOPANOK gAeucTsuu. Hampumep, nia n=4 ecTb 5 pacCTaHOBOK:

((ab)ec)d, (a(bec))d, (ab)(cd), a((bc)d), a(b(cd)).

[Yxazanue. Kaxgomy mopsaxky nercTBUE COOTBETCTBYET MOCAEIOBA-
TEJIbHOCTH KOMaH [ CTEKOBOI'O KAIbKYJIATOPA, ONUCAHHOIO Ha C. 144.] O

2.6.3. Ha oxpyXHOCTHE 3aJaHO 2n TOYEK, TPOHYMEPOBAHHEIX OT 1 10 2n.
[Tepeuncaure BCce cIOCOOBI MPOBECTH N HEMEPECEKAIOMINXCA XOPJ C BEPIIN-
HAMM B 3TUX TOYKAaX. O

2.6.4. IlepeuucauTe Bce CIOCOOBI PAa3pe3aTh N-YIOJBHUK HA TPEYTOIb-
HUKU, IPOBENA N-2 ero TuaroHaJIN. U

(Mer BepHEMCs K PA3PE3AHUI0 MHOI'OYIOJbHAKA B PA3I€JIe O JUHAMUYE-
CKOM MPOrpaMMUpPOBAHUH, C. 137.)

Em@ oxvu kmacc 3anad Ha MEpPEYUCIEHUE BCEX DJIEMEHTOB 3aJaHHOIO
MHOXKECTBA MBEL PACCMOTPHUM HUXKe, 0OCYXKIasd METOI IOUCKA C BO3BPATAMU

(backtracking).

2.7. lloacyeT konuyecTs

Nuorga MOXHO HAUTU KOIUIECTBO OOBEKTOB C TEM WJIM WHBIM CBOU-
CTBOM, He mepedunc/isasn ux. Kiaccuaeckuu mpumep: C’,’“L — 4uCJ0 Beex k-due-
MEHTHBIX HOIMHOXECTB N-3JeMEHTHOI'O MHOXKECTBA — MOXKHO HAWUTH, 3a-
MONMHAA Ta0buIly 1o popMyIaM

c0=cr=1 (n>1)
ck=ctlick , (n>1,0<k<n)

nIm 1o (popMye
n!
Ck= —— .
Tk (n—k)!
(HepBerit coco6 addeKkTuBHee, ecau HyKHO cpa3y MHOrO 3HadeHunr CF.)
[IpuBeaém gpyrue mpuMepsl.

2.7.1. (Yucao pazbuenuis; npegraraiach Ha Bcecoosnon ommMnuaie mo
nporpamMuposBanuio 1988 roga) Ilycre P(n) — 4ucao pazbueHUn 0eaoro
MOMOKUTEIBHOTNO 7 Ha [EJBIE TOJOKUTEIbHEE caaraeMbie (63 ydIéra mo-
pagka, 1 +2 u 2+ 1 — oxuo u To ke pasbuenue). [Ipu n = 0 momoxum
P(n) =1 (eguacTBeHHOE pa30ueHME HE CONEPKUT CaaraeMbix). [loctpoure
anroput™ Berauciaenus P(n) nusa sagasaoro n.
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Pemenue. MoxHO 10Ka3aTh (3TO HETPUBMAIBHO) TaKyilo (MOPMYIY A7
P(n):

P(n)=P(n—1)+P(n—2)—P(n—5)—P(n—7)+P(n—12)+ P(n—15)+...

(3HAKM y map WIEHOB YepefyloTCs, BBIYATAEMBIE B OJHOU [apPe DPABHBL
(3¢ — q)/2 u (3¢°> + q)/2; cymma komeuna — wmbl cuuTaeM, ato P(k) =0
mpu k < 0).

Oxnako u 6e3 e€ UCIOJIB30BAHUA MOXKHO NMPUAYMaTh CIOCOO BBIUUCIE-
uua P(n), KOTOpBIN CyecTBeHHO >ddeKTUBHEE mepedopa U MOACIETa BCEX
pasbueHun.

O6o3naunM 4gepes R(n, k) (quzn >0, k > 0) 4ucio pasbueHunt n Ha Le-
JIBIE TIOJOXKUTENbHBIE craraemere, He npesocxoadmme k. (Ilpu arom R(0, k)
canraeM paBHbIM 1 mus Beex k > 0.) OueBugno, P(n) = R(n,n). Bee paz6u-
€HUA N HA ClaraeMble, He MPEBOCXOAsmume k, pa3o0béM Ha CPYIIILL B 3aBU-
CHMOCTH OT MaKCHMAJBHOI'O ¢1araeMoro (06o3HaduM ero 7). Yucao R(n, k)
paBHO cymme (o BceM ¢ oT 1 10 k) KoawdecTB pasbueHunl co CJaaraeMbIMu
He Ooublie k 1 MaKCUMAJIbHBEIM CJAaraeMbIM, PABHBIM i. A pasbueHus n Ha
caaraeMble He 6ojee k ¢ IePBBIM CJIaraeMbIM, DABHBIM i, TIO CYIIECTBY TIPE/I-
CTaBAAIOT COOOU pa3OMeHUsA 1 — i Ha CAaraeMble, He IPeBOCXOAAIne | (mpu
1 < k). Tak 9To

k
R(n,k):ZR(n—i,i) npu k < n,
i=1

R(n,k) = R(n,n) upu k > n,
9TO MO3BOJSIET 3AIOJHATH TAOIUIY 3HAYeHUN QyHKumm R. U

2.7.2. (CuactuuBble OwieThl; IpeiIaralach Ha BcecoisHon omuMmua-
ne mo mporpaMmmuposanuio 1989 roga.) HocregosaTeasHocTs U3 2n mudp
(xax gas mudpa ot 0 10 9) HABBIBAETCA CIACTIUBLIM OWIETOM, €CIU CyMMa
mepBLIX 1 Mudp paBHA CymMMe mocaenuux n mudp. Hangure wucao caact-
JIMBBLIX MOCJAEIOBATEILHOCTEN JAHHOMW JJINHEL

Pemenne. (CoOOIIEHO OHAM U3 YIACTHUKOB OJUMIMAILL; K COXKAICHUIO,
HE MOI'y YKa3aThb (PAMUINIO, TaK KAK PAOOTHI MPOBEPAINCH 3AIInppOBAH-
ueiMu.) Paccmorpum Gosee oOLIyIo 3agady: HAUTU GUCIO MOCTENOBATEIb-
HOCTEH, e Pa3sHUIA MEXIy CYMMOHU IEePBLIX 1 nu(p U CyMMOU IIOCJE.-
mux n uudp pasHa k (k= —-9n,...,9n). lIycrs T(n,k) — gucao Taxux
MIOCIeJOBATETLHOCTEN.

Pa306béM MHOXKECTBO TAKUX MOCICI0BATEILHOCTEN HA KIACCH! B 3aBUCH-
MOCTH OT Pa3HUIILI MEXK Y TEPBOU U mocaeanen mudpamu. Ecau sTa pa3nu-
11a paBHA t, TO PA3HUIIA MEXKAY CYMMaMU I'PYIII U3 OCTaBIIUXCA 1 — 1 mudp
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paBHa k — t. YunTsiBas, 9To map uudp ¢ pasHocThio ¢ ObBaeT 10 — [¢], mo-
JaydaeM pOpMYyILy

9

T(n,k)= > (10— [t)T(n— 1,k —t).
t=—9

(Hexoropeie ciaraeMble MOIyT OTCY TCTBOBAThH, TAK Kak k — ¢ MoxeT OBITH
CJMIIKOM BEINKO. ) O

B HEKOTOPBIX CIyYanx OTBET yAAETCA MOy IUTh B BULE ABHOU (POPMYJIHL.

2.7.3. Hoxaxwure, uro uncao Karanrana (koiu4ecTBo mocie0BaTe bHO-
CTeH IJIMHEL 2N W3 N eQUHUL 1 7L MUHYC eINHNL, B JI0OOOM HAvaJIbHOM OTPE3-

Ke KOTODHIX HEe MEHBINE eIWHUI, UeM MuHyc egunun) pasao C3 /(n + 1).

[Ykasamue. ucio Kararana ects umcio momanbrx, ugymux us (0,0)
B (2n,0) maramu (1,1) u (1, —1), He OIYCKAIOMMXCA B HIKHIOK HTOLYILIOC-
KOCTb, T. €. DA3HOCTb 9UCJIA BCeX JOMaHBIX (KoTopoe ectb CF ) n ducia 1o-
MAHBIX, OILy CKQIOIIUXCS B HUZKHIOIO IOJIYIVIOCKOCTE. [locaesaue MOXKHO onwm-
caTh TaK¥Ke KaK JOMaHkle, Iepecexatomue npamyo y = —1. OTpas3us ux ky-
COK CIPaBa OT CAMOM IIPABOK TOYKM IEPECETEHNs] OTHOCUTENLHO YKA3AHHON
IPAMOM, MBI YyCTAHOBUM B3aUMHO OJHO3HAYHOE COOTBETCTBUE MEXK Iy HAMU
u movanbive w3 (0,0) B (2n, —2). Ocraéres mposeputs, uto OF, — Citt =

2n

= Cp,/(n+1)] O



3. ObXOJ AEPEBA.
[MTEPEEOP C BO3BPATAMMU

3.1. Pep3u, He bblowme apyr apyra:
06x0/, AepeBa MO3MLUN

B mpenpiayien riase Mbl pacCMaTPUBAIA HECKOIBKO 33024 OJHOTO U TO-
T0 XK€ TUMA: (MEPEIUCIUTH BCE DIEMEHTHI HEeKOTOPOro MuoxkecTsa A». Cxe-
Ma pemnieHns ObLIa TAaKOBA: HA MHOXECTBE A BBOAWICA MOPANOK U OMUCHI-
BAJIACH TMPOLEAYPa MEPexona OT MPOU3BOJBHOIO BJIEMEHTA MHOXKecTBa A
K caenyomeMy 3a HuUM (B aToM nopsgke). Takyio cxemy He Bcerga ynaércs
peanm3oBaTh HEMOCPEICTBEHHO, U B DTOU TVIABE MBI PACCMOTPUM IPYTOn
TIOJIE3HBIN TTPUEM TIEPEIUCICHUSA BCEX DIEMEHTOB HEKOTOPOrO MHOXKECTBA.
Ero HasbBaloT «OMCK C BO3BpaTaMM», «(METOJ BETBEH U rpaduily, «back-
trackingy. Ha mam B3rusg, mambonee TOYHOE HA3BAHWE DTOI'O METONA —
06X011 mepeBa.

3.1.1. Ilepeumcaure BCe CIIOCOOBI PACCTAHOBKYU N (hep3er Ha MIaxMar-
HOU [OCKE N X N, IPU KOTOPBIX OHU HE OBIOT APYT APYTA.

Pemenue. OueBuaHO, HA KaXKIOU U3 N TOPU3OHTANEN NOMKHO CTOATH
o ¢epso. Bygem HasweBars k-nosunmen (gua k=0,1,...,n) mpou3BoIL-
HYIO DacCTaHOBKY k (depsenl Ha k HUXKHUX TOPU3OHTANAX ((Dep3m MOryT
6urs Apyr apyra). Hapucyem «gepeBo mosuuuiny: ero kopHem OyAer efuH-
crBenHas (-TIO3WMIMNSA, & M3 KaXKAOW k-TIO3WIIUN BBIXOOUT 71 CTPEJOK BBEPX
B (k + 1)-mosuumm. STU 1 HOULUNM OTJIMYIAIOTCA MOJOXKEHMEM (ep3sa Ha
(k + 1)-u ropusonTamu. Bynem cauTarh, 9TO PACIOJIOKEHUE UX HA PUCYH-
Ke COOTBETCTBYET IOJOXKEHUIO DTOr0 (hep3s: JeBee Ta MO3ULUA, B KOTOPOU
¢dep3b paclIoNoXKeH JeBee.

Cpeau mosuIm >Toro nepesa HaM HALO OTOOPATH Te N-TO3UIINA, B KO-
TOpHLIX dep3u He ObIoT ApYyT apyra. Ilporpamma OymeT «0OXOIUTH AepEBO»
7 uckaTh ux. UTOOLI He menaTh JUIHEN PAOOTHI, 3AMETUM BOT UTO: €CJIU
B KaKOU-TO k-mo3unuu (ep3u ObIOT APYT APYra, TO CTABATH NATBHEUIINX
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NS N

[lepeBo mo3umuy mas 1 = 2

depsen cumbicaa mer. IlopTOMy, OGHAPYXKUB 3TO, MBI OyleM MpEKpAaIlaTh
IIOCTPOEHNE JePEBA B DTOM HAIPABICHUU.

Tounee, HA30BEM k-TIO3UIUIO NOMYCTUMOU, €CIAU HOCIE VIAJICHUA BEPX-
HEro ¢ep3sa ocrapmmecs He ObIOT apyr apyra. Hamma mporpamma OymgeT
PacCMaTpPUBATE TOJBKO TOIYCTAMBIE ITO3ULIAHN.

£ B
L L

[lepeBo IOMyCTUMBIX MO3UIUU IJIA 1 = 3

Pazo6bém 3agady Ha aBe gacTu: (1) 06x04 IPOU3BOILHOTO nepesa u (2)
pealn3anuio IepeBa AOMYCTUMBIX IO3UINAN.
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Coopmyaupyem 3amgady 00X0ma TPOM3BOJILHOTO AepeBa. bymem cuu-
TaTb, 9TO y HAC uMeeTca Po6OT, KOTOPHIM B KaXK AL MOMEHT HAXOIUTCSI
B OJHOU M3 BEPLIVH [epeBa (BepIIMHBI U300PaXKEHLI Ha PUCYHKE KDPYKOU-
KaMI/I). OH yMeeT BBIIIOJHATH KOMAaHObIL:

e BBepX_HanerBo (UATH IO CAMOU JEBOU U3 BBEIXOAIIAX BBEPX CTPEJOK)
e BIpaBo (IEPelTH B COCEAHIOI CIPABA BEPIIUHY )
e BHU3 (CIYCTUTHCA BHU3 HA OQWH YPOBEHD)

(Ha pucyHKax CTpeIKaMu MOKA3aHO, KAKHE IIEePEMEIIEHs COOTBETCTBYIOT
STUM KOMAaHIaM.)

<

BBEpX_HAJIEBO BIIPaBO BHUI3
Kpowme Toro, B penepryap Pobora BxogsT nposepku (CooTBeTCTBYIOLIUE
BO3MOXKHOCTY BBEIOMHUTE KAXK VIO U3 KOMAHT):

® eCTL_CBepXy;

® eCTL_CIpaBa;

® eCTbL_CHU3Y;

(HOCﬂe,qHﬂﬂ IPpOBEPKA NCTUHHA BCIOY, KDOME KOpHﬂ). O6paTure BHUMAHUE,
9TO KOMAH/[a BIPABO MO3BOJAET MEPEUTH JUIIb K «POJHOMY OpaTy», HO HE
K «IBOIODOITHOMY».

Tax xoMaHIa
BIPaBoO
He xencTByerT!

Bygem cuurars, uTo y PoboTa ecTh KOMaHga 06paboTaTh U ITO €ro
3agada — o0paboTaTh BCE JUCThS (BEPLUIMHBIL, 13 KOTOPBIX HET CTPEJOK
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BBEpPX, TO €CTh Il¢ YCJIOBUE eCTh_CBepXy JOXKHO). [/ HAlllen maxMaTHON
3alavr KOMaHJe o6paboTaTh OyJeT COOTBETCTBOBATH IIPOBEPKA U MEYATH
no3unuu epsen.

[loka3aTeIbCTBO NPABUILHOCTY MPUBOAUMOU [ATEE MPOTPAMMBLI WUC-
mosnb3yer Takuwe ompenenerus. llycTts ¢ukcupoBano mosoxkenuwe Pobora
B OJHOU W3 BEPUIMH gepeBa. Torga Bce JMUCTbA TepeBa PasOUBAIOTCA HA
Tpu kareropuu: xad Poborom, sesee Pobora u npasee Pobora. (IlyTeh us
KODPHsA B JUCT MOXET IPOXOIUTH depe3 BepmnHy ¢ Po60oTOM, CBOpaumBaTh
BJIEBO, HE JOXOIs 10 Heé U CBOPAIMBATH BIPABO, HE NOXOAsA X0 HeE.) Uepes
(QJI) o603HaMKMM ycaoBue «0OPAOOTAHBI BCE JUCThsA JeBee PoboTay, a depes
(QJIH) — ycaoBue «0OpabOTAHBI BCE JUCThsA JeBee u Hax PoboTomy.

JleBee Hanxg IlIpagee

Ham monazxoburcs Takas mpomenypa:

procedure BBepx_Io_ymopa_K_o6paboTaTh;
‘ {maro: (0Jl), mamo: (OJIH)}
begin

{unBapuanr: 0II}

while ecTr_cBepxy do begin
‘ BBEpX_HalIeBO;

end

{0JI, Po6oT B mucTe}
obpaboTaTs;

{0nH}

end;

OcHOBHOU AIropuTM™:

LaHO: Po6oT B KOpHe, IUCTbA He 06paboTaHH
Hamo: Po6oT B KOopHe, IUCTbA o6paboTaHH

{0m}
BBepX_IO_yHopa_u_o6paboTaTh;
{unBapuanT: O0JIH}
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while ecTe_cuuay do begin
if ecTn_cmpaBa then begin {0JIH, ecTs cmpaBa}
BIIPaBo;
{0}
BBepX_Jo_ynopa_u_obpaboTaTs;
end else begin
{0JlH, He ecTh_cmpaBa, ecTh_CHU3Y}
BHUS3;

end;
end;
{0JIH, Po6oT B xOopHe => BCe mUCTBA obpaboTaHh}

OcTanoce BOCHONB30BATHCA CIEAYIOIUMU CBOUCTBaMu KoMaHg PoGora
(B Ka:KAOU CTPOKE B EPBOU (PUI'YPHOU CKOOKE BALKMCAHEBL yCIOBUS, B KOTO-
DBIX BBIMOJIHAETCS KOMAaHJIa, BO BTOPOM — YTBEPIKAEHUS O Pe3yabTaTe eé
BBIMOIHEHNA):

(1)  {OJI, me ecTb_cBepxy} 06paboraTs {OJIH}

(2) {OJI, ecTtb_cBepxy} BBepx_Haneso {O.JI}

(3) {ectb_cmpasa, OJIH} Bupaso {OJI}

(4) {ue ecTn_cmpasa, ectb_cuusy, OJIH} suus {OJIH}

3.1.2. [Toxaxure, 9TO IpUBENEHHAL TPOIPAMMA 3aBepIIaeT paboTy (Ha
JII000M KOHEYHOM [EpEBe).

Pemenue. IIponenypa BBepx_mo_ymopa m_o6paboTaTh 3aBepIIaeT pado-
1y (BBICOTA POGOTA HE MOXKET yBEAMIMBATHCA OECKOHETHO). Ecau nporpam-
Ma paboTaeT OECKOHEYHO, TO, MOCKOJILKY JUCTbA HEe 00pabaThIBAIOTCA IIO-
BTOPHO, HAYMHAS C HEKOTOPOI'O MOMEHTA HU OJWH JUCT He 00padaThIBAETCA.
A 510 Bo3MOXKHO, TOIBKO ecau Po6or Bcé Bpems cnyckaercs Buu3. [Iporu-
Bopeure. (O6 OlleHKe YuciIa JeUCTBUU CM. TaJee.) O

3.1.3. [lokaxuTe IpaBUIbHOCTbL TAKOHM IIPOrPAaMMEL 00X01a JepeBa:

var state: (WL, WLU);

state := WL;

while ecTws_cHusy or (state <> WLU) do begin

if (state = WL) and ecTwh_cBepxy then begin

‘ BBEPX_HAlIeBO;

end else if (state = WL) and not ecTh_cBepxy then begin
‘ o6paboTaTs; state := WLU;

end else if (state = WLU) and ecTws_cmpaBa then begin

‘ BmpaBo; state := WL;

end else begin {state = WLU, not ecTb_cmpaBa, €CTb_CHU3Y}
‘ BHU3;

end;

end;
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Pemenue. luBapuaHT nukia:

state = WL = 0JI
state = WLU = OJIH

llokazaTeabCcTBO 3aBepieHus padoTwl: mepexon u3 cocrosuus 0JI B 0JIH
BO3MOXKEH TOJBKO Ipu 00pabOTKe BEPIINHEL, IOXTOMY €CJIU IPOrpaMMa pa-
0oTaeT 6ECKOHEYHO, TO C HEKOTOPOT'O MOMEHTA 3HadYeHuWe state He MeHs-
€TCs, IYTO HEBO3MOXKHO. U

3.1.4. HanumuTe nporpaMMy o6Xoza IepeBa, NCIOIb3YIOUIYIO MPOLeny-
Py mepexofa B CJAeIyOMuUl JUCT (C BBIXOAHBIM IAPAMETPOM, COOOIIAIOIIM,
YAAIOCH JIU DTO CAENATH WM JUCT OKA3AJICHA [OCAETHUM). (]

3.1.5. Pemmre 3amay 06 ob6xome gepeBa, €Cum MBI XOTHUM, ITOOBI 00-
pabaTBIBAIUCH BCEe BEPIIUHBL (HE TOIBLKO JUCTh).

Pemenue. Ilycts & — HexoTOpas BeprmHa. Toraa mai06as BepHIMHA ¥
OTHOCUTCS K ONHOUM M3 YETHIPEX KaTeropui. PaccMoTpum myTh U3 KOpHA
B y. OH mMoxeT:

(a) ObITH YACTBIO My THU U3 KOPHA B T (Y Husice T);

(6) cBepuyTb HaJEBO ¢ myTH B T (Y «aesee T);

(B) npouru uepes z (y nad x);

(r) cBepHyTH HampaBo ¢ myTHu B = (Y npasee T);

B gacTHOCTH, CaMa BepIInHA & OTHOCATCA K KaTeropuu (B). YCIOBUA TENEPD
OyIyT TAKUMU:

(OHJT) o6paboTaHbl BCE BEPIINHEI HUXKE U JIEBEE;
(OHJIH) o6paboTaHbl BCE BEPIIUHBI HUAXKE, JEBEE U HA[.

Bot xak 6yaeT BEIIIAZETH IPOrpaMMa

procedure BBepx_ZKo_ymopa_u_obpaboTarTs;
‘ {zmaro: (OHI), magmo: (OHJH)}
begin

{unBapuanr: OHI}

while ecTe_cBepxy do begin
o6paboTaTsh;
BBEpPX_HAIIEBO;

end

{0HII, Po6boT B mucTe}

obpaboTaTs;

{OHJIH}

end;
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OCHOBHOU AITOPUTM:

LaHO: Po6oT B KOpHe, HM4Yero He ob6paboTaHo
Hamo: Po6oT B KOpHe, BCe BepUMHH 06pa6oTaHH

{0n}
BBepX_Jo_ynopa_u_o6paboTaTs;
{unBapuanr: OHIH}
while ecTb_crHu3y do begin
if ecTn_cmpaBa then begin {OHJIH, ecTr cmpama}
BIIPaBO;
{OH}
BBepX_Jo_ynopa_u_ob6paboTaTs;
end else begin
{0JIH, He ecThb_cmpaBa, eCTb_CHU3Y}

BHU3;
end;
end;
{0OHIIH, Po6oT B KOpHe => BCe BEepUMHH o6paboTaHH} O

3.1.6. IlpuBenéuHas TOJBKO YTO MPOrpamMma 0O6pabATHIBAET BEPIIUHY
JO TOro, Kak 00paboTaH 0001 13 €€ MOTOMKOB. Kak M3MeHUTL mporpam-
My, ITOOBI KaK[Ias BepIINHA, HE ABIAIIIAACA JUCTOM, 0OpabaThIBaIaCh
OBAXKIB: OOWH Da3 J0, a APYI'OU pas mociae Bcex cBoux NOTOMKOB? (Jlu-
CThs TO-TIIPEXHEMY 006pabaTHIBAIOTCSA 10 Pa3y.)

Pemenne. Ilox «o6paboTaHo HuXKE U JeBeey OyaeM MOHUMATDL «HUXKe 00-
pPaboTaHo 1O pasy, cieBa 06paboTAHO MOIHOCTBIO (JIUCTHA HO Pa3y, OCTAIb-
mele 110 g8a)». [lon «o6paborano HuKe, JeBee u Ha gy Oy eM HOHUMATH (HIKE
06paboTaHo 1O pa3y, JeBee U Had — IOJHOCTBION.

IIporpamma GymeT Takou:

procedure BBepx_fo_ylnopa_u_o6paboTaTs;
‘ {mamo: (OHI), mamo: (OHJH)}
begin
{uuBapuanT: OHI}
while ecTe_cBepxy do begin
o6paboTaTs;
BBEpPX_HAIIEBO;
end
{0HII, Po6oT B mmcTe}
ob6paboTaTs;
{OHITH}
end;
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OCHOBHOU ATTOPUTM:

IaHo: Po6oT B KOpHe, HMYero He ob6paboTaHo
Hagmo: Po6oT B KopHe, BCce BepumMHH o6paboTaHH

{0Hm}

BBepX_LO_yHopa_u_ob6paboTaTs;
{unBapuanT: OHIIH}

while ecTe_cumay do begin

if ecTs_cmpaBa then begin {0HIIH, ecTs cmpasa}
BIIPABO ;

{OH}
BBepX_Ho_ynopa_u_o6paboTaTs;

end else begin

{0JlH, He ecT®n_cmpama, ecTb_cHuU3Y}
BHUO3;

obpaboTaTsh;

end;

end;

{0HIIH, Po6oT B KopHe => BCe BepumHH o6paboTaHH momHOCTBM} [

3.1.7. [loxaxuTe, 9TO YIUCJIO ONEPALUN B 3TOU MPOrPAMME IO IOPAI-
Ky paBHO umciay BepmmH gepesa. (Kak u B gpyrux mporpammax, KoTopbie
OTJIUYAIOTCS OT DTOU JIMLIb IPOILYCKOM HEKOTOPBIX KOMAaH[ 06paboTaTs.)

[Ykasauume. IIpuMepHO Kax10€ BTOPOE A€MCTBUE MPU UCIOTHEHUN 3TON
IporpaMMbl — 0OpabOTKAa BEPIINHEL, a KaxXKasd BepIInHa 00pabaThIBAETCA
MaKCAMYM JBaXIbL.| O

Bepuémcs Temeps K Hamen 3agade o ¢epssax (e u3 BCeX IpOrpamm
00paboTKU JepeBa OHATOOUTCs UMb [epBasi, caMas npocras). Peamusy-
eM omnepanuu ¢ gepesom mnosunui. [loswnuio Gygem mpeacTaBiATb C IO-
MOIIbIO TlepeMerHon k: 0. .n (uncno depsen) u maccuBa c: array[1..n]
of 1..n (c[i] — xoopauuaTer depss Ha i-u ropusoHTasw; mpu i > k
suadenue c[i] pomm me urpaer). Ilpegnomaraercs, 49TO BCe NO3ULUAU
ponmycTuMbl (ecau yOpaTh BepxXHEro (epas, OCTalbHbIE HE OBIOT APYD
apyra).

program queens;
const n = ...;
var
k: O0..n;
c: array [1..n] of 1..n;
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procedure begin_work; {mavaTs paboTyl}
begin

‘ k := 0;

end;

function danger: boolean; {BepxHuit beps3p moxm Goem}
‘ var b: boolean; i: integer;
begin
if k <= 1 then begin
‘ danger := false;
end else begin
b := false;
i=1;
{b <=> Bepxuum dep3r moxm 6oem dep3en c HoMepamm < i}
while i <> k do begin
b := Db or (c[il=c[k]) {Bepruxamp}
or (abs(c[i]l-c[k]))=abs(i-k)); {mmaromans}
i = i+1;
end;
danger := b;
end;
end;

function is_up: boolean; {ecTws_cBepxyl}
begin

is_up := (k < n) and not danger;
end;

function is_right: boolean; {ecTb_cmpasa}
begin

‘ is_right := (k > 0) and (c[k] < n);

end;

{Bo3moxna oumbka: mpm k=0 He ompegemeno c[k]}

function is_down: boolean; {ecTn_cuusy}
begin

is_down := (k > 0);
end;

procedure up; {BBepx_HameBo}
begin {k < n, not danger}

k =k 1;

c [k] 1;
end;

+
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procedure right; {Bmpamo}
begin {k > 0, c[k] < n}
‘c[k] = c [k] + 1;
end;

procedure down; {BHu3}
begin {k > 0}

| k :=k - 1;

end;

procedure work; {o6paborarn}
‘ var i: integer;

begin
if (k = n) and not danger then begin
for i := 1 to n do begin
‘ write (’<’, i, ’,’ , c[il, ’> ?);
end;
writeln;
end;
end;

procedure UW; {BBepx_no_ynopa_n_o6pa60TaTL}
begin
while is_up do begin
up;
end;
work;
end;

begin
begin_work;
Uw;
while is_down do begin
if is_right then begin
right;
UW;
end else begin
‘ down;
end;
end;
end.
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3.1.8. IlpuBeaéunas mporpamMmMma TPATUT TOBOJLHO MHOTO BPEMEHU Ha
BLINIOJHEHNE TPOBEPKU €CTh_CBepXy (IpPOBEpKA, HAXOAUTCA JU BEPXHUN
depsp mog 6oem, TpeGyeT Uucaa AEMCTBUU MOpAAKa n). M3menute pe-
AIU3AILMI0 OIEePAlui C [IepPeBOM IMO3UIUU TAaK, YTOOLI BCE TPHU IPOBEP-
KU eCTb_CBepXy/clpaBa/CHU3y M COOTBETCTBYIOIINE KOMaHABLl TpeGoBa-
JU OB KOMUYECTBA JEUCTBUYN, OPPAHUYEHHOIO HE 3aBUCAIIEN OT N KOHC-
TAHTOMU.

Pemenwe. /11 kax 101 BEPTUKAIN, KaXK JOU BOCXOIAIIECN U KAXK JOU HUC-
XOIAMEN OUATOHAIM OyAeM XPAHUTHL OYyJEBCKOE 3HAYEHWE — CBEICHUA O
TOM, HAXOQUTCS JIU HA DTOU JuHuu (Hep3b (BepxHull Gep3b He yIUTHIBALT-
cs1). (3amMeTuM, 9TO B CHIY OIYCTUMOCTY HO3UUWK HA KAXKJOU U3 JUHUN
MOXKET OLITH He Gomee OMHOTO (ep3s.) O

3.2. Obxopn nepeBa B Apyrux 3ajgadax

3.2.1. Hcnoabsyure MeTon 00Xona AepeBa IJIA PEIIeHN CJAeyIOMen 3a-
JadU: JaH MACCHUB M3 N MEJIBLIX MOJOXKUTEIbHBIX ducena all] ...a[n] u unm-
€70 8; TPeOyeTCsA y3HAThL, MOXKET JU YUCIO § OLITH MTPEICTABICHO KaK CyMMa,
HEKOTOPHIX U3 4ucea MaccuBa a. (Kaxkmoe 9meao MOXHO UCIONb30BATH HE
6osee UeM 1o OJHOMY DPa3y.)

Pemenne. Bynem 3amaBaTh k-mO3uMINIO MOCIEI0BATEILHOCTHIO U3 k Oy-
JIEBCKUX 3HAYEHNN, ONPeNe/IAINNX, BXOAAT au B cymmy ducaa al[1] ... a[k]
win He BxoaaT. [lo3unus nomycruma, ecau eé cymma He IPEBOCXOAUT S. [

3ameqanue. [1o cpaBHEHMIO ¢ TOTHBIM TIepe6opoM Beex 2 moaMHOKeCTB
TYT €CTh HEKOTOPBIN BLIMTPHIIL. MOXKHO TaKkKe MPeIBAPUTEILHO OTCOPTH-
pOBaTh MACCUB a B yOBIBAIOIIEM IMOPSAIKE, & TAKXKE CINTATH HEIOILYCTHU-
MBIME T€ MO3UIUHN, B KOTOPBIX CyMMa OTODOIIEHHBIX 4JIEHOB OOJIBIIE, YeM
PA3HOCTB CyMMBI BCEX WIEHOB U S. [locieHui npuéM HA3BIBAIOT «METOIOM
BeTBeU u IpaHuly. Ho IpUHININAIBHOIO yIyUIIeHns IO CPABHEHUIO C MOJI-
HBIM [epeGOpOM TYT He MOMydaeTca (3Ta 3amada, Kak rosopat, N P-mos-
Ha, moapobHOCTU cM. B kHure Axo, Xonkpodra u Yasmana «IlocTpoenue
¥ QHAJIW3 BEMMUCAUTENBHLIX aaroputMony, Mup, 1979, a Takxe B xaure 1'>-
pu u [xoucoHa «BbrducanTenpbHbIe MAIMHEL U TPYJHOPEIIAeMbIe 3a1a4Wy,
Mup, 1982). Tpaguuuonunoe Ha3BaHUE DTOU 3aJadud — «334a4a O PIOK3a-
ke» (proK3axk o6LIed TPY30MOIbEMHOCTBIO S HYXKHO YIAKOBATE MO 3aBA3-
Ky, pacmnoaras npeameramu Beca al[1] ... a[n]). Cm. Takxke B raase 8 (Kax
060UTUCH 0€3 PEKYPCUM) ATTOPUTM €€ DEIleHus, TOTNHOMUAIBHBIN 110 1L + S
(MCIOAB3YIOIUT «IMHAMUIECKOE IIPOrPAMMUDPOBAHUEY ).
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3.2.2. Tlepeumcaure BCE MOCTCIOBATEILHOCTU W3 1 HYyJEW, €IUHUI] U
IBO€K, B KOTOPBLIX HUKaKasA IPyNna nudp He IOBTOPAETCA IBA Pal3a HOAPAL
(met xycka Buga X X). O

3.2.3. Amajoruvnas 3amada I IOCJAEIOBATEILHOCTEN HYJ/IEH U €qUHNAII,
B KOTODBIX HUKAaKas Ipynna uudp He HOBTOPSETCs TPU pasa moapsy (Her
kycka Buga X X X). O

K »Toll xXe KaTeropum OTHOCATCA 3a1a49M THUIA (MOXKHO JH CJIOXKITH
ZaHHYIO QUIYPy W3 IEHTAMUHO» ¥ UM n0g00HBE. B HEX BaxHO ymenoe co-
Kpamenue nepe6opa (BOBPeMs PACIO3HATE, ITO NMEIOIIEEC] PACIOIOKEHIE
dUrypoK yaKe IpOTHBOPEIUT TPEOOBAHUAM, U IO STOK BETBU HOUCK HE IIPO-
JIOJIKATH).



4. COPTUPOBKA

4.1. KeagpaTu4Hble anropuTMmbl

4.1.1. Ilycts alll,...,aln] — wmeawie umcaa. Tpebyercs mocTpouThb
MaccuB b[1],...,b[n], cogepxammun Te xe ducia, 111 Koroporo b[1] < ...
...<bl[n].

3ameuanue. Cpeau uucea al[1] ...a[n] moryr 6erTh paBuse. Tpebyer-
¢, 9TOOBI KaxkJ0e Ienoe 9ucjao Bxoamio B b[1] ...b[n] cromsko xe pas,
ckoabKo U B a[1] ...a[n].

Pemrerme. Ygo6uo cumrars, uro wmcaa all]...aln] m b[1]...b[n]
MPEACTABIAIT COO0M HAYAMBLHOE M KOHEYHOE 3HAUEHUS MaccuBa X. Tpebo-
BaHUE «a U b COAEPXKAT OJHU U Te XKe YnCiIay OyJeT 3aBeIOMO BBIIOJIHEHO,
€Cu B IIPOIecce paboOThl MBI OIPAHUIUMCS TIEPECTAHOBKAMY DIEMEHTOB X.

k := 0;

{k HauMeHBUMX >IEMEHTOB MacCUBa yCTAHOBIEHH Ha CBOM MecTa}
while k <> n do begin

s : =k +1; t :=k + 1;

{x[s] - nmawmensumu cpemm x[k+1]..x[t] }

while t<>n do begin

t =t + 1;
if x[t] < x[s] then begin
‘ s := t;
end;
end;

{x[s] - mamvemeumu cpemu x[k+1]..x[n] }

...mepectaButhk x[s] u x[k+1];

k :=k + 1;

end; O

4.1.2. [lauTe gpyroe pelieHne 3aJa9u COPTUPOBKYU, UCIOAb3YIONIEe WH-
BapUaHT «IepBLIe k naeMeHTOB ynopsagodensd (x[1] < ... < x[k]).
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Pemrenne.

k:=1;

{mepBHe k >IeMeHTOB ymOpAZOYEeHH}

while k <> n do begin

t := k+1;

{k+1-mm >meMeHT mpoIBUTaeTCA X Hadaly, IOKa He 3auMET
Ha[leXalleTo MecTa, t — ero TeKyuMli HoMep}

while (t > 1) and (x[t] < x[t-1]) do begin
...moMeHATH x[t-1] = x[t];
t =t - 1;

end;

end; O

3amedanue. [[edekT mporpamMMbl: IpH JOKHOM BhIpaxkenunu (t>1) mpo-
Bepka x[t] < x[t-1] Tpebyer HecymecTByIOIEro 3uadenus x [0].

O6a upenioXeHHBIX pemeHus TPeOyioT YuciIa AeUCTBUN, IPOHOPIUO-
HAJILHOTO n2. CymectBytoT 60mee >pdeKTUBHBIE AITOPUTMHI.

4.2. AnropuTmbl nopsaka nlogn

4.2.1. IIpemnoxure aaropurm cCOpTUPOBKY 3a BpeMs n log n (dmciao one-
pallui TIpU COPTUPOBKE 7 DAEMEHTOB He 6oabie C'n log n aasa wekoroporo C'
U [JIsI BCEX M).

M= mpuBeiéM IBa, PEIIeHUS.

Peurenue 1 (COPTUPOBKA CAUAHUEM).

ITycts k — nosoxuTeabHoOe 1eaoe ducao. Pazobném maccus x[1] ... x[n]
Ha orpe3ku guauubl k. (Ilepsomr — x[1]...x[k], sarem x[k+1]...x[2k]
u Tak ganee.) Iocaeguuil OTpe3oK OyneT HEMOJHBIM, €CJAM N HE JETUTCA
ua k. HazoBéM MaccuB k-ymopsagoueHHBIM, €CIN KaXK IbI 13 3TUX OTPE3KOB
B OTAEIBHOCTHU ymopsamodeH. Jlwobou maccus 1-ymopsagoden. Eciu maccus
k-ynopsagoder u n < k, TO OH yopAA09IeH.

Mul onuineMm, Kak mpeoOpa3oBaTh K-yIOPAJOIEHHLEIN MAacCUB B 2K-yIIO-
psgoueHHbIR (13 Tex ke dieMenToB). C HOMOLIBIO DTOr0 HPe0OPA3OBAHUSL
AITOPUTM 3aNUCHIBAETCA TAK:

k:=1;

{mMaccuB x aBmaerca k-ymopamodeHHmM}

while k < n do begin
...mpeo6pa3oBaTh k-yIOPALOYEHHHN MAcCCHB B 2K-yIOpANOYEHHHH;
k := 2 % k;

end;
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Tpebyemoe peo6pa3oBaHMe COCTOUT B TOM,SITO MBI MHOT'OKPATHO «CJIU-
BaeM» IBA YHOPAITOIEHHBIX OTPe3Ka AJWHBI He OOJbIIE K B OAWH yIIOPALO-
YeHHBIN OTPEe30K. IlycTs mponerypa

cmusaue (p,q,r: integer)

npu p < q < r comBaer orpesku x[p+1] ... x[q] u x[g+1]...x[r] B ymops-
noveHHbI 0Tpe30K x [p+1]...x[r] (He 3aTparuBas Apyrux 4acTen MacCu-
BA X).

p q T
\ YIOPALOIEHHBIN \ YIOPAJOICHHBINA \

!

\ YIOPAJOTCHHEII \

Torga mpeobpasoBanue k-ymopALOYeHHOTO MACCUBA B 2K-YIOPATOICHHBIN
OCYIIECTBAAETCA TAK:

t:=0;
{t xpatmo 2k wmm t = n, x[1]..x[t] aBmaeTcsa
2k-yNOpAKOYEHHHM; OCTATOK MaccCUBa X He U3MEHUICA}
while t + k < n do begin
p = t;
q := t+k;
min (t+2*k, n);
{min(a,b) - mMumuMyM u3 a u b}
cmuauue (p,q,r);
t :=r;
end;

r

Ciusrue TpefyeT BCHOMOraTEILHOIO MACCUBA I 3AIUCH PE3YIbLTATOB
caussaus — ob6o3Ha4uuM ero b. Yepes p0 u g0 0603HAIIM HOMEPA MTOCIETHUX
DIEMEHTOB YYACTKOB, MOABEPTIINXCSA CIUAHUIO, SO — MOCTEIHUN 3ATINCAH-
HBIM B MaccuB b srement. Ha xaxkgoM Imare CIMsHUA TPOU3BOIUTCSI OTHO
U3 OBYX NEUCTBUN:

b[s0+1] :=x[p0+1];
pO:=p0+1;
s0:=s0+1;
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i

b[s0+1]:=x[q0+1];
q0:=q0+1;
s0:=s0+1;

(JIrobureaun sswika C mamucanu Obl B dToM caydae b[++s0]=x[++p0] u
b[++s0]=x[++q0].)

IlepBoe genicTBuE (B3ATHE DIEMEHTA M3 IIEPBOIO OTPE3KA) MOXKET MIPO-
U3BOAUTHCA [IPU OJHOBPEMEHHOM BBHIIOJIHEHUN ABYX YCIOBHM:

(1) mepseu oTpe3ok e KoImIca (p0 < q);

(2) BTOpOM OTpe30K KOH4UWICA (Q0 = r) WIM HEe KOHUWICS, HO Die-
MEHT B HEM HE MEHBIIE OYepPEeJHOr0 BIEMEHTa MepBOro orpeska [(q0 < r)
u(x[p0+1] < x[q0+1])].

Apanoruano maa Broporo mencreus. MrTak, moiaydaem

pO := p; q0 := q; sO := p;

while (p0 <> q) or (q0 <> r) do begin

if (p0 < q) and ((q0 = r) or ((q0 < r) and

(x[p0+1] <= x[q0+1]))) then begin

b [s0+1] := x [pO+1];

pO := pO+1;

s0 := sO0+1;

end else begin

{(q0 < r) and ((p0 = q) or ((p0<q) and
(x[p0+1] >= x[q0+11)))}

b [s0+1] := x [q0+1];

q0 := q0 + 1;
sO :=s0 + 1;
end;
end;

(Ecau 06a oTpeska HE KOHYEHBI U IIEPBHIE HEBHIODAHHBIE IEMEHTHL B HUX
PABHBL, TO JOILLYCTUMBL 004 AEUCTBUs; B IPOIDAMME BHIOPAHO LIEPBOE.)
Ocraércs auims nepenucars pe3yiabTaT CAUAHUSA 0OPATHO B MaCCUB X.
(Ilpegynpex genune. Eciu 06paTHOE KONMPOBAHUE BHINOJIHACTCA BHE IIPOLIE-
OYDPHL CIUAHUA, TO HE 3a0yAbTe PO HOCAEIHUN OTPE3OK. )
[Iporpamma umeer npuBbIYHBIA HedeKT: 0OpalleHne K HEeCYIIECTBYO-
[IMM DJIEMEHTAM MACCUBA IPYU BLHIYUCJICHUU OyJIEBCKUX BBIPAKEHUU.

Peurenue 2 (COPTUPOBKA JEPEBOM).
Hapucyem «mosHOE IBOMYHOE A€PEBO» — KAPTUHKY, B KOTOPOU CHU3Y
OJUH KPYKOK, U3 HEero BBEIXOAAT CTPEJKU B ABA IPYTUX, U3 KAXKIOIO —
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B [IBAa APYTUX U TaK Jajee:

ByaeM roBopuTh, UYTO CTPENKM BEAYT «OT OTIIOB K CBIHOBBAMY: ¥ KaXK 10~
IO KPYXKKa [Ba CHIHA U OOWH OTEll (eCau KPYXKOK HE B CAMOM BEDXY WA
uu3y). [IpeamonoxumM 1ist IPOCTOTHL, YTO KOMMIECTBO MO IJICKAILIMX COPTH-
POBKE 4MCeN eCThb CTENEeHb MBOUKU, U OHU MOTYT 3ANOJIHUTL OIUH U3 PAJIOB
LEIUKOM. JalUIIeM UX TyAd. 3ATeM 3alOJHUM YacThb AePEeBa MO HUMU IO
TIPaBUIY:

9UCI0 B KPY2KKE = MUHUMYM U3 TUCEJ B KPYKKAX-CHIHOBBAX

Tem caMBIM B KOpHE IepeBa (HUXKHEM KPy¥XKKe) OyJeT 3alrCaH0 MAHIMAIb-
HO€ YUCIO BO BCEM MacCCUBe.

WseiMeM U3 cOPTUPYEMOro MACCUBA MAUHUMAJIBHBIN djaeMeHT. s 3Toro
€ro HaJ0 BHAYAJNE HAUTHU. DTO MOXKHO CAETATH, UOA OT KOPHA: OT OTIA Te-
PEXOAVM K TOMY CHIHY, € 3aMUCAHO TO ¥Ke YUCI0. V3biB MUHUMATLHBINA
DJIE€MEHT, 3aMEHUM €TI0 CEMBOJIOM +00 U CKOPPEKTUpyeM 601ee HU3Kue APY-
CHI (/1 TOrO HAJ0 CHOBA IPOUTH Iy Th K KOPHIO). I[Ipu sTOoM cumraem, 9410
min(¢, +00) = t. Torga B KOpHE NOABUTCS BTOPOU O BEIUIUHE DJIEMEHT, MbI
M3BIMaeM €ro, 3aMeHss OECKOHEYHOCTBIO M KOPPeKTupys nepeBo. Tax mo-
CTENeHHO MBI U3LIMEM BCE DAEMEHTHI B OPSAIKE BO3PACTAHUA, IOKA B KOPHE
He OCTAHeTCsA OECKOHEIHOCTh.

IIpu 3anucu 5TOro AIrOpUTMA MOTE3HO HYMEPOBATH KPYXKKU UUCIAMUA
1,2,... — IOpu 5TOM CBIHOBBAMHU KPYKKa HOMED N ABIATCA KPYKKH 2N
u 2n + 1. [TogpobHoe n3n0KeHne STOr0 AIrOPUTMA MEL OILyCTUM, IIOCKOJIBKY
MBI U3J0KUM GoJee 3PHEKTUBHEN BAPUAHT, HE TPEOYIOIINUN TOMOTHUTETb-
HOU NaMATH, KPOME KOHETHOIO UHCJa IEPEMEHHBIX (B JOMOJHEHUE K COp-
TUPYEMOMY MACCHUBY ).

Mer 6yzeM 3amuchHIBATH COPTHPYEMBIE HYHCJIA BO BCEX BEPIIMHAX Je-
peBa, a He TOALKO Ha BepxHeMm yposHe. Ilycte x[1]...x[n] — wmac-
CUB, TONICXKAIUNA COPTUPOBKE. BepmmHamMu nepesa OyayT umcaa oT 1
o0 n; o wyucae x[i] MBI OygeM roBOpUTH KAaK O YUCIE, CTOSIIEM B BEp-
muHe i. B mpomecce COPTHUPOBKM KOJWYECTBO BEPIIMH JAepeBa OyaeT
COKPAIIATHCA. IMCIO BEpUIMH TeKyIero nepeBa OyJeM XDaHUTL B IIe-
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pemennon k. Takum 00pas3oM, B TpoLecce PabOTHI aJrOpPUTMa MACCUB
x[1] ...x[n] gemurcsa ma ge wactu: B x[1]...x[k] xpamaTca duciaa HA
nepese, a B x[k+1] ...x[n] xpanwTcsa yxe OTCOPTUPOBAHHAA B IMOPSIIKE
BO3PDACTAHUA YACThb MACCUBA — BJIEMEHTHI, YK€ 3aHABIINE CBOE 3aKOHHOE
MECTO.

Ha kaxmom mmare airopuT™ OyAeT U3BIMATh MAKCUMATLHBIA DIEMEHT
JepeBa U MOMEIAThL €r0 B OTCOPTUPOBAHHYIO YACTh, HA OCBOOOIUBIIEEC
B pe3yJbTaTe COKPAIIEHUA TepPeBa MeCTO.

[oroeopumcs o TepMmusonoruu. Bepmmaamu gepeBa CIMTAIOTCA IUCIA
oT 1 10 TEKyIIero 3HAYEHWs MEPEMEHHOU kK. Y KaXKOU BEPIIUHBI S MOLYT
OBITE CbiH06bs 28 U 2s+1. Ecin 06a sTux ducaa 6oablie K, TO CHIHOBEH HET;
Takas BEPIINHA HA3BIBACTCA AucmoMm. Eciu 2s = k, TO BepIIMHA S UMEET
POBHO OJHOI'O CHIHA (28).

[lns kaxgoro s u3 1...K paccCMOTPUM «IOJIEPEBO» C KOPHEM B S: OHO
COLEPKUT BEPUIMHY S U BCEX €€ MOTOMKOB (CBIHOBEM, BHYKOB U TAaK JAa-
Jee — [0 Tex IOp, MOKa Mbl HE BbIAAeM u3 orpe3ka 1...k). Bepuwmny s
OyleM Ha3BIBATH PEryIAPHOM, €CIW CTOAIIECE B HEU UUCI0 — MAKCUMATb-
HBIA DJIEMEHT S-TIOJJEPEBa; S-TIOAAEPEBO HA3OBEM PeE2YAAPHbIM, €CIU BCE
ero BepIuHbl pery/sapHel. (B dacTrOCTH, MI060U JUCT 06pa3yeT peryJsp-
HOE OJHOZJEMEHTHOE IOLIEPERO. )

3aMeTuM, YTO UCTUHHOCTD YTBEPKIEHUS «S-IIOAJEPEBO PErYIPHO» 3a-
BUCUT HE TOJBLKO OT S, HO OT TEKYIIErO 3HAUYEHU K.

Cxema aaropurma TaKOBA:

k:=n
...Coenate 1-mommepeBo peryiIApHHM;
{x[1],...,x[k] <= x[k+1] <=..<= x[n]; 1-mommepemo perymsapHo,

B dacTHOCTH, x[1] - Makcumamsmrm smemenT cpemm x[1]..x[k]}
while k <> 1 do begin

...o6MeHaTs MecTamu x[1] u x[k];

k :=k - 1;

{x[1],...,x[k-1] <= x[k] <=...<= x[n]; l-mommepeso

peryuspHo Besge, KpoMe, BO3MOXHO, CaMOr'0 KODHA 1}

. ..BOCCTaHOBUTh PEryIAPHOCTE 1-IoAJepeBa BCOLY

end;

B kadecTBe BCIOMOTaTeIBHOU TPOIEAYPHI HAM MOHAJIOOUTCA MPOIELypa
BOCCTAHOBJICHUA PEryJIIPHOCTH S-TIOAAepeBa B KopHe. BoT oHa:

{s-nmommepeBo perymgpHo Be3me, KpoMe, BO3MOKHO, KOPHA}
t = s;
{s-nmonmmepeBo perymapHo Be3ne, KpoMe, BO3MOXKHO, BepUHMHH t}
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while ((2%t+1 <= k) and (x[2*%t+1] > x[t])) or
((2*t <= k) and (x[2*t] > x[t])) do begin
if (2#t+1 <= k) and (x[2#t+1] >= x[2*t]) then begin
...06MeHATH x[t] m x[2%t+1];
t = 2%t + 1;
end else begin
...o6MeHATH x[t] m x[2%t];
t 1= 2%t;
end;
end;

Yro6b1 yoeauThCA B MPABILILHOCTH 3TOU TPOIEIYPHI, TOCMOTPUM HA
Heé moBHMMAaTenbHee. IlycTh B s-ToJgAepeBe BCe BEPIIUHBI, KPOME DPa3Be
9TO BEPUINHEL t, peryaapHbl. PaccMoTpuM chiHoBen Beprnuubl t. OHEU pe-
TYJIAPHBL, U IOTOMY COEPKAT HAmOOJBbIINE YNCIA B CBOUX IIOJIIEPEBBAX.
Takum 06pazom, HA POJIb HAUOOJIBIIErO YKUCIA B t-II0JJEPEBE MOIYT IIpe-
TEHIOBATH YUCIO B CAMOU BepliuHe t U 4ucaa B eé coiHOBbsX. (B mepsom
caydae BEpIIMHA t peryiApHa, U BCE B MOPALKE.) B 5TUX TepMUHAX LUK
MOXKHO 3aIIMCaTh TAK:

while Hambombllee YMCIO He B t, a B ONHOM M3 CHHoBeM do begin
if oo B mpaBoM cmHe then begin
‘ IOMEHATH t C e NpaBHM CHHOM; t:= IPaBHM CHH
end else begin {Haubomemee umcmo - B meBOM CHHe}
‘ IOMEHATH t C €& IeBHM CHHOM; t:= JIeBHH CHH
end
end

IMocae o6Mena BepIuHA t CTAHOBUTCA PECYJIAPHOU (B HEE MONATAET MAKCH-
MaJIbHOE YuciIo t-nognepesa). He npunaBmum yuacTus B 0OMEHe CBIH OCTa-
éTCs peryJsApHBIM, a MPUHABIIMN yIacTHe MOXKET U He OBITh PeryJsapHBIM.
B ocranpnbix BEpHIMHAX S-II0JAEPpEBa HE U3MEHUJINUCh HU “INCJIa, HU IO Ie-
PEBbs KX IHOTOMKOB (pasBe 4TO [ABa DJIEMEHTA IIOLAEDEBA IePECTABUINUCE),
TaK YTO PEryJaApPHOCTHh HE HAPYIINJIACh.

OTa e MpOoIenypa MOXKET KCIONB30BATHCS LI TOrO, YTOOHI CIeJaThb
1-mogAepeBo pPeryJaapHLIM Ha HAYAILHOM CTAINM COPTUPOBKH:

k :=n; u := n;

{Bce s-monmmepeBpa ¢ s>u peryunapHu }

while u<>0 do begin
{u-mozmepeBo perymapHo Be3sme, KpoMe pa3Be HUTO KODHA}
.. .BOCCTAaHOBUTb DPEryIAPHOCTH U-IOLLEPEeBa B KODHE;
u:=u-1;

end;



4.2. Aazopummbl nopadka nlogn 79

Teneps 3amuineM TPOLEAYPY COPTUPOBKM HA Mackate (mpeamoiaras,
9YTO B — KOHCTAHTA, X UMeeT Tull arr = array [1..n] of integer).

procedure sort (var x: arr);

var u, k: integer;

procedure exchange(i, j: integer);
var tmp: integer;

begin

tmp := x[i];

x[1] := x[j];

x[j] := tmp;
end;

procedure restore (s: integer);

var t: integer;

begin

t:=s;

while ((2#t+1 <= k) and (x[2*t+1] > x[t])) or
((2*t <= k) and (x[2*t] > x[t])) do begin

if (2#t+1 <= k) and (x[2#t+1] >= x[2*t]) then begin

exchange (t, 2xt+1);

t 1= 2%t+1;

end else begin

exchange (t, 2xt);

t 1= 2%t;

end;

end;

end;

begin

k:=n;

u:=n;
while u <> 0 do begin
restore (u);

u:=u - 1;

end;

while k <> 1 do begin
exchange (1, k);

k :=k - 1;
restore (1);
end;
end; O

Heckoabpko 3aMedaHnn.

MeTom, MCIOTL30BAHHEIN TPU COPTUPOBKE AEPEBOM, OBIBACT TOME3HBIM
B apyrux caydasx. (Cm. B rmase 6 (Tuner ganuex) 06 oUepean ¢ IpUOpU-
TeTaMu. )
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CopTUpOBKa CAUAHMEM XOPOINA TEM, YTO OHA HA TPeOyeT, ITOOBI BECh
COPTUPYEMEBIN MACCUB TIOMEINAJICA B OMEPATUBHOU maMATu. MOXHO cHavYaIa
OTCOPTUPOBATH TaKue KyCKHU, KOTOPHIE MOMEIIAIOTCA B TaMATH (HAIpUMep,
C IOMOLIBIO JEPEBa), a 3aTeM CJAUBATH [OIyICHHBIE (DAL

Emg ogun npakTuiecku BaxHBIN aJrOpUTM COPTUPOBKU (OBICTPAst COp-
TUPOBKA X0apa) TaKOB: YTOOH OTCOPTUPOBATH MACCUB, BHIOEPEM CJIydal-
HBEIN €0 3JeMEHT b, 1 pa300bEM MaCcCUB Ha, TPU YaCTU: MEHLIINE b, paBHEIE b
u Gombime b. (JTa 3anada npuseneHa B raase 1.) Temeps ocTamocs oTcop-
THPOBATH NEPBYIO U TPETHIO YACTU: DTO JEIAETCI TeM ke ciocoboMm. Bpems
PabOoTHL HTOr0 AICOPUTMA — CIYYAUHAsA BEIMYUHA; MOXKHO JOKA3AThb, ITO
B cpegaeM oH paboraer He 6osbme Cnlogn. Ha npakruke — oH onun u3
caMbIx ObICTpHIX. (MBI emé BepHEMCA K HEMy, IPUBEIS €0 PEKYDPCUBHYIO
U HEPEKYDPCUBHYIO DEaJu3alyu. )

Haxomern, ormerumM, 94T0 cOPpTUPOBKA 3a BpeMms mopsaka Cnlogn mo-
KeT OBITh BBLIIOJIHEHA C IOMOIIBI0 TEXHUKHN COATAHCUPOBAHHBIX J1E€DEBLEB
(cM. ruaBy 14), ogHako OpOrpaMMel TYT CJaOXKHee u KoHcTanTa C' JOBOJIBHO
BEJUKA.

4.3. [lpumeHeHns cOpTUPOBKM

4.3.1. HanguTe KOIMYECTBO Pa3JUYHBLIX YUCET CPEIU DJIEMEHTOB JaH-
HOro Maccusa. Jucao geuctBui mopsaaka nlogn. (DrTa 3amgada yxe Oblia
B rase 1.)

Pemenme. OTcopTUpyUTE YUCIA, & 3ATEM MOCIUTAUTE KOIUIECTBO Pa3-
JIMIHBLIX, TPOCMATPUBAA HIEMEHTEl MACCUBA 110 MOPAITKY . O

4.3.2. Hano n orpeskos [al[il,b[i]] wa mpamon (i =1...n). Hanau-
Te MAKCHMAJIBHOE K, IJIA KOTOPOrO CyIIECTBYET TOYKA MPAMOU, HOKPLITAA
k oTpeskaMu («(MaKCUMAaJIbHOE YUCIO CIOEBY). TUCa0 IeUCTBUN — MNOPAIKA
nlogn.

Pemenme. YmopsamgouuM BCe JIEBBIE W MPABBIE KOHIILI OTPE3KOB BMECTE
(Ipm TOM JIEBBIU KOHEI[ CIUTAETCs MEHBIIE IIPABOC0O KOHIA, PACIIONOKEH-
HOI'O B TOU Xe Touke mpsmon). [asee ABUraeMcs CeBa HAIDPABO, CIUTAsA
9UCIO0 CJI0EB. BCTpeveHHBIN JIEBBIM KOHEI YBEJIMIUBAET YUCJIO CJIOEB Ha 1,
TMpaBBIT — yMeHbmaeT. OTMeTUM, YTO NMPUMBIKAIOIINE IPYT K IPYTY OT-
pe3ku 06pabaTHBAIOTCA MPABUILHO: CHAYAMA UAET JEBLI KOHEI (IpaBoro
OTPE3Ka), & 3aTeM — MPaBBIA (JIEBOr0 OTPE3KA). O

4.3.3. [JaHO n TOYEK HA IIOCKOCTU. YKaxure (n — 1)-3BeHHyI0 Heca-
MOTIEPECEeKANYI0CA HE3AMKHY TYIO JOMAHYI0, TPOXOIAILYI0 I€pe3 BCe ATH
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rouku. (CoceHUM OTPE3KAM JOMAHOU PA3PEIIAETCA JeKATH HA ONHOU Tps-
mon.) Hucao gercTBunn mopsaika n logmn.

Peurenme. YmopsgouuM TOYKHU MO T-KOOPIWHATE, & MPU PABHBIX L-KO-
OpAMHATAX — MO Y-KOOpAWHATE. B TakoM mopsAgke M MOXHO MPOBOAUTH
JIOMAHYIO. O

4.3.4. Ta xke zamada, ecau JOMaHasA NOJKHA OBITH 3aMKHYTOM.

Pemrenne. BozpméM camyro aeByio TOUKY (TO €CTb TOUKY C HAUMEHBIIEN
Z-KOOPAMHATON) U IPOBEAEM U3 HEeE JIy4d BO BCe OCTalbHBIE TOYKU. Tenepn
YTIOPAZOYNAM 3TH JIy9IW CHU3Y BBEPX, 4 TOUYKU HA OTHOM Jy<€ YHOPATOTAM TI0
PACCTOAHUIO OT HAYAJA Ty4a (3TO NeIaeTCA /I BCEX JIyIed, KpOME HIKHEr O
u BepxHero). JlomMaHas BBIXOAUT U3 BBIOPDAHHOU (CAMOU JIEBOW) TOYKH IO
HIDKHEMY JIydy, 3aTeM II0 BCEM OCTAJbHBLIM JydaM (B OMUCAHHOM IODALKE)
7 BO3BBPALIAETCA 110 BEPXHEMY JIydy. O

4.3.5. [lano n Tovek Ha miockocTu. [focTponTe UX BBHILYKIYI 000I09-
KY — MUHUMAJBHYIO BBITYKIYIO (PUTYDPY, UX conepxkamiyio. (PesunoBoe ko-
JIEUKO, HATAHYTOE Ha BOUTHIE B JOCKY I'BO3JU — HUX BBILYKJIAA 000JOTKA. )
Yucno onepauuu nopsagka n logn.

[Ykasanue. YIOpsAZOYMM TOYKM — TOAUTCSA JIOOOW U3 MOPALKOB, UC-
[OJB30BAHHLIX B ABYX NPEABIIYIIMX 3aadaX. 3aTeM, PacCMaTpUBasg TOU-
KM 10 odepenu, OyneM CTPOMTH BBIIYKIYI0 OOOIOUKY YK€ PAacCMOTDEH-
HBIX TOYeK. (/1 XpaHEHWs BBITYKJION OGOJOYKN TOJE3HO MCIONB30BATH
IeK, cM. riaBy 6. Bmpodem, mpu yHOpsAZOYEHNM TOYEK MO yIVIAM DTO W3-
Juise. )| O

4.3.6. Ha mpamon gamo n Tovek. Hangure MUHUMATHLHOE YUCIO OTPE3-
KOB [UIUHBLI 1, KOTOpBIE TOKPHIBAIOT BCE 3TU TOYKU. TUCJIO OMEPAIUU TI0-
pagka nlogmn.

[Ykaszanue. YnopsgoauMm BCe TOYKM; OAUH U3 OTPE3KOB NOJKEH MOKPHI-
BATh MOCAETHIOKN Z[N], MOCKOIBKY CIpaBa HUYErO HET, €r0 IIPABBIN KOHEIl
MOXKHO CIUTATH PABHBIM Z[N], 1 33,1894 CBOAUTCS K MEHBIIEMY IHCIY TOIEK
(BBLIOPOCHM Te, KOTOpPHIE TIOKPHITHI). | O

4.3.7. Ha mpsamon namo n otpesxos [a[il,b[i]] (1 =1,...,n). Kakoe
HAUOOIbIIEE IUCIO HETEPECEKAIUXCA (M He UMEIOMUX OOIINX KOHIIOB) OT-
PE3KOB MOXKHO BHIOpPATh cpenu Hux?! Hucao oneparuu nopsanka nlogn.

[Ykasamme. MOXKHO ynOpsSgOYUTh HNPABble KOHIBI OTPE3KOB U PAaCCMO-
TPeTh ABa CJIydas: HOCAEIHUN OTPE3OK BLIODAH UIM HET.] (|
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4.4, Hu)KHME OLEHKMN AN HMCNa CPaBHEHUM
npu COPTUPOBKE

ITycTs uMeeTcsa n PasIUIHBIX MO BECY KAMHEN W BECHI, KOTOPBIE IO-
3BOJMIIOT 33 OJHO B3BENIMBAHUE OMPEIEIUTH, KAKOU U3 ABYX BHIOPAHHBIX
Hamu KamHen Tsxkenee. (B mporpaMmucTckux TepMumHAX: MBI EMEEM J10-
cryn kK dynkuuu taxenee(i,j:1..n) :boolean.) Haxo ynopszouurs xam-
HU TIO BECY, CIEJAB KAK MOXKHO MEHBIIE B3BEIIMBAHUN (BLI3OBOB (DYHKIINU
TAXeee).

Pasymeercs, 4ucio B3BEIIMBAHUU 3ABUCUT HE TOJBKO OT BHIODAHHOTO
HAMU AITOPUTMA, HO U OT TOT'0, KAK OKA3AIUCH PACIOI0KeHBI KaMuan. CII0xk-
HOCTBIO AJITOPUTMA HA30BEM YUCIO B3BEIIVBAHUU MPU HAUXYIUIEM PACIO-
JIOXKEHUN KAMHEN.

4.4.1. [lokaxure, 9TO CJIOXKHOCTH IIPOU3BOJLHOTO AJCOPUTMA COPTHU-
POBKU 7T KaMHen He MeHblue log, n! (rgen!=1-2-...-n).

Pemenmne. [Iycts nmeercs amroputm ciaoxuocTu He 6oaee d. [[as kaxgo-
10 13 n! BOBMOXHEIX PACTIONOKEHUN KAMHEN 3apPOTOKOINPYEM Pe3yabTa-
THI B3BeIMBAHUN (OOpAIIEHAN K (DYHKIUN TAXeIee); UX MOXKHO 3AMKUCATH
B BHj€ TOCIEIOBATEILHOCTH U3 He Oosee e d mymen u eguuui. [l equm-
HOOOpa3usa JOMOJHUM IOCTEIOBATENPHOCTD HYJIAMHU, YTOOBI €€ IJINHA CTAIA
pasuou d. Tem cambIM y HAcC uMeeTcs n! mocaen0BaTeIbLHOCTEN U3 d HyJen
u equHul. Bce 5Ty mocieg0BaTeNbHOCTH PAa3HbIE — WHAME HAII AJICOPATM
nan OBl OJUHAKOBLIE OTBETHI /A PA3HBIX MOPAIKOB (M OJUH U3 OTBETOB
6BLT 6bI HempaBmabHEIM). Ilomyaaem, ato 2¢ > n! — wro m Tpe6osatock
IOKA3aTh. O

[pyrou cmocob 06BACHUTL TO XKe CaMOe — PACCMOTPETD JAePEBO Bapu-
AHTOB, BO3HUKAIOIIEE B XOJ€ BBINOJIHEHUS AJITOPUTMA, U COCIAATHCA HA TO,
9TO JepeBO BLICOTHL d HE MOXKeT MMeTh Ooxee 2¢ ncThes.

Hecnoxuo 3ameTruts, uTo log, n! > enlogn npu nogxogsamem ¢ > 0, mo-
CKOJBKY B CyMMe

logn!=log1l+log2+log3+...+logn

BTOpAas MOJOBUHA CJlaraeMblx He MeHbie log,(n/2) =log, n — 1 kaxxoe.

Tem caMbIM IH060U AITOPUTM COP TUPOBKY, HCIIOAB3YIOMIMA TOIBKO CPAB-
HEHIS HJIeMEHTOB MACCHBA UM UX IEPECTAHOBKH, TpeOyeT He MeHee cnlogn
IENCTBUN, TaK YTO HALIM AIMOPUTMBIL OIN3KY K onTuManbHbM. O1HaKo ar-
TOPUTM COPTUPOBKHM, UCHOAL3YIOUMI IPYTUE OIEPAIUN, MOXKET JEHCTBO-
BaTh 1 GeicTpee. BoT onue m3 mpuMepos.
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4.4.2. Nwmeercs maccus nenasx gucen al[1] ...a[n], npuuém Bce uucaa
HEOTPUIATEILHEL U He TPEBOCXOAAT m. OTCOPTUPYUTE 3TOT MACCUB; IUCJIO
OEUCTBUU TOPAIKA M + 1.

Pemenue. [ns xaxmoro ducaa or 0 10 m HOACINTHIBAEM, CKOJIBKO Pa3
OHO BCTpedaeTcsa B Maccuse. Ilociae 5TOro MCXOMHBIM MacCUB MOXKHO CTe-
PeThb M 3aIOJHATH 3aHOBO B IOPSAIKE BO3PACTAHUA, UCIOAB3YS CBEICHU
0 KPATHOCTH KaXJOT'0O IUCIA. O

OTMeTHuM, 9TO 3TOT AICOPUTM HE MEPECTABIICT UUCIA B MACCUBE, KaK
OOJBIIUHCTBO APYTHUX, & «3AMUCHIBAET UX TYAa 3AHOBO.

Ectes Taxxke MEeTON COPTUPOBKM, B KOTOPOM HOCICIOBATEILHO IIPOBO-
OUTCA PAJ «JACTUIHBIX COPTUPOBOK» MO OTAEIbLHEIM OmTam. Haurém ¢ Ta-
KOU 3a,JaqH.

4.4.3. B maccuse all1]...aln] meabix wmcen mepecTaBbTE SIEMEHTHI
Tak, 9TOOBl YETHLIE YMUCAA ILIA TEpe] HEeYETHBIMU (He MEHAA B3aUMHBIN
HOPAJOK B KaXKJOU U3 T'PYII).

Pewrenue. CHavana crumeM (BO BCIOMOTaTeAbHBI MACCUB) BCE IETHEHIE,
a IIOTOM — BCE HEYETHLIE. O

4.4.4. UNmeerca maccuB 3 n uncex ot 0 1o 2% — 1, kaxkgoe n3 KOTO-
pBIX MBI OyJeM paccMaTpuBaTh Kak k-OUTOBOE CJIOBO U3 HyJIEU U €IWHUIL.
Ucnonbays nposepku «i-u 6ut paser 0» u «i-u 6ur paBer 1» BMECTO cpas-
HEHUU, OTCOPTUPYUTE BCE UUCIA 38 BPEMS MOPAIKA Nnk.

Pewrenue. OTcopTUpyeM YuCIa 1O MOCAETHEMY GUTY (CM. TPEIBIIYILYEO
3aady), 3aTeM IO NPEINOCIeIHEMY U TaK gajtee. B pesyabrare oHu OyayT
OTCOPTUPOBAHEL. B caMoM fesie, MHIYKIUER TI0 i JEMKO JOKA3ATh, YTO MOCIe
1 IaroB JOObIE MBA YUCIA, OTIMYAIONIAECS TOJABKO B { IOCIEIHUX OUTAX,
uAyT B npaBuibHOM nopsake. (BapuanT: nocae ¢ maros i-6MTOBbIE KOHIIBL
9HCea UAYT B MPABUIBHOM MOPSAIKE. ) U

AHATOTUYHEIN ATTOPUTM MOXKET OBITH TPUMEHEH [JIA 1M -UIHOU CUCTEMEI
CUYMCICHUSA BMECTO ABOUIHOU. [Ipum >TOM TMONE3HA Takas BCIOMOTATEILHAA
3a1adga:

4.4.5. [Mauoi n aucen u GyHKuwa f, IpuHUMAOWAs (Ha HUX) 3HAYEHUS
1...m. TpebyeTcs nmepecTaBuTh YUCIA B TAKOM MOPAIKE, ITOOLI 3HAYCHUS
¢yuxuuy f He yObiBaum (COXpaHss MOPSIOK AUl YUCEN C PDABHBIMY 3HAYe-
auaMu f). Yucao gercTBuin mopsaaka m + n.

[YkasaHue. 3aBeCTH m CIUCKOB CYMMApPHOU ATUHBL 11 (KaK 5TO CAEIaTh,
cM. B riaBe 6 0 TUIAX JaHHBIX) U MOMEIIATH B {-U CIIUCOK YUCIA, 11 KOTO-
PLIX 3HAMeHWE PYHKIMK [ PABHO i. BapmanT: mocauTaTs 1A BCEX i, CKOMBLKO
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uMeercs ducen & ¢ f(x) =i, HocIe 9ero Jerko OmpejeruTh, ¢ KAKOIO MeCTa
Hy>XHO HAQYMHATH Pa3MeInars ducia ¢ ¢ f(x) =1.] O

4.4.6. [an®l n HenbIx umcen B gmamasone oT 1 1o n?. Kak orcopTupo-
BAThb WX, CAEIAB MOPAIKA 7 JEUCTBUM? O

4.5. PoacTeeHHblEe COPTMPOBKE 3a4a4K

4.5.1. KakoBa MUHUMATBLHO BO3MOXKHAS CJIOXKHOCTDH (MUCIO CPABHEHUN
B HAUXYAIIEM CIy€ae) alrOPUTMA OTHICKAHUA CAMOI0 THXKEIOr0 U3 1 KaM-
Hen?

Pemenue. OueBUIHBIN AITOPUTM C UHBAPUAHTOM (HAUIEH CAMBIU Ts-
KEJILI KaMeHb CPely IepPBLIX i Tpebyer n — 1 cpaBHeHumu. Ajaropurma
MEHBIIEN CJIOXKHOCTU HET. DTO BHITEKAET U3 CIACAYIOMEro 60jee CHILHOrO
YTBEPK ICHU. O

4.5.2. Dkcmeprt Xo4eT yOequTsb Cyi, 9TO JAHHBLIN KAMEHb — CAMBIU Ts-
KENBIU Cpenn N KaMHE!, caenas Menee 1 — 1 B3pemmuBanun. [Jokaxure, 410
5T0 HeBO3MOXHO. (Beca kaMHeN HEM3BECTHEI Cy 1y, HO U3BECTHBI DKCIEPTY. )

Pemenwe. N300pasuM KaMHM TOYKAMU, & B3BEIIWBAHUSI — JIUHUAMUA
Mex ay Humu. [lomyuum rpad ¢ n BepmmHaMu u MeHee deM n — 1 pébpamu.
Takou rpad HecBa3eH (n06aBICHIE KAXKIOTO CAEIYIOWEro pedbpa yMeHbIIa-
€T YMCJIO CBA3HBIX KOMIOHEHT He 6omee dem Ha 1). Ilostomy cyn mudero
HE 3HAET OTHOCUTEJHHO COOTHOIICHUs BECOB KAMHEW B PA3JUYHBIX CBSI3-
HBIX KOMIIOHEHTAX ¥ MOXET AOILYCTUTh, YTO CAMBIA TSKEIBLIN KAMEHb —
B 000U U3 HUX.

Bonee mpocToe 00bsAcHeHUME: GyaeM CJAEOUTH 33 TeM, CKOILKO KaMHen
K JAHHOMY MOMEHTY He «IIPOUrpaim (TO eCTh He OKA3AINUCH JIerde JPYTHUX).
Brauane ux n; npu KaxX[0M B3BELINBAHUY IPOUTrPLIBAET TOJBKO OAWH Ka-
MEHb, 4 €CJIA €CTh ABOE HEe MPOUIPABIIMX HUKOMY, JIOOOU M3 HUX MOXKET
(c TOUKM 3peHusa Ccyna) OKA3aTHCA CAMBIM TAKEIBIM. O

Pasuuna Mex 1y 5Tou 3aJatden U IpeIbIIyINen: B 3TON 3a1a9e MBI [OKa-
3BIBAEM, YTO 7. — 2 B3BENIUBAHUU HE NOCTATOYHO HE TOJBKO [ HAXOXKIE-
HIA CaMOI'0 TsXKEJIO0ro, HO JaiKe IJIA TOrO, YTOOLI yOeIUuThCA, YTO JaHHBLIN
KaMEHb ABIAETCS TAKOBLIM — €CJU IIPEAIOIOKUTEIbHBIA OTBET U3BECTEH.
(B cay4ae cOpTUPOBKH, 3HAA MPEATIONOKATEILHLIN OTBET, MBI MOXKeM yb6e-
OUTHCSA B €r0 TPABUILHOCTH, CIEJAB BCETO 1 — 1 CPABHEHUU — KaXKIBIN
CpPaBHUBAEM CO CJIEAYIONMM 10 Becy. HamomuuM, 9T0 copTpoBKa TpebyeT
B Xy[IIEM CJIy9ae 3HAIUTENHHO GOJbIIe CPDABHEHUN. )
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4.5.3. [lokaxXuTe, 9TO MOXKHO HAUTHU CAMBIN JETKANA U CAMBIN TAXKEIBINA
u3 2n xamHen (OQHOBPEMEHHO), CIeJaaB 371 — 2 B3BEIUBAHUM.

Pemrenne. Pa3o0béM KaMHM MPOU3BOIBHBIM OOpa3oM Ha 7 Map U CPaB-
HUM KaMHHU B Kaxou mape (n B3semuBanun). OTIOKUM OTAEABHO «100e-
auTenery (6osee TAKEMBIX B CBOEH Hape) U «npourpasumxy (6onee J6rkux).
SAcro, 9TO caMbIll IErKU KaMeHb HAJ0 UCKATH Cpeau npourpasmux (n — 1
CPABHEHUM), a CAMBIN TAXKELIN — cpeau mobegurenen (eme n — 1 cpaBHe-
HUN). O

4.5.4. [lokaxxuTe, ITO HE CYUIECTBYET AATOPUTMA, MO3BOJAIONIETO T'a-
PAHTUPOBAHHO HAUTHU CAMBIN JETKUU U CAMBIN TSKEJIBIN CPeAn 2n KaMHER
(OZHOBPEMEHHO), CIenaB MeHee 31 — 2 B3BEIIMBAHUIL.

Pemrenne. [IycTe Takon aaroputm cymecrsyer. Habmonas 3a ero mpu-
MEHEHHEM K KAKOU-TO TPYyIIe u3 2n KaMHeH, MBI Oy IeM CIeIUTDb 34 YeThIPhb-
MA mapaMeTrpaMu. A UMEHHO, MBI GyIeM CMOTPETh, CKOILKO KaAMHEH

(a) KOMy-TO y3Ke TPOUrpaIN, a ¥ KOr'0-TO YK€ BHIUTDAJIH;

(b) xoMy-TO yxKe mpourpaau, HO emé HU y KOO He BHIUTDAJIN;

(¢c) y KOro-To yxe BBIAIDAJN, HO €IIE HUKOMY He IIPOUTDAJIK;

(d) Hu y KOro He BHIMIDAIU ¥ HUKOMY He MPOUrDAIM (TO eCTh HU C KeM

HE CPABHUBAJIKCD).
(HamoMHUM, 9TO BHIMTPABIIAM B CPABHEHUU MBI CIUTAEM 00JI€ TAKETBIN
kamenb.) Kamuu Tuna (a), O9€BUIHO, HE MOT'YT YK€ OKa3aThCA HU CAMBIMUA
JETKAMU, HU CAMBIMU TAXKEJIBIMY, KAKOBBI OBl HU OBLIU DE3YJIbTATHL JaJb-
Henmmx cpapHeHun. Jo6on kamens tuna (b) mMeeT IIAHC OKA3aThCA Ca-
MBIM JETKUM (B CAMOM JeJe, er0 MOXKHO NPOU3BOIBLHO OONErIUTh, HE MEHsA
PE3yIbTATOB yXK€ BHIIOJIHEHHBIX CPABHEHUI), HO yXK€ HE MOXKET OBITH Ca-
MBIM TSDKEIBIM; 118 KaMHed Tuma (¢) Hao6opoT. HakoHer, mo60oi KaMeHb
tumna (d) MOXKeT OBITH U CAMBIM JECKUM, W CAMBIM TAXKEIBIM.

O6o3uadum gepes a, b, ¢, d Komu4ecTBa KAMHEN B COOTBETCTBYOIINX Ka-
TEropuaAX U NPOCTIENUM, KAK MEHAITCA STU MapaMeTPLl IPHU OYepeIHOM
CPABHEHUM B 3aBUCUMOCTHU OT TOIO, KAMHM KAKOIO THIIA CPABHUBAIOTCA U C
KAKUM pe3yabTaToM (CM. Tabauily Ha CIedyollen cTpadune). llocienqaun
cTon6er TabIuIbl TOKA3bIBAET, KAK MEHeTCsA BeawdnHa s = b+ ¢ + (3/2)d
(KOTOPYI0 MOXKHO PACCMATPUBATDL B KAYECTBE MEPHI «OCTABIIENCA PAOOTHD:
KaMeHb, IPO KOTOPBIA HE M3BECTHO HUYErO, ¢ TOYKHA 3PEHUA DTOU MEpPHI
B MTOJITOPA pa3a CIOKHEE KAMHA, IIA KOTOPOT'O €CTh OJAHOCTOPOHHAA OLEH-
ka). M3navaasuo s = 3n, a B KOHIE s = 2 (PO BCe KAMHU, KPOME [IBYX,
M3BECTHO, UTO OHU OTHOCATCA K KaTeropuu (a)). V3 Tabiuusl BUAHO, 9TO
npu J060M B3BEIIMBAHUU €CTh (HEyJAIHBIA UCXOI», IIPU KOTOPOM § YMEHb-
maeTca He 6o/1ee IeM Ha equHUIY . Takue nCX0qbl JeMCTBUTEIbHO BO3MOKHE
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CpaBHeHue | a b c d | b+c+(3/2)d
a-a 0 0 0 0 0
a>b 0 0 0 0 0
a<b +1]-1] 0 0 -1
a<c 0 0 0 0 0
a>c +1( 0 | -1] 0 -1
a>d 0 |+1] 0 | -1 ~1/2
a<d 0 0 | +1| -1 —1/2
b-b +1]-1] 0 0 -1
b<c 0 0 0 0 0
b>c +2 | -1|-11] 0 -2
b<d 0 0 | +1| -1 -1/2
b>d +11] 0 0| -1 -3/2
c—c +1( 0 |-1] O -1
c<d +1| 0 0| -1 -3/2
¢>d 0 |+1] 0 | -1 ~1/2
d-d 0 | +1 |41 | -2 -1

(He mpoTUBOPEYAT Pe3yIbTATAM IPEALLAYIINX B3BELIMBAHUN): [IPU CPABHE-
HUK D-KaMHf ¥ C-KaMHs MOXKET OKa3aThCs, 9TO C-KaMeHb Tskenee (ero Bec
HE OPPAHUYEH CBEPXY NMPEIBIIYIIMMYU B3BEIIMBAHUAMMA), & IPA CDABHEHUU C
ydJacTreM d-KaMHS Pe3yJbTaT MOXKET OBITh JHOOBIM, MOCKOJBKY MPO d-Ka-
MeHb HI4Iero He u3BecTHO. (KpoMe TOro, MOXHO 3aMETUTH, 9TO €CJAU OIUH
73 MCXO0B B3BEIINBAHNS HEBO3MOXKEH, TO DTO B3BEIINBAHUE BOOOIIE W3JIHII-
HE ¥ er0 MOXKHO He 1e1aTh.) A ec/iu UCXOXBI BCeX B3BELIMBAHUN HEYIAYHE,
TO YMEHBIIEHHE S ¢ 3n 10 2 noTpebyeT KaK MUHUMYM 31 — 2 B3BELIMBAHUM,
9TO U TPeOOBATOCH OKA3ATh. O

4.5.5. [laHo n pas’iMvHLIX 1O Becy KaMmHen. Hamgure caMbIl TAXKEIBIN
4 BTOPOU IO BeCy KaMHU, caejas He Gotee n + [log, n] — 2 B3BemuuBanun
([logy n] — mammenbimee nemoe k, mpu koropom 2F > n).

Pewenne. Cuauana mangém mobequrens (CAMBIU TAKEILI KAMEHb), a
moTOM OyAeM UCKATh BTOPOU MO Becy. SICHO, 9TO BTOPOro MOXKHO UCKATH
JIMIIb CPEAU TeX, KTO IPOUrPaJ JUIHO H06eAUTENO (IIPOUrPABIIME KOMY-TO
ew@ Jerde cpasy AByX KamHen). Ecau onpegenasTs mobenurens B TyPHUDE
MO OJUMIIMUCKON cucTeMe (BCe NeATCA Ha Taphbl, TPOUTPABIINE BHIOLIBA-
0T, TIOTOM CHOBA JeTATCA HA Maphl U Tak gaftee), To g 2 yuacTaumkos
moHa106uTCA k payHIoB, a oA 1 yIacTHUKOB — [log, n] payumos. B xa-
K IO UT'Pe TYyPHUPA BEIOLIBAET OJWH yIACTHUK, IIO3TOMY BCero Oyaer n — 1
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Urp IUis ompefeneHus nobeaurens u emg [log, n| — 1 B TypHEUpPe 3a BTOpOe
MECTO Cpequ MPOUTPABIINX TMOOEIUTEIIO. U

4.5.6. [TokaxxuTe, YTO HUKAKOHU aJIrOPUTM HAXOXK JEHUS CAMOIO TAKEIO-
O U BTOPOIO [0 BECY CPEIU N KAMHEHN HEe MOXKET MapaHTUPOBAHHO CIeJIaTh
5TO MeHee ueM 3a N + [log, n| — 2 B3BemUBAHULL.

Pemrenwne. [TycTs man Takou aaroput™. B Kaxk B MOMEHT €U0 UCIIOJ-
HEHUS PACCMOTPUM UUCIO k; KAMHEN-yIaCTHUKOB, TPOUTPABIINX HE MEHEe |
urp-cpasuenutt. (Kocsenusie npourpeinm — ecau a npourpar b, a b upo-
Urpas ¢, — He yIUTBIBAIOTCA.) Jlerko mouaTs, 4ro cymma k; o BceM i
PaBHA YUCILY UDP, TAK KAK HOCIE KAXKIOU UIPBL OMHO U3 k; yBEIUIUBACTCS
Ha eIVHUILY.

[TosToMy HOCTATOYHO MOKA3aTh, ITO KAKOB OBl HU OBLT aITOPUTM, IIPU
HEYJAYHBIX I HEro pe3yibTarax urp OymeT BBIIOJHEHO HEPABEHCTBO
k1 + ko > n + [logyn] — 2. Byaem HasbBaTh «mgepaMu» TeX yIaCTHUKOB,
KOTOpHIE elé HUKOMY He mpourpanau. B Hadase mx n, a B KOHIE OCTAETCA
TOMBKO OAUH Juep (MOCKOMbKY J000U 13 JTUIEPOB MOXKET OBITH TOOEIUTE-
aem). Hostomy k1 > n — 1 (Bce urpoku, Kpome OQHOTO, KOMY-TO IPOUTPa-
au). OOBACHUM, KaK HAI0 BEIOMPATH PE3YAbTAThl MATIEH, YTOOBI TOGUTHCA
HepaBeHCTBa ko > [log, n| — 1. Pesysnbrar BCTpedn aByX HE-IMIEPOB MO-
XKeT ObITh BeIOpaH J00bIM. Eciu ugep BCTpedaeTcs ¢ He-IuaepoM, TO BbI-
urpuiBaeT augep. [Ipu BeTpede IByX AMIEPOB BEIUTPLIBACT 6OJIEE OMBITHEIN,
TO €CTh TOT, KTO BEIUTPAI K DTOMY MOMEHTY GO0Jblile Urp (P PABEHCTBE —
J000M).

Yr106BI [0KA3aTh, YTO B 3TOM CJIy4ae BHIIOJHEHO NCKOMOE HEPABEHCTBO
Ha ky, BBeAEM OTHOIIEHUS MONIUHEHUs, CIATASA MPU DTOM, UTO KAKIABIU
UCPOK B JIIOO0OU MOMEHT UIDPBI HOJYUHEH POBHO OJHOMY Jauiepy. B Haga-
Jie Kaxk Bl caM cebe Juaep U MOAUIMHEH TOABKO cebe. [lpu BcTpede auaepa
C He-muAepoM (UIu ABYX HE-IUIEPOB) HOTINHEHNE HE MEHACTCS; IIPU BCTPe-
e IBYX JUAEPOB MPOUTrPABIINY U BCE €0 MOIINHEHHBIE TIEDeMoIIuHAITCA
BBIUT'PABILIEMY .

Jlerko 10kasarTh 0 MHAYKINUK, ITO €CJIN JUAep BEUATrPAI k Urp, TO IPYyII-
Ta ero Mo TIMHEHHBIX (BKII0UAL €r0 CaMOro) cogepkuT He 6oree 2F qemosex.
Bragane k =0 u B ero rpynmne Toabk0 OH caMm. Ecau augep Bemrpaa k urp
u oGeXK JaeT JTUuAepa, BHIMIPABIIErO He 6oee k Urp, TO B KAXK JOU U3 T'PYII
He 6omee 2F urpokos, a B oObenuuennn me 6oree 281 urpokos.

CueoBaTEIBHO, MO OKOHYAHUU TYDHUPA JUALEP BBIACPAI HE MEHee
[log, n] urp, mockombKy B €ro TPyMIe BCe 1 UTPOKOB. Bee mOGexk IEHHBIE
UM, KpOME BTOPOIO IO CUIE UIPOKA, IPOUTPATHA eIé KOMY-TO (MHAYe 1o-
YeMy MbI YBEDEHBHI, 9TO OHUM He BTOphe 1mo cuie?). OTcoga u nomydaeTcsa
TpebyeMas OleHKa Ha ko. O
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4.5.7. [lokaxuTe, 9TO OIEHKA MPEILIAYIIEN 3a1a9u OCTAETCA B CUIE,
ecan TpebyeTcs HAUTHU JWITh BTOPOU MO BECY KAMEHb, & CAMBIU TAXKEIBIN
UCKATh HE 00A3aTEIbHO.

[Ykazaune. Ecin 10 OKOHYAHUIO TYPHUpA OMPEIENUICS BTOPOU MO CH-
Jie UTPOK, TO OH KOMY-TO mpourpana (OTKyaa MBI 3HAEM WHAYE, 9TO OH He
IePBBINT), U T€M CAMBbIM U3BECTEH U MOOeIUTEb. O

4.5.8. [TaHO n pa3aWvHBIX 110 Becy Kamuen u 4ucao k (ot 1 10 n). Tpeby-
eTcsa HauTH k-1 10 BeCy KaMeHb, caenas He 6osree C'n B3BemmBanuin, rae C —
HEKOTOpas KOHCTAHTA, He 3aBUCAMIAA OT k U 7.

3ameqanme. CopTUpOBKA MO3BOIAET caenaTh 3T0 3a Cnlogn B3Bemm-
BaHUU. YKa3aHue K 3Tou (TpyIHON) 3a4a9e MPUBEIEHO B TUIABE PO PEKYD-

Caenyromas 3ajada nMeeT HeOXKUIAHHO IIPOCTOE peIleHue.

4.5.9. Nmeercs n OQMHAKOBBLIX HA BU KAMHEH, HEKOTOPLIE U3 KOTOPBIX
Ha CAMOM €]l PA3JIUYIHLI 10 Becy. ViMeeTcss mpubop, TO3BOIAIOMINN 110 JBYM
KAMHAM OMNPEIEIUTh, OIVHAKOBE OHU WA DA3AWYIHBI (HO HE TOBOPALIWM,
Kakou Tskesnee). U3BECTHO, YTO Cpeau dTUX KaMHEH OOMBIIMHCTBO (Oomee
n/2) ogunakoseix. Cenas e 6osee N B3BEIIUBAHUN, HALAUTE XOTS ObL O IUH
KaMmeHb u3 sroro 6onpmmuacTsa. (IIpegocrepexenune. Ecau gsa xamus ongu-
HAKOBEIE, 3TO HE TAPAHTUPYET WX MPUHAIICKHOCTA K GOJIBIIMHCTBY. )

[Ykazauue. Eciu HangeHsl aBa pasiwmdHBIX KaMHA, TO UX 004 MOXKHO
BLIOPOCUTL — XOTsA ObI OAWH M3 HUX ILIOXOM U OOJBIIMHCTBO OCTAHETCA
OOJIBIINHCTBOM. |

Pemenwe. [IporpaMma npocMaTpuBaeT KaMHY IO OY9€PEIN, XPAHA B Ie-
DPEMEHHOU 1 9uc/aI0 HpOCMOTPEeHHBIX KaMuer. (CuuraeM KaMHU IPOHYMepO-
BaHHBIME OT 1 10 n.) IToMumo T0r0 IporpaMMa XpaHuT HOMED (TEeKYIIEro
KaHIUIATay C U €r0 «(KPATHOCTHY K. CMBICT 3>TUX HA3BAHUN OOBACHACTCSA
nuBapuanTom (U):

ecay K HEIPOCMOTPEHHBIM KaMHsAM (¢ HoMepamu i+l...n) go-
GaBmIy GBI k KOMUU C-T'0 KAMHSA, TO HAMO0JIee TaCTHIM CPEIU HUX
OBLT OB TAKOU K€ KAMEHb, UYTO U [JIA UCXOJHOT'O MACCUBA.

IMonygaem Taxyio mporpaMmmy:

k:=0; i:=0;

{(}

while i<>n do begin
‘ if k=0 then begin
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‘ k:=1; c:=i+1; i:=i+1;

end else if (i+1-mM kaMeHP OZMHAKOB C C—-HM) then begin
i:=i+1; k:=k+1;

{3aMenseM MaTepuambHHM KaMeHb MIeambHEM}

end else begin

i:=i+1; k:=k-1;

{BHKUINBaeM OIWH MaTepMaNbHHN ¥ ONUH KLEaNbHEM KaMeHSb}
end;

end;

MCKOMHM ABIASTCA C—HM KaMeHb

3ameuanue. [Tockoabky BO Bcex TpEx BapraHTaX BHIOOpA CTOUT KOMAHA
i:=i+1, eé MOXHO BLIHECTHU HAPYXKY. (]

3aMeTuM Tak¥Xke, 9TO dTa IPOrpaMMa MapaHTUPYET OTHLICKAHWE HAnbOo-
Jlee JaCTOr0 KaMHsA, JIUIIb €CIN OH COCTABIAET OOJBIINHCTBO.

Caenyromas 3ajada HE UMEET Ha TEPBBIA B3TVIAL HUKAKOT'O OTHOIICHUS
K COPTHPOBKe.

4.5.10. Umeercs kBagpaTHas Tabauna all..n,1..n]. U3BecTHO, 9TO
[UIsL HEKOTOPOI'O 1 CTPOKA ¢ HOMEPOM 1 3aIIONHEHA OJHUMU HyJIAMU, 8 CTOJ-
6611 C HOMEPOM 1 — OJHUMU eUHUNAMY (32 UCKIHOUCHUEM UX MePeCeueHus]
HA IUArOHaJW, e CTOUT Heu3BeCTHO 4To). Haugure Takoe i (oHO, ode-
BUIHO, €IMHCTBEHHO). ucao geicTBUM mopaaka n. (3aMeTum, 9TO 3TO Cy-
[IECTBEHHO MEHBIIE YUCIA SIEMEHTOB B TaOIuLe. )

[Yxazanue. Paccmorpure alil [j]1 kak pesyaprar «cpaBHeHus» i ¢ j
U BCTIOMHUTE, UTO CAMBIM TSKEILIM U3 N KAMHEN MOXEeT ObITh HaWIeH
3a n cpaBHeHU#. (3aMeTuMm, 9TO TAOJIMUIA MOXKET He OBITh «TPAH3UTUB-
HOW», HO BCE DABHO IIpU «CPABHEHUW» IBYX JJEMEHTOB ONUH W3 HUX OT-
nanaet.)] O



5. KOHEHHbLIE ABTOMATDI
N OBEPABOTKA TEKCTOB

5.1. CocTaBHble CUMBONbI, KOMMEHTaApUX U T. M.

5.1.1. B TexcTe BO3BeieHUE B CTeEHb 0O03HAYANOCH ABYMA UIYITUMHI
MOAPsAA 3Bé3109KaMu. PemreHo 3aMeHUTS 5TO 0603HAYeHNe HA ~ (Tak 4To,
K MpUMepy, X**y 3aMeHuTca Ha x"y). Kak 1o npowe Bcero cuenars? Uc-
XOJHBIM TEKCT YUTAETCSI CAMBOJ 33 CHMBOJIOM, ITOLYYIAMIINICA TEKCT TPe-
OyeTcsA meIaTaTh CUMBOJ 38 CIMBOJIOM.

Pemrenwe. B kax bl MOMEHT IPOrpaMMa HAXOAUTCA B OHOM U3 ABYX
COCTOSIHUM: «OCHOBHOE» U «IOCJE» (3BE3IOYUKM):

Cocrosane | Ouepenuon Hosoe lencrue
BXOIHOU CHMBOJ | COCTOSIHUE

OCHOBHOE * mocse HET

OCHOBHOE T F#* OCHOBHOE | IedaraTb T

nocJe * OCHOBHO€ neJaraTrs

moc.e T F# * OCHOBHOE | T€YATATh *, X

Ecau B KOHIIE TEKCTA TIPOrPAMMA, OKA3BIBAETCA B COCTOAHUY (IIOCAE», TO
CJelyeT HANeYaTaTh 3BE3M09YKY (M KOHIUTH paboTy). O

3ameuanne. Hama nporpamma samensier *** Ha ~* (HO He Ha *7). B yc-
JIOBUU 3aa9¥M MBI HE OTOBAPUBAIM NETATEH, KAK DTO YACTO NEJACTCA —
MPEATIONATACTCA, ITO MPOrPAMMA, (IO0MKHA JEUCTBOBATL Pa3yMHOy. B man-
HOM CJIy4ae, IOXKAIYH, CAMBIA IPOCTON CIOCO0O 0OBACHATE, KAK IPOrpaMMa
JIEUCTBYET — DTO ONUCATHL €€ COCTOAHUA U IEUCTBUA B HUX.

5.1.2. HamwmwuTe mporpaMMmy, yIaISIOIIYIO U3 TEKCTa BCE IIOACIOBA BU-
nIa abc. O
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5.1.3. B mackajse KOMMEHTapUM 3aKTI0YAI0OTCA B (GUTYPHBIE CKOOKU:

begin {mavamo mmkmal}
i:=i+1; {yBemmumsaeM i Ha 1}

Hanummre nporpaMmmy, KoTopas yaausia ObI KOMMEHTAPWUY 1 BCTABJIAIA ObI
BMECTO UCKIUYEHHOI0 KOMMEHTApusA Ipober (4To6er 1{onuu}2 mpespartn-
mock He B 12, aB 1 2).

Pemrenne. IIporpaMma MMeeT ABa COCTOSHUA: (OCHOBHOE) U (BHYTDI
(xoMMeHTapus).

Cocrosinne Oqepe,auﬂofxi Hosoe llencTBue
BXOJHOU CUMBOJ | COCTOSHUE
OCHOBHOE€ { BHYTpHU HET
OCHOBHOE z#A{ OCHOBHOE€ | TEeYaTaTh T
BHYTPH } OCHOBHOE | meYaTaThb Ipoben
BHYTpH T #} BHYTpH HET 0

3amevanue. JTa IPOrpaMMa HE BOCIPUHUMAET BIOXKEHHBIE KOMMEHTA~
puu: cTpoKa Bpoje

{{xommenTapuu BHyTpu} KoMMeHTapua}
NIPEBPATUTCA B
KOMMeHTapua}t

(B Hauane crosar aBa mpobGeaa). O6pabOTKa BJIOKEHHBIX KOMMEHTADHUEB
KOHEYHBIM aBTOMATOM HEBO3MOXKHA (HY2KHO (HOMHUTH YUCIO CKOOOK» —
a TMPOM3BOIBLHOE HATYPAILHOE YUCJIO HE TOMEIIAETCA B KOHEIHYIO MAMATH).

5.1.4. B mackajeBckux mporpaMmax OBIBAIOT TAKKE CTPOKU, 3aKII0IEH-
HBIE B KaBBIUKU. Ecau durypHas ckoOKa BCTPEUIAECTCA BHYTPHU CTPOKU, TO
OHA He O3HAYAET HAvaJja WIN KOHIIA KOMMeHTapusa. B cBoio ouepes, KaBbId-
Ka B KOMMEHTAPUM HE O3HAYAET HAYAIA WM KOHIA CTPOoku. Kak m3ameHuTH
mporpaMMmy, 9TOObI 3TO y4eCThb?

[Yxazauue. Cocrosuuii GygeT TpU: OCHOBHOE, BHYTPH KOMMEHTApPU,
BHYTPU CTPOKH. | O

5.1.5. Emé onma BO3MOXHOCTL MHOIMX PEAIU3ANNN HACKAIi — 3TO
KOMMEHTAPUK BUIA,

ir=i+1; (* here i is increased by 1 *)

[P 5TOM 3aKpHEIBAIOMIas CKOOKA, JOMKHA COOTBETCTBOBATH OTKPEIBAIOMIEH
(To ectn {...*) me paspemaercs). Kak yganars rakue kommentapun? [
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5.2. Bsopg uucen

IIycTe gecATHYIHAA 3aMUCH UCIA IO JAETCA HA BXOJ TPOTPAMMEBI CUMBOJI
3a cuMBOIOM. MBI XOTUM (IPOYECTH) DTO YUCIO (IOMECTUTH B IIEPEMEHHY IO
Tuna real ero 3Havenue). Kpome Toro, Hago coobmuThH 06 OmMUOKE, €Can
9HCJI0 3aIMCAHO HEBEPHO.

Bouee xorkperHO, npencrasum cebe rakyio curyanuio. [locreroBarens-
HOCTH CUMBOJIOB Ha BXO€ NEJUTCA HA MPOUUTAHHYIO U OCTABIIYIOCA IACTH.
Mur MoxeM moab30BaThCA (pyHknumen Next:char, xkoTopas maéT mepBHIN
CUMBOJI OCTABIIIEUCA YaCTHU, a TAKXKe Tmpoleaypou Move, kKoTopas 3a6upaet
MEPBLIN CUMBOJ U3 OCTABIIEUCA IACTH, IEPEBOSA €r0 B KATETOPUIO PO~
TaHHBIX.

NpoUMTaHHAA YacTh |Next | 7 ?

BygeM HasblBaTh [ECATUYHON B3AIUCHI0 TAKYH I[IOCIEIOBATEIBHOCTD
CHMBOJIOB:
(0 nnm Gosnee mpobenos) (1 miu Goree nudp),

a TaKXKe TaKyl:
(0 unm Gomnee mpobenos) (1 wm Goree wudp) . (1 win Gonee udp).
3aMeTHM, YTO COMVIACHO HTOMY OIPEIEICHUIO
1. .1 1..1 -1.1

HE SBIAIOTCA AeCATUIHBIMEA 3anucamu. ChopMyJaumpyeM Temepb 3a1ady
TOYHO:

5.2.1. IIpouTuTe U3 BXOAHOU CTPOKU MAKCUMAJBHYI UaCTh, KOTOPAsd
MOXKET OBITH HAYAJIOM gecaTudnon sanucu. OupenenuTe, ABAACTCA JU DTA
YaCTb IECATUIHOUN BAMUCHIO WM HET.

Pewenwe. 3anumem nporpaMmy Ha nackade (UCIOIb3Ysl «II€PeIUCIUMBLIL
TUT» [JIA HAMVIATHOCTY 3alUCH: TIepEMeHHasA state MOXEeT MIPUHUMATL OTHO
73 3HAYEHUN, YKA3aHHBIX B CKOOKAX).

var state:
(Accept, Error, Initial, IntPart, DecPoint, FracPart);

state := Initial;
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while (state <> Accept) or (state <> Error) do begin
if state = Initial then begin

if Next = > ’ then begin

‘ state := Initial; Move;

end else if Digit(Next) then begin
state := IntPart; {mocme mavama IIeIoM YacTH}
Move;

end else begin

‘ state := Error;

end;

end else if state = IntPart then begin
if Digit (Next) then begin

‘ state := IntPart; Move;

end else if Next = ’.’ then begin
state := DecPoint; {mociue IeCATUIHON TOYIKU}
Move;

end else begin

‘ state := Accept;

end;

end else if state = DecPoint then begin
if Digit (Next) then begin

‘ state := FracPart; Move;

end else begin

‘ state := Error; {momxHa 6uTEH xoTB omHa mudpalt
end;

end else if state = FracPart then begin
if Digit (Next) then begin

‘ state := FracPart; Move;

end else begin

‘ state := Accept;

end;

end else if

‘ {rakoro 6uTHL He MoXeT}

end;

end;

3aMeTbTe, YTO NPUCBAUBAHUA state:=Accept u state:=Error He compo-
BOXK JAIOTCs CABUAI'OM (CI/IMBOJI, KOTOPBIU HE MOXKET ObITh YaCThIO YU, He

O

3a0MpaeTcs).
[Ipusenénnas nporpaMMa He 3aI0MUHAET 3HAYEHUE IPOINTAHHOI'O YUCIA.
5.2.2. PemmTe npegpaymyio 3a1a4y ¢ IOMOTHUTEILHBIM TPeOOBaHIEM:

€CJIM TIPOYUTAHHBIN KYCOK ABIAETCA AECATUYHOUN 3aNKUCHIO, TO B MTEPEMEH-
HyI0 val:real ciaenyeT IIOMECTUTH €€ 3HAYEHUE.
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Pemenwe. [Ipu uTennu 1poOHON YaCTU TIEPEMEHHAA Step XPaHUT MHO-
JKUTEb TIPU CICAYIOMIEN AeCATUIHOUN mudpe.

state := Initial; val:= 0;

while (state <> Accept) or (state <> Error) do begin
if state = Initial then begin

if Next = ’ ’ then begin
‘ state := Initial; Move;
end else if Digit(Next) then begin
state := IntPart; {mocme mawama nemok wacTu}

val := DigitValue (Next); Move;
end else begin
‘ state := Error;

end;
end else if state = IntPart then begin

if Digit (Next) then begin

state := IntPart; val := 10*val + DigitVal (Next);
Move;
end else if Next = ’.’ then begin
state := DecPoint; {mocme mecaTwynol Touxu}
step := 0.1;
Move;
end else begin
state := Accept;
end;

end else if state = DecPoint then begin
if Digit (Next) then begin

state := FracPart;
val := val + DigitVal(Next)*step; step := step/10;
Move;
end else begin
state := Error; {momxea 6HTH XOTb ofHa Ludpa}
end;

end else if state = FracPart then begin
if Digit (Next) then begin

state := FracPart;
val := val + DigitVal(Next)*step; step := step/10;
Move;

end else begin

‘ state := Accept;

end;

end else if

‘ {rakoro 6HTE He MoxeT}
end;

end;
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5.2.3. Ta xe 3amada, eciu mepen UUCIOM MOXKET CTOATH 3HAK — WIA
3HAK + (2 MOXeT HUYEro He CTOATH).

dopmaT Yucea B 3TOU 3aJade OOBIYHO WIIICTPUPYIOT TAKOW KapTHH-
KOI:

uppa

1
L]
T —{andma)

O

5.2.4. Ta xe 3agada, ecim K TOMY K€ IOCJHE TUCIA MOXKET CTOSITH
[OKA3aTeNb CTENEHW NeCATH, Kak B 254E-4 (= 0.0254) mmm B 0.123E+9

(=123 000 000). HapucyTe COOTBETCTBYIOUIYIO KAPTUHKY. O

5.2.5. YTO HAJ0 M3MEHUTHL B MPUBEAEHHOU BBIIIE TPOrPAMME, ITOOBI
Pa3pemuTh IMyCThle LEIy U ApOoOHYH dacTu (Kak B «l.», «.1» mim ga-
Ke «.» — HOCJAEJHEe TUCJAO0 CIUTAEM DABHBIM HYJIO)?! (]

Mu1 BepuéMCs kK KOHEUHBIM aBToMaTaMm B ruase 10 (Cpaeuenue ¢ 06pas-
oM ).



6. TUIbl AAHHbBIX

6.1. Cteku

IIycts T — HekOTOpLI TUl. PaccMOTpuM (OTCYTCTBYIOIIMN B TTACKAJE)
THUII «CTEK 21eMeHTOB Tuina Tr. Ero 3sHaYeHNAMN ABIAIOTCA IOCIEL0BATEIb-
HOCTU 3HadeHnn tumna T.

Onepanuu:

e Cuenarb_nycThM (Var s: CTeK dIeMeHTOB Tuma T)

Ho6asurs (t:T; var s: cTeK 3JeMeHTOB Tuna T)

Basate (var t:T; var s: crek saemeHTOB Tuma T)
e Ilycr (s: crex saemenTos Tuma T): boolean
e Bepumna (s: crex snementos tuna T): T

(Mer moib3yeMcsa OGO3HAYEHUAMY, HANOMUHAMOIIMMHA [OACKAIb, XOTSI B
nackasne tumna «crex» Her.) [Ipouegypa «Cpesarb mycThiMy gejaeT CTEK S
nycteiM. IIponenypa «lobaBuTey noOaBIsAET t B KOHEI] MOCIEIOBATEIBHO-
ctu s. lIponeaypa «B3aTky mpuMeHnMa, eciu mOCIeJOBATETHFHOCTD S HEMy-
CTa; OHA 3a0MpAeT U3 Heé MOCJIEIHUU HIEMEHT, KOTOPHI CTAHOBUTCS 3HA-
geHueM nepemenHon t. Bripaxkenwe «Ilyct(s)» ucTuHHO, eciu mOCIELOBa-
TEJIBHOCTH S mycTa. Bripaxenue «Bepumna(s)» onpegeneHo, ecaiu nocaemo-
BATENbHOCTDH S HENYCTA, X PABHO HMOCIETHEMY DJIEMEHTY IOCIeLOBATEIHHO-
CTU S.

Mper noxkaxeM, Kak MOIEINPOBATH CTEK B MACKAJIE U JJIA I€r0o OH MOXKeT
OBLITH HYyZKEH.

Mo,a,enmposane OFPaHUYEHHOro CT€Ka B MaCCuBe

ByageMm cumTarh, 9TO KOJUYECTBO DJAEMEHTOB B CTEKe HE IIPEBOCXOAUT
HEKOTOPOro 4mcaa n. Torga cTek MOXKHO MOZEJUPOBATH C HOMOIIBIO IBYX
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IIEPEMEHHBIX!

Comepxanme: array [1..n] of T;
Invra: integer;

CIuTasA, ITO B CTEKE HAXOAATCA 3JEMEHTBHIL

Comepxanue [1],...,Comepxanue [Imuua].

Yrob6wI CcoejaTh CTEK IIyCTBIM, JOCTATOYHO IIOJOXKHUTH

Inuua := 0

[o6aBUTH >IEMEHT t:

{Inuna < n}
Inuua := lInauuaa+1;
Conmepxanue [llmmual :=t;

e B3aTh bjeMeHT B epeMeHHYIO t:

{Inura > 0}
t := Comepxauue [[lnmHal;
Inuua := [nuHa - 1;

e Crek mycr, eciu Tmuaa = 0.
e Bepmmna creka paBHa Comepxanue [[lnumal.

Taxum 00pa3oM, BMECTO TIEPEMEHHOU TUMA, CTEK B MPOTpaMMe Ha Ma-
cKaJie MOXKHO KCIIONTH30BATh IBe MepeMeHHble Comepxanue u [nuHa. MoxHO
TakxXe ompereauTh Tul stack, 3anucas

const N =
type
stack = record
Conmepxanme: array [1..N] of T;
Imuua: integer;
end;

(Mb1 nosBosieM ce6e MCIONB30BATH MMEHA NIEPEMEHHBIX U3 DYCCKUX OYKB,
XOTsI OOBIYHO MacKauab >Toro He aoout.) Ilocae sToro Moryt 6eiTh — B CO-
OTBETCTBUH C IPABUJIAMY IIACKAJIA — ONUCAHBL IPOLELyPLl PaOOTHL CO CTe-
koM. Hanpumep, MOXKHO HamucaTb

procedure Jo6aBute (t: T; var s: stack);
begin
{s.lnuna < N}
s.llmuua := s.[nauua + 1;
s.Copmepxanue [s.lmural := t

end;
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Ucnonb3osaHue cTeka

Byaem paccmaTpuBaTh MOCAEI0BATEILHOCTU OTKPHIBAIOIINXCS U 3aAKPBI-
BAIOIIUXCA KPYTbIX u KBagparTHeix ckobok ( ) [ 1. Cpenm Bcex Takux
[OCJIEJOBATEILHOCTEN BHIIEJAUM IPABUIBHBIE — T€, KOTOPBIE MOI'YyT OBITH
MOy YEHBI IO TAKUM TIPABUIAM:

e IIyCTas MOCIEAO0BATEIBLHOCTD IPABUILHA.
e eciu A v B npaBuibHbL, TO u1 AB npasuibHa.

e ccm A mpasuwibHa, T0 [A] u (A) npaBUIbLHEL

Ipumep. Iocaegosarersuoctr (), [[1], [O[]JO][] npasmibubL, a
nocaegosareasaoctTu ], ) (, (1, (D] — mer.

6.1.1. IIpoBepbTe MPABWILHOCTDL MOCICIOBATEILHOCTU 3a BPEMS, HE
MPEBOCXOAAIIEe KOHCTAHTHI, YMHOXEHHOU Ha €& mauHy. lIpegmonaraeTcs,
9TO WIEHBL IOCJIEJOBATEIbHOCTY 3aKOIMPOBAHEL TUCAAMU:

Pemenme. Ilyctes al[1]...a[n] — mpoBepsemas MmocaeqoBaTEIbLHOCTD.
PaspemmM XpaHUTh B CTeKe OTKPLIBAIONIAECA KPYTUIbIe U KBapaTHbIe CKOO-
ku (r.e. 1u2).

Buadare cTek geqaeM mycTeM. Jazee TpoCMaTpPUBAEM WICHBI TOCIENO0-
BATEILHOCTH CJIEBA HAMPABO. BCTPETUB OTKPEIBAIONIYIOCA CKOOKY (KPYTUIyIO
WM KBAIPATHYIO), TOMEIAEM €€ B CTeK. BCTPETUB 3aKPBIBAIONIYIOCH, TPO-
BepsieM, YTO BeplIMHA CTekKa — [apHas el CKoOKa; ecau DTO He TakK, TO
MO2KHO YTBEPXKAaTh, 9TO HOCIEJOBATEILHOCTh HEIIPABWIbHA, €CIU CKOOKa
napHas, TO 3a0epém eé (Bepiuny) u3 crexa. 110CiIen0BaTeIbHOCT TPABUIb-
HAa, €CIM B KOHIE CTEK OKa3bIBACTCA IIyCT.

Czemats_nycTiM (s);
i := 0; O6uHapyxena_oumbka := false;
{npounTano i cuMBONOB mOCIENOBaTEIBLHOCTH}
while (i < n) and not O6HapyxeHna_ouméka do begin
i=1+ 1;
if (ali]l = 1) or (al[i]l = 2) then begin
‘ Io6asute (alil, s);
end else begin {al[i] paBmo -1 wmm -2}
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if Hyct (s) then begin
‘ O6umapyxena_ommbka := true;
end else begin

Bzates (t, s);

O6napyxena_oummbka := (t <> - a[il);
end;
end;
end;
llpaBunbHo := (not O6napyxeHa_oumbka) and Iyct (s);

Y6enuMcs B IpaBUILHOCTY TPOrPAMMBL.

(1) Ecau nocaezoBaTensHOCTD OCTPOEHA 110 IIPABUIAM, TO IPOrPAMMA
OACT OTBET «Ja». JTO JETKO MOKA3aTh WHIYKIIUEW 1O TOCTPOCHUIO TMpa-
BWIBHOU MOCIEAOBATEILHOCTU. Hano MpOBEpUTH MJIA MYCTOU, I TIOCTE-
noBareabHocTu AB B mpegnonoxkenuun, 4To aaa A u B yxke TpOBEPEHO,
1, HaKOHel, I nociegosarensrocren [A] m (A) — B mpeamosoxenun,
aro mis A yxe nposepeno. s mycron oueBuano. [lia AB mnencTeus mpo-
IPAMMBI IPOUCXOAAT KAK I A ¥ KOHYIAIOTCA € MyCTHIM CTEKOM; 3aTeM BCE
mpoucxoauT Kak ;g B. [Ina [A] cuagana moMernaeTcsa B CTEK OTKPLIBAKO-
mas KBaapaTHaA CKOOKaA U 3aTeM BCE UAET Kak misa A — ¢ Tou pasHulen,
4YTO B DIyOUMHE CTEKa JEeXKUT JUIIHASL CKOOKa. 1o okondanuum A crexk crta-
HOBUTCA MYCTHIM — €CJIA HE CUUTATH DTOU CKOOKU — a 3aTe€M M COBCEM
nycTeiM. Arasorudso ais (A).

(2) TlokaxkeMm, 9TO eCay TPOrpaMMa, 3aBEPIIACT PAOOTY C OTBETOM Iy,
TO MOCAENOBATEILHOCTE MPABWIBHA. PaccyX [aeM UHIYKIIUEN IO IIAHE TO-
caeoBaTeabHOCTH. IIpocaennm 3a COCTOAHUEM CTEKA B MPOLECCEe PAbOTHI
nporpaMMbl. Ecin OH B HEKOTOPBIU POMEKYTOYHBIN MOMEHT IYCT, TO MO-
CJIEJOBATENBHOCTDL PA30UBAaeTCA HA JABE YACTH, M KAXKAOU M3 KOTOPBIX
MpPOrpaMMa JaéT OTBET «Ia»; OCTAETCA BOCIOIL30BATHCSA MPEATON0KEHIEM
UHIYKIUU U ONPEIEJeHNEM MPABUILHOCTU. IIyCTh CTeK BCE BpeMs HEMyCT.
DTO 3HAYUT, ITO MOJOKEHHAA B HET'O HA, TIEPBOM Iare CKOOKa OyIeT BHIHY-
Ta JUNIb HA TOCJEHEM Imare. TeM CaMbIM, MEPBHIU U MOCAEIHUN CUMBOJILI
[OCJIEJOBATEIBHOCTH — 3TO MAPHBIE CKOOKU, U MOCIEI0BATEILHOCTD UMEET
Bug (A) wmm [A]l, a paGora nporpaMmel (KpoMe HEPBOIO U HOCJAELHErO
[IArOB) OTIAMYAETCA OT €€ paboThl Ha A JWIIb HATUYUEM JWUIIHEH CKOOKU
Ha oHE CTeKa (pa3 eé He BEHIHMMAIOT, OHA HUKAK HE BAWAET Ha paboTy IpO-
rpamumel). CHOBa CCBLIAEMCS HA HPEANONOKEHNE UHAYKINN U ONPELeJCHIEe
MIPABUJIBLHOCTH. (I

6.1.2. Kak ympocTuTcs mporpamMma, €CIu U3BECTHO, IYTO B IOCJIEIOBA-
TEILHOCTUA MOTYT OBITH TOJBKO KPYTVIbIE CKOOKU?
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Pemenne. B 5ToM ciyuae oT cTeka OCTAETCS JUIIL €r0 IIWHA, U MBI (haK-
TUYECKN MPUXOJAUM K TAKOMY YTBEDKIEHUIO: MOCAEIOBATEILHOCTH KPYI-
JBIX CKOOOK MpaBUJIbHA TOTJA W TOJBKO TOTIA, KOTAa B JIOOOM €€ HadaIh-
HOM OTPE3Ke IUCJIO 3aKPBIBAIOIIMXCA CKOOOK HE MPEBOCXOMANT TUCIA OTKPHI-
BAIOIIMXCA, & IJIA BCEH MOCIEI0BATEAbHOCTU DTH YUC/Ia PABHEL O

6.1.3. Peamusyure ¢ mOMOIIBIO OJHOT'O MACCUBA ABa CTEKa, CyMMap-
HO€ KOJNIECTBO 2JIEMEHTOB B KOTOPBIX OI'DAHUYIEHO ,HJIHHOﬁ MaCCHUBa; BCe
,Z[eI(/)ICTBI/IH CO CTEKaMHU OOJI2KHBI BBIIIOJIHATBCA 3a BPEMs, O'DAHUYICHHOE KOH-
CTAHTOU, HE 3aBUCAIIEN OT IIUHBI CTEKOB.

Pemenme. CTexku QOMKHBI PACTH C KOHIIOB MaCCHBA HABCTPETY APYT
OPYTY: HEPBBIA JOMXKEH 3aHUMATh MECTA

Conmepxanue[1] ... Conepxanue [[lnunal],
a BTOPOU —
Comepxanue [n] ... Comepxanue [n-Inuna2+1]

(BepIIMHBI 06OUX CTEKOB 3ANMCAHBI MOCAEIHUMMT). O

6.1.4. Peamusyure k cTekoB ¢ saemenTaMu Tumna T, 00lee KOJIMIeCTBO
BJIEMEHTOB B KOTOPHIX HE MIPEBOCXOMUT 1, C UCIOIb30BAHIEM MACCUBOB CyM-
mapuon maauabl C(n + k), 3aTpauuBasg HA KaxKI0€ NEUCTBUE CO CTEKAMU
(kxpoMe HAYATBbHBIX NEUCTBUU, NEIAIIIMX BCE CTEKW IIyCTHIMU) BPEMs He
6onee mekoropou koucrauTel C. (Kax roBopsAT, o0mas IJMHA MaCCUBOB
pomxHa ObiTh O(m + 1), a Bpems Ha Kaxayio onepanuio — O(1).)

Pemenwe. [IpuMeHAEMbIT METOI HA3BIBAETCS «CCHLIOTHON PEATT3AIINENY.
OH uCmoONBL3yeT TpU MACCUBA:

Conmepxaume: array [1..n] of T;
Crnemyoumit: array [1..n] of 0..n;
Bepumua: array [1..k] of 0..n.

Yno6uo m3obpaxkaTh MaccuB ColepXaHMe KaK N fSUeeK C HOMepa-
M 1...n, Kaxmgasd M3 KOTOPBIX COAepxKUT djiaeMeHT Twna T. Maccus
Crenyoumii m300pa3uM B BUAE CTPEJOK, MPOBEAS CTPEIKY W3 1 B j, ec-
au Crepywumit[i]=j. (Ecan Cmenywumu[i]=0, crpenok u3 i He mpoBo-
num.) Comepxkumoe s-r0 cTeka (s € 1...k) XpaHUTCsA Tak: BEPIINHA PABHA
Conepxanue [Bepuwmua [s]], ocTaqbHbIE DIEMEHTH S-I'0 CTEKA MOXKHO HAUTH,
WS IO CTPeJKaM — [0 TeX IOp, IMOKA OHM He KOHYaTcsA. [Ipu sToMm

(s-1 crek mycT) < Bepumua [s]=0.
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Crpenovunble TPAEKTOPUH, BEIXOIAIINE U3
Bepumua[1],...,Bepumua [k]

(u3 Tex, koropsle He paBHBL () HE NOMKHBL Hepecekarnbes. lloMuMo Hux,
HaM MTOHAJOOUTCA €Ié OfHA CTPEIOYHAS TPAEKTOPU, COJePXKAIlasa BCe He-
UCTIONb3yeMbI€ B NAHHBLIM MOMEHT gueuku. B¢ Havaso Mbl OyIeM XpaHUThb
B nepemenHou CBo6onHas (paBeHCTBO CBo6onHas = 0 03HAYAET, ITO IyCTO-
ro MecTa He OCTaloch). Bor nmpumep:

Conmepxanue a P q d s t v W
/
/
/
/
/
/
/
/
Bepumaa CeobopHas

Comepxamme |a p q d s t
Cnepyouu | 3 0 6 O
Bepmmra | 1 7

o
N
o <
N

CBobomHasa = 8

Crexu: nepBbIN COAEPKUT P, t, q, a (2 — BepLIKHA); BTOPDOU COAEPKUT S, V
(v — BepumHa).

procedure HawaTe_pabory; {llemaer Bce cTexu mycTemu}
‘ var i: integer;

begin

for i := 1 to k do begin

‘ Bepumra [i]:=0;

end;

for i := 1 to n-1 do begin
‘ Cremywumu [i] := i+1;
end;

Cnenywumu [n] := 0;
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‘ Ceobomuas:=1;
end;

function EcTe_mecTo: boolean;
begin

EcTs_MecTo := (CBobommasz <> 0);
end;

procedure Jo6aBute (t: T; s: integer);
{lo6aBure t x s-mMy cTeky}
var i: 1..n;

begin

{EcTs_MecToO}

i := CBobomuas;

Ceo6ozmas := Cmemyoumu [i];
Cnenyoumu [i] := Bepumna [s];
Bepumua [s] :=i;

Conmepxanme [i] := t;

end;

function Ilyct (s: integer): boolean;
‘ {s-m cTex mycT}

begin

‘ Iyct := (Bepumra [s] = 0);

end;

procedure Baare (var t: T; s: integer);

{B34TH M3 s-TO cTeka B t}
var i: 1..n;

begin
{not HycT (s)}
i := Bepumua [s];
t := Comepxamme [i];
Bepumna [s] := Cmemywoumir [i];
Cnepyommy [i] := CBobommas;
Ceobomuad := 1ij;

end;

function BepumHa_cTeka (s: integer): T;

‘ {Bepumna s-ro creka}

begin

‘ Bepumna_cteka := Cogmepxauue [Bepumnal[s]];
end;
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6.2. Ouepeam

SHAYCHUAMI TUTIA «OUEPEIb dIEMEHTOB THUIa Ty, KAK U I CTEKOB, ABJA-
IOTCSA TOCACIOBATEILHOCTH 3HaMeHuN Tuna T. PasHuma cocTout B TOM, 9TO
GEpyTCA DIEMEHTHI He C KOHIA, a ¢ Havdata (& TOGABIAIOTCA MO-TIPEXKHEMY
B KOHel).

Omnepanuu ¢ ouepensiMu:

e Cresarb_mycTon (var x: ouepenb dJaeMeHTOB Tuna T);

[MobGaButs (t:T, var x: ovepensb >IeMeHTOB Tuna T);

Baars (var t:T, var x: odepefs aieMeHTOB Turma T);

IIycra (x: ouepens saemenTos Tuna T): boolean;

e Ouepennon (x: ouepens saemenTos Tuna T): T.

[Ipu BomoaneHny KoMaHALL «/[00ABUTEY YKA3AHHBIM 3JAEMEHT I100aBJA-
ercsa B koren ouepenu. Komanna «B3aTe» BEIIOIHUMA, JAIIb €CAM OYEPETh
HEMyCTa, U 3a0MPAeT U3 HeE TEPBHI (TIOIOKEHHBIN TY I3 PAHBIIE BCEX) Be-
MEHT, TOMeIasA ero B t. 3uadenueM pyuxmun «Ouepenuony (OnpeneseéHHon
[JIS1 HEITyCTOW OU€pey) ABIAETCSA MEPBLIN SJIEMEHT 0YeDe/IH.

Anrmnckue Haspanusa crekoB — Last In First Out (mocaeguum BO-
wéa — nepBeIM Beimen), a odepegert — First In First Out (nepebiv Bomén —
nepsbiM Beiuern). Cokpamenus: LIFO, FIFO.

Peanuzauus ouepesnen B maccuse

6.2.1. PeamusyuTe omepamuu C 09€pPEIbI0 OTPAHUYEHHOU IIWHBI TaK,
9TOOBI KOJUIECTBO JEUCTBUY I KaXK IOU OMepALnU ObLIO OrPDAHUYIEHO KOH-
CTAHTOU, HE 3ABUCAILEH OT IJIMHLL OYEPEeIn.

Pemenue. Bynem XpaHuTh 2JeMEHTHI OYEpPEIU B COCETHUX DIEMEHTAX
MaccuBa. Torma odepenb 6yaeT mpupacTaTh CIpaBa U yOLIBaThH creBa. llo-
CKOJbKY TIPU DTOM OHA MOXKET NOUTHU MO KPas, CBEPHEM MACCUB B OKPYXK-
HOCTb.

Beeném maccus

Comepxanme: array [0..n-1] of T
U IIepeMEHHBIe

Hepsmu: 0..n-1,
IOnuua : O..n.
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IIpu >ToM saemenTamMu ouepenu OyIyT

Comepxauue [llepswit],Comepxanue [llepeam+1],...,

Comepxanue [lepmuu+[nuna-1],

re CJIOXK€eHue BEMOoAHAeTCA 10 Moayao n. (IIpenynpex gerne. Ecin BMmecTo
5TOro BBECTH nepeMeHHble [lepsnit u lociefHul, 3HATEHUI KOTOPBIX — BEI-
YeTHI IO MOZYJIIO N, TO IYCTas OdYepelb MOXKET OBITH CIyTaHA C OYepenbio
73 N BJEMEHTOB.)

Onep AIINN BBIIIOJHAKOTCA TaK.

Cuenats mycTou:

Inura := 0;
Hepeuut := 0;

[Mo6aBUTL BJIEMEHT:

{laura < n}
Comepxanve [(llepsrm + lInmua) mod n] := >meMeHT;
Inuua := [uuuHa + 1;

Basare saement:

{lnuua > 0}
smemenT := Comepxanue [llepsuu];
Hepeam := (llepuy + 1) mod n;

Inuua := [IuumuHa - 1;

IIycra:
Inuua = 0
Ouepenuon:
Comepxanme [Ilepsrnt] O

6.2.2. (Coobmun A.T.Kymuupenxo) IIpugymanre cnoco6 monemupo-
BaHUS OUY€Pey C MOMOIIBIO ABYX CTEKOB (M (DUKCUPOBAHHOIO IHUCIAA IIE€pe-
mennbrx Tuna T). IIpu sTom orpaborka n onepanuil ¢ o4epenio (Ha1aThIX,
KOr'Jla ouepens ObLIa MyCTa) MOKHA TPeGOBATL MOPALKA N TEUCTBUM.

Pemenne. lnBapuaHuT: CcTEKM, cOCTABICHHBIC KOHIIAMHU, 00Pa3yioT OUe-
peas. (Ilepednciiss >IeMEHTH OJHOrO CTEKA BIVIYOb U 3aTEM DIEMEHTEL BTO-
pOro HAPYXKYy, MBI IIEPEIUCIAEM BCE DJIEMEHTHL OYepeIul OT MEPBOTrO A0 IO-
caennero.) flcHo, uro gobaBreHMe CBOAUTCS K JOOABIEHUIO K OLHOMY U3
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CTEKOB, a MPOBEPKA MYyCTOTH — K IPOBEPKE MYCTOTHI 060oux cTekoB. Kc-
JIX MBI XOTUM B3ATH 3JEMEHT, €CTh ABa CIyYasd. ECJII/I CTEK, I'Te HaXOOUTCA
HAYaJI0 Odepenu, He IyCcT, TO 6epéM m3 Hero »sreMeHT. Ecau OH mycT, TO
IpeaBapUTEIbHO IePenuCchbiBaeM B HEr'0 BCE 3JIeMEHTHl BTOPOrO CTeKa, Me-
Hsisl HOPSAOK (DTO IPOUCXOAUT CaMO COOOU IPU NEPEKJIAILIBAHUA U3 CTEKA
B CTEK) U CBOIUM JEJO K TIEPBOMY CIY4ar0. XOTsA IUCJAO TCUCTBUU HA TOM
mare M He OrPAHUYEHO KOHCTAHTOU, HO TPeOOBAaHUE 3a0aYU BLITOJHEHO,
TaK KaK KaXKIBIU DJEMEHT OYepenud MOXKET yIaCTBOBATH B DTOM MPOLECCE
He 6oJee OMHOrO pasa. O

6.2.3. [lexkoM HA3BIBAIOT CTPYKTYPY, COUYETAIOIIYIO OUYepelb M CTEK:
KJIACTb U 3a0UpaTh BJIEMEHTHI MOXHO ¢ o0oux KOHIOB. Kak peanm3oBarsb
IeK OPAHMYEHHOrO pa3Mepa Ha 6a3e MAacCUBa TAK, ITOOBI KaXKIasd OIepa-
s TpeboBaIa OrPAHUICHHOTO YKUCIA JCUCTBUI? O

6.2.4. (Coobuma A.T. Kymnuupenko.) Umeerca ek smemeHToB Tuma T
U KOHEYHOE YHUCJIO MEPEMEHHBIX TUMa T U IeI0ro Tuma. B HadaabHOM CO-
CTOSIHUY B J€KE HEKOTOPOE IUCI0 daeMeHTOB. COCTaBbTE MPOrpaMMy, IOCIe
UCTIOJHEHUSA KOTOPOU B [E€KE OCTANUCH OBI TE XKe CAMBIE DIEMEHTHI, 8 UX IU-
€10 OBLIO OBl B OMHOU U3 HEJILIX II€PEeMEeHHBIX.

[Vkasamue. (1) DieMeHTEHL JeKa MOXKHO IUKJINIECKH NIE€PECTABIATh, 3a-
6upas ¢ OJHOTO KOHIIA U moMelnas B apyrou. Ilocue 3Toro, caenas cTOIBKO
e IAros B 06PaTHOM HAILIPABIEHUHT, MOXKHO BepHYTh BeE Ha MecTo. (2) Kak
MOHATH, TPOILTA MBI IOJHBIN KPYT WA He Tponntu? Ecam 651 KaKon-To die-
MEHT 3aBeJOMO OTCYTCTBOBAJI B A€Ke, TO MOXKHO OBLIO OBI €ro MOACYHYTH
7 XK/JaTh BTOPUYHOIO noaBJaeHnA. Ho Takux asemenToB Het. BmecTo aTOr0
MOXHO Uil TAHHOT'O N BBIMOJHUTD MUKJINIECKUAN COBUT HA N IBAXK b, TOJ-
CYHYB Da3HBIE DJIEMEHTHI, ¥ IIOCMOTPETH, MOSBATCA JIA PA3HBIE DJIEMEHTEI
Yepes n LUIaros. | O

MpumeHenune ovepenen

6.2.5. HameuarauTe B mOpsAIKe BO3PACTAHUs IEPBLIE N HATYPAaJbHBIX
qUCeN, B PA3J0KEHNE KOTOPHLIX HA MPOCTHIE MHOXKUTETN BXOAAT TOJBKO HUU-
cra 2, 3, 5.

Pemenue. Breném tpu ouepenu x2, x3, x5, B KOTOPEIX OyIeM XPaHUTH
DJIEMEHTHI, KOTOphEe B 2 (3, 5) pa3 Goublie HAEIATAHHBIX, HO €IIE HE Ha-
meuaransl. Qupegeanm mpouenypy

procedure HamevyaTaThb_M_Lo6aBuTh (t: integer);
begin
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writeln (t);

Io6aBute (2%t, x2);

Io6aBute (3*t, x3);

Io6aBute (5%t, x5);
end;

Bot cxema mporpaMMer:

...cmemaTes x2, x3, x5 mycTmMm

HaledaTaTb_u_nobaBuTek (1);

k :=1; { k - uKMcmo HamevaTaHHHX }

{uHBapuaHT: HamevaTaHo B NOpAKKE BO3pACTaHMA K MUHMMAIBLHHX
YIEHOB HYXHOI'O MHOXECTBA; B OYepelAX DIEMEHTH, BIBOE,
BTpoe U BIATepo 6onbliMe HaleYaTaHHHX, HO He HaleYaTaHHHE,
PacIolloXeHHHe B BO3pacTawlleM Iopanke}

while k <> n do begin

x := min (ouepemmon(x2), ovepermuou(x3), ouepemuou(x5));
HamedaTaThb_HN_nobaBuThk (x);
k := k+1;

...B3ATb X U3 TeX oqepeneﬁ, Toe OH GHI OYepemHEM;
end;

ITycTh MHBAPUAHT BHIMTOAHACTCA. PacCMOTpUM HANMEHBLINUU U3 HEHATIE-
YaTAHHBIX DJEMEHTOB MHOXKECTBA; IIyCThb 3TO X. 1Orga OH AEIUTCS HAIEIO
HA OJHO U3 4ucen 2, 3, 5, ¥ 9aCTHOE TaKXKe IPUHAIJIEKUT MHOXKECTBY. SHa-
YUT, OHO HAIIEYATAHO. SHAYUT, X HAXOAUTCS B OJHOU M3 OUEPEIen U, Cie-
NOBATEIBLHO, ABIACTCA B HEW MEPBLIM (MEHBIINE HATIEIATAHBL, 8 DJEMEHTHI
ouepelen He HamedaTansl). HamedaTas X, MBI JOIKHBL €10 U3BATH U 100a-
BUTH €r0 KPATHEIE.

[uHbI 0Yepenen He TPEeBOCXOAAT YUCAA HATIEIATAHHBIX 3IeMeHTOB. [

Crenyromas 3a1a4a CBA3aHa ¢ rpadaMu (K KOTOPBIM MBI BEDHEMCA B TUIa-
Be 9).

IIycre 3amaH0 KOHEYHOE MHOXKECTBO, DJIEMEHTHI KOTOPOI'O HA3BIBAIOT
8EPUUHAMY, & TAKKE HEKOTOPOE MHOXKECTBO YIIOPAJOYEHHEBIX ITap BEPINUH,
Ha3bIBAEMBIX pé6pamu. B 3TOM ciydae roBOpSAT, ITO 3aAaH 0OPUEHIUPOBGAH-
noiti epad. llapy (p, ¢) HA3BIBAIOT PEGPOM C HAUALOM P U KOKUOM (; TOBOPST
TAKXKe, 9TO OHO 8bIZOOUM U3 BEPIIUHLI P U 6200um B BepiuHy ¢. OObIIHO
BepILIXHBI I'Pada n300paXKarT TOYKAMU, & pEOpa — CTPEJKAMU, BEIYITUMUI
u3 Havauaa B Komel. (B cooTBeTcTBUE C OmpemeseHVEM W3 TaHHOU BEPIIIW-
HBI B TaHHYIO BeIET He 607ee OTHOTO pedpa; BO3BMOXKHEI PEOPA, Y KOTOPHIX
HAYAI0 COBNALAET C KOHIIOM.)

6.2.6. l3BecTHO, YTO OPUEHTUPOBAHHLIN rpad) CBA3EH, T.€. U3 JH00U
BEPIINHLI MOXHO IIPOUTH B JIOOyI0 o pé6bpam. Kpome Toro, m3 xaxmon
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BEPIINHLI BEIXOIUT CTOILKO ke pébep, CKOMbKO BXOAUT. [lokaxkuTe, ITO Cy-
[IECTBYET 3aMKHYTHIN IIUKJI, TTPOXOIAIIMN TIO KAXKIOMY PeOpy POBHO OAUH
pa3. CocTaBbTe aqIrOpuTM OTBICKAHUA TAKOr'O IUKIIA.

Pemrenne. 3meén OyaeM HA3BIBATH HEMYCTYIO OYePelb U3 BEPINUH, B KO-
TOPOM JIOOBIE JBE BEPIIMHEL COEAUHEHBI PeOpoM rpada (HadaloM ABJIeTCs
Ta BEPLIMHA, KOTOpas OumkKe K Hadary odepean). Crosmas B Havaue oepe-
I BepUTHA, Oy IeT XBOCTOM 3MEN, MOCIEHAI — TCOMOBON. Ha pucyHke 3mes
n300pa3uTca B Bue nenu pédep rpada, CTPeIKH BeIyT OT XBOCTA K I'OJO-
Be. /lo6aBieHrEe BepUINHEL B OU€pENb COOTBETCTBYET POCTY 3MEU C IOJIOBHL,
B3STHE BEPIINHBI — OTPE3aHUI0 KOHINKA XBOCTA.

Buauase 3Mes cocTouT U3 €IUHCTBEHHOU BepumHbl. /[lanee MbI ciaegyem
TAKOMY IIDABAILY:

while 3Mea BkiwyaeT He Bce pébpa do begin
if U3 romoBH BHXOLUT He BXoJAllee B 3Melb pebpo then begin
‘ YOINHUTE 3MeW 3TUM pebpoM
end else begin
{romoBa 3Me: B TOM Xe BepumMHe, YTO M XBOCT}
oTpe3aThk KOHEIl XBOCTa M HOGaBUTL €ro K IONIOBE
{"3Mea oTkycmBaeT kKoHew xBocTa'}
end;
end;

[lokaxeM, ITO MBI JOCTUTHEM LIEJIN.

(1) U as mo 3mee OT XBOCTA K I'OJIOBE, MBI BXOAUM B KaXKAyI0 BEPIIUHY
CTOJBKO K€ Pa3, CKOJBKO BBIXOAWM. TaK Kak B JIOOYI0 BEPIIWHY BXOLUAT
CTOJIBKO K€ PEGEP, CKOIBKO BBIXOAUT, TO HEBO3MOXHOCTD BBIATHU O3HAYAET,
YTO TOJMOBA 3MEU B TOU e TOYKE, ITO U XBOCT.

(2) 3mes He ykOpauuBAETCs, MOITOMY JuUOO OHA OXBATUT BCE pPEODA,
aunb0, HAYMHAS C HEKOTOPOI'O MOMEHTA, OyJeT MMEeTh MOCTOSHHYIO IIUHY.
Bo BTOpoM ciaydae 3mes OygeT 6€CKOHEYHO «CKOJIL3UTDL IO cebey. DTO BO3-
MOKHO, TOJIPKO €C/IM U3 BCEX BEPIINH 3MEU HE BBIXOJUAT HEUCIIOIb30BAHHBIX
pé6ep. B »pToM ciyuae u3 CBA3HOCTHU CIIYeT, YTO 3MeS MPOXOIUT IO BCEM
pébpam.

3aMedaHue Mo peaausauny Ha mnackane. Bepmwmuamu rpada Oygem cau-
TaTh unciaa 1...n. [ kaxgon eepmuHsl i OygeM xpauuThb dncao Out [i]
BBLIXO QAKX u3 Heé pébep, a Takxke somepa Num[i] [1],... ,Num[i] [Out [i]]
TexX BEpIINH, Kyda 5Tu peopa BexyT. B mporecce mocTtpoenus 3men Oyaem
BLIOUPATH mepBoe cBOOOAHOE pebpo. Torma mOCTATOYHO XPAHUTH AJIA Ka-
JKIOU BEPUINHBI YUCJA0 BHIXOIAIINX U3 HEE UCIONb3OBAHHBIX pEGEp — DTO
OynyT pébpa, uayIime B HavYaIe CIUCKA. O



108 6. Tunvt dannbiz

6.2.7. [loxaxuTe, 9TO AJA BCAKOTO N CYIIECTBYET MOCJIETOBATETLHOCTD
HyJeW W eIUHUI] OIUHBI 2" CO CJAeAYIONMM CBOUCTBOM: €CIM «CBEPHYTH €€
B KOJBLIO» ¥ PACCMOTPETh BCE (PPArMEHTHL JIUHHL 71 (UX 9UCAO PABHO 27),
TO MBI IOJIYYMM BCE BO3MOXKHEIE [OCJAEI0BATEILHOCTHY HyJIe W eIUHNL 1/~
HEL N. [TocTporTe alropuT™M OTHLICKAHUA TAKOU IOC/IEI0BATEILHOCTH, TPe-
oyromuu ue 6oaee C™ TEUCTBUM I HEKOTOPOU KOHCTAHTH C.

[Ykazauue. PaccmorpuM rpad, BepIiMHAMA KOTOPOT'O ABIAITCS TOCIe-
[JOBATEJBLHOCTU HYJEUN U eIUHUL LIUHLL N — 1. BygeMm cauraTsb, 9TO U3 BEp-
IIVHLI T BeAET pebpOo B BEPIIUHY Y, €CAU T MOXKET ObITh HAYAJIOM, a Y —
KOHIIOM HEKOTOPOU MOCJEIOBATEIbHOCTU JAJIUHBL 1. Torga u3 Kaxoou Bep-
IIIUHEBL BXOAUT U BRIXOAUT aBa pedpa. Iluki, mpoxoaammu mo Bcem pébpam,
7 nacT TpeGyeMyio MOCIeLOBATEIEHOCTS. | O

6.2.8. Peamusyure k odepemer ¢ OrpaHUICHHON CyMMAPHOU IJIUHOU 11,
ucnoas3ys namars O(n + k) [= me 6onee C(n + k) 0jas HEKOTOPOM KOH-
cranrel O], npuuém kaxnas omepauust (KpOMe HAYAIBHOW, AEJAIOMIEN BCe
OYepEeIN MyCTHIME) JOMKHA TPeGOBATH OMPAHUIEHHOTNO KOHCTAHTON TUCIA
JENCTBUN.

Pemenme. /lencTByeM aHAJOIMYHO CCBLIOYHON PeAIM3alUK CTEKOB: MBI
HOMHEM (VIS KAaXKIO0M OYePein) IEePBOr0, KaXKAbIA YIACTHUK OYePEefu I10-
MHUT CAEAYIOUIEro 33 HUM (/I HOCJIEAHErO CIATACTCS, ITO 33 HUM CTOUT
dukTuBHBEG 3aeMeHT ¢ HOMepoM (). KpoMe TOro, MBI JOMKHEL 11 KaXK 10U
0YepPEIU 3HATH MOCIEAHEr0 (€CJAM OH €CTh) — MHAYE HE YAACTCA T00ABJIAT.
Kak u mas cTekoB, OTAEIBHO €CTh Ielb CBOOOMHBIX A9€eK. 3AMETUM, ITO
[UIA TyCTOU O¥epeny MHMOPMAIAA O IOCAETHEM DIEMEHTE TEPAET CMBICT —
HO OHA W HE HUCIOAL3YETCS IPU JOOABICHUM.

Conmepxaume: array [1..n] of T;
Cnemyoumi: array [1..n] of 0..n;
Hepeuu: array [1..k] of 0..n;
HNocmemmuu: array [1..k] of O..n;
Ceobomuag : 0..n;

procedure CmenaTb_IyCTHM;
‘ var i: integer;

begin
for i := 1 to n-1 do begin
‘ Cnemyommy [i] := i + 1;
end;
Crenywum# [n] := 0;
Ceobomuas := 1;

for i := 1 to k do begin
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‘ Hepeuu [i]:=0;
end;
end;

function EcTte_mecTo : boolean;
begin

EcTte_MecTo := CBobommasa <> 0;
end;

function Ilycta (HoMep_ovepemu: integer): boolean;
begin

‘ Iycra := llepBrm [HoMep_ouepemu] = 0;

end;

procedure Bzare (var t: T; HoMep_odepenmu: integer);
‘ var meps: integer;

begin
{not Mycra (#omep_ouepexu)}
nepe := llepeur [Homep_ovepernu] ;
t := Comepxaume [mepr]
Nepeuu [Homep_ovepenu] := Cmepywoumi [mepr];
Cnenywumy [meps] := Ceo6omuas;
CBo6GomHasa := IepB;
end;

procedure Jo6aBute (t: T; HoMep_odepesu: integer);
‘ var HOB, mocm: 1..n;

begin
{EcTs_mecTO }
HOB := CBobomuas; CBobommas := Cnemywumu [Ceo6ommas];
{3 cmucka cBO6OJHOTO MecTa U3BAT HOMEp HOBJ}
if Iycrta (HoMep_odepesmu) then begin
lepeun [HoMep_oduepenu] := HOB;
Hocmenuuu [Homep_ouepenu] := HOB;
Cnepyoumy [moB] := 0;
Conmepxanue [HOB] := t;
end else begin
mocn := locmenmuu [HoMep_ouepernu];
{Caenyoumu [moca] = 0 }
Crnepyoumy [mocn] := HoB;
Cnepyoumy [moB] := 0;
Conmepxanue [HoB] := t
HNocmenuuu [Homep_ouepenu] := HOB;
end;

end;
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function Ouepermuou (mHoMep_odepermu: integer): T;

begin

‘ Ogepenuour := Comepxanume [llepsrm [HOMep_ouepenu]];

end; O

6.2.9. Ta xe 3amada m1aA J€KOB BMECTO O4Yepeen.

[Ykazanue. [lek — CTPYKTypa CHMMETPUYHAs, TIO3TOMY HAJ0 XPAHUTH
ccbuIKu B 06€ cTOpOHBL (Brepén u Haszan). [Ipu 5ToM yno6HO K Kaxk oMy
[IEeKy H06ABUTH (PUKTUBHBIN DIEMEHT, 3aMKHYB €r'0 B KOJIbIIO, X TOYHO TAKOE
e KOJMBIIO 06pa30oBaTh U3 CBOGOJHBIX MO3UIINIL | O

B cremyromen sagade OeK UCTOAL3YETCA OIS XPAHEHUs BEPIIUH BhI-
IIYKJIOT'O MHOTOYI'OJIbHUKA.

6.2.10. Ha mmockocTu 3amaHo 1 TOUEK, MPOHYMEPOBAHHLIX CIEBA Ha-
mpaBo (& mpu paBHBIX abcnuccax — cHu3y BBepx). CocTaBbTe mporpamuy,
KOTOpasa CTPOUT MHOI'OYIOJBHUK, ABIAIOIMIANACA UX BEIIYKJION O0OOJOYIKOH,
3a O(n) [= ne 6onee yem Cn| nencTBUL.

Pemenme. Bynem mpucoequsaTb TOYKYM K BHIMTYKJION O0OIOYKE OTHA 34
apyrou. Jlerko mokasarb, YTO MOCAENHsS TPUCOCAMHEHHAS TOYKa Oyxer
OHOU M3 BEpIIMH BHIIYKION OOOJOYKW. DTy BEPIIUHY MBI OyIeM HA3BI-
BaTh BeIAEIeHHON. OuepenHas MPUCOEqUHAEMAs TOYKA BUJHA U3 BBIIEJICH-
uou (moueMy?). [lOMOJHUM HAII MHOTOYTOJBHUK, BEILYCTUB U3 BbLIEJCHHON
BEPIIUHLL (UIUIY», BEAYIIYIO B MpUCOeAMHsIEeMYyI0 TOUKy. Iloaydurcs BeIpo-
JKJIEHHBIN MHOTOYTOJIbHUK, U OCTAETCS JIUKBUAJUPOBATD B HEM (BIIYKJIOCTHY.

ByneM XpaHUTL BepHIMHBI MHOTOYT'OJBHUKA B IE€Ke B TOPSAIKE 06XOmIa
€ro TMepuMeTpa Mo YaCoBOU cTpeake. [Ipu 5TOM BbIIeJeHHAA BEPIINHA ABJS-
€TCsA HAYAIOM U KOHLIOM (TOMOBOY U XBOCTOM) aeka. [Ipucoegunenue «arasn
Temepb COCTOUT B NOOABIEHWM MPUCOEIMHAEMON BEPIIMHBI B T'OJOBY U B
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XBOCT [eKa. YCTpPaAHEHUE BIYKJIOCTEU HECKOMIBLKO 0omee cIokHO. Hazosém
nodr60CcmMom U nodnodreocmom dIEMEHTEL 1eKa, CTOAIINE 33, €00 XBOCTOM.
YceTpanenue BIyKJIOCTH Y XBOCTA IETAETCA TaK:

while mo mopore u3 xBocTa B IOINONXBOCT MH IIOBOpadMBaeM
y momxBocTa BiIeBo ("BuykmocTe") do begin
BHKMHYTB IIONXBOCT M3 JIeKa
end

Taxum ke cocobOM yCTPAHAETCS BIYKIOCTH ¥ T'OMOBBL JEKA.

3ameuanue. [[erCTBUA C MOAXBOCTOM U MOAMOAXBOCTOM HE BXOIAT B
OTpeeJeHne IeKa, OMHAKO CBOIATCA K HEOOJBIIOMY YUCTYy MaHWUIYJIALIUN
¢ nexoM (Hano 3a0paTh TPU DJIEMEHTa C XBOCTA, CAEAATH YTO HALO U BEp-
HYTb).

Emg oguo 3amevanue. EcTb 1Ba BBIPOXKAEHHBIX CIydas: €CIM MBI BO-
o0LIe He IOBOPAYUBAEM Yy HOAXBOCTA (T.€. TPU COCEIHUE BEPLIUHBL JEKAT
HA OOHOW MPAMOM) WM eCau ML HoBopauusaeM Ha 180° (Tak OwmiBaer, eciu
HAIll MHOT'OYTOJbHUK €CTh ABYYTOJbHUK). B mepBoM ciydae moaxBocT CTO-
UT yAaauThb (YTOOBI B BHITYKJION O00MOYKe HEe OBbLIO JUAIIHUX BEPIIUH), & BO
BTOPOM ciydae — OOg3aTeIbHO OCTABUTh. (]

6.3. MuoxecTBa
IIycts T — mexkoTopoin Tun. CymecTByeT MHOTO CIIOCOG0B XPAHUTD (KO-

HEYHBIE) MHOXKECTBA DJIEMEHTOB Tula T; BEIOOD MEX 1y HUMU OIIPeAeAETCS
TumoM T u HabopoM TpebyeMbIX Olepali.

MoamuoxecTea mHoxectea {1...n}

6.3.1. Kax, ucnonesys namsare pazmepa O(n) [mponopuuoHanbHyo n),
XPaHUThb MOAMHOXKECTBA MHOXecTBa {1...n}?

Onepanun Yucao gercTBun
CrenaTs nmycThHIM Cn
IIpoBepuTh NPUHAIICKHOCTE C
lob6aBuTh C
Y namnTtb C
MuHuMAIBHBEIA DJIEMEHT Cn
IIposepxa mycToTH! Cn

Pemrenne. Xpanum MHOXKECTBO Kak array [1..n] of Boolean. (|
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6.3.2. To xe, HO MPOBEPKA MYCTOTHI JOJKHA BBIMOTHATHCA 33 BpeMs C'.

Pemenne. XpanuM IOMOMHUTENIBHO KOJXIECTBO JIEMEHTOB. O

6.3.3. To xe npu caeqyOMNX OrPAHUYICHUAX HA IUCJAO AEMCTBUN:

Omnepanun Yucao gencTBun

Crenars mycThiM

[IpoBepuTh IpUHA IIEKHOCTD
[MobaBuThH

Y nanutb

MuHIMAILHBINA 3JEMEHT
ITposepka mycToThHI

Perrenme. ,Z[OHOJIHI/ITBJH)HO XpaHNM MUHUMAJBHBIA DJEMEHT MHOXKE-

CTBa.

O

6.3.4. To xe npu caegyONX OrPAHUYICHUAX HA IUCJAO AEMCTBUN:

Omnepanun Yucao gencTBun

Crenars nmycThiM

[IpoBepuTh IpPUHA IIEKHOCTD
[MobaBuTh

Y nanutb

MunuMalbHBEIN 3JEMEHT
ITposepka mycToTHI

Qaalal

Pemrenwe. XpanuMm MUHUMAJIBHBIN, IS KAXK JONO — CJAEIYIOUIMY U Ipe-

OBIAYIIAN O BEJUIUHE.

MHuoxecTBa uenbix uncen

O

B CIeIYyIINNX 3ada'aX BEJININHA 3JIEMEHTOB MHOXKECTBa HE OI'DAaHU'IE€HA,

HO UX KOIMYECTBO HE MPEBOCXOIUT 7.
6.3.5. ITamares Cn.
Omneparuu

Crenars mycTbiM

Hucmo »>1eMeHTOoB

IIpoBepuTh NpUHAIICKHOCTE

[J06aBuTH HOBBHIU (3aBEIOMO OTCYTCTBYIOLIAN)
Y nanute

MuHuMAaIbHBEIA DJIEMEHT

Baare kakon-To aaeMmenT

Yucao gercTBun
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Pemntenne. MHOXECTBO MpEICTABIIEM C TOMOIILIO TTEPEMEHHBIX
atarray [1..n] of integer, k: O..n;
MHOXKECTBO coaepxkuT kK smemenToB alll,...alk]; Bce oun paszmmunnl. Ilo

CYLIECTBY MBL XPAHKMM DJIEMEHTHI MHOXKECTBA B cTeke (6e3 IOBTOpEHUn).
C TeMm xe yCcrmexoM MOXKHO OBLIO OBI BOCIOJB30BATHCA OYEPENBI0 BMECTO

CTEKa.

6.3.6. ITamars Cn.

Onepanun Yucao gercTBun
CrenaTs mycThHIM c
IIpoBepuTts mycToTy c
IIpoBepuTh NprHANTEKHOCTD Clogn
lobaBuTh Cn

Y naautb Cn
MuHIMAIBHEIA DJI€MEHT C

O

Pemrenne. CM. pemmenue mpeasiayen 3a0adu ¢ JOTMOIHATEIBHBIM YCI0-
BueM al[1] < ... < alk]. [Ipu npoBepke nprHAIIEKHOCTU UCIOJL3YEM [BO-
WYHLIA IIOUCK. O

B caexyiomen 3agate moIe3HO KOMOMHUPOBATL PA3HBIE CIIOCOOHL.

6.3.7. Ncrnonn3ys omucaHHBE CIOCOOBI TPEACTABICHUSA MHOXKECTB, HAl-
IUTE BCE BEPIIUHBI OPUEHTUPOBAHHOIO rpada, HOCTYMHBIE U3 TAHHOU IO
pé6pam. (Bepmuns: cauraem qucaavu 1. ..n.) Bpems we 6oasue C - (06mee
910 PEGEP, BHIXOAAMINX U3 NOCTYIHBIX BEPIIUH).

Pewenue. (/Ipyroe pemenue cM. B IVIaBe O peKypcuu, 3agada 7.4.6)
Iycte num[i] — wumcao pébep, BexOmAmmx u3 i, a out[i][1],...
...,out[i] [num[i]] — BepmmHEBI, Ky1a BenyT pEOpa U3 BEPIIUHEL i.

procedure JocTymune (i: integer);
{HaneyaTaTe BCce BepumHH, LOCTyIHHe X3 1, BKIwYasg i}
var X: momgMHOXeCTBO 1..n;
P: momMuoXecTBO 1..n;
q, v, w: 1..n;
k: integer;
begin
...cmenatek X, P mycTenm;
writeln (i);
...nobaBute i ¥ X, P;
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{(1) P = MHOXecTBO HamedaTaHHHX BepuMH; P comepxuT i;
(2) HamevaTaHH TONBKO LOCTYINHHE M3 i BEpIMHH;
(3) X - momvMHOXecTBO P;
(4) Bce HamevaTaHHHe BEpUMHH, U3 KOTOPHX BHXOMUT
pebpo B HeHameYaTaHHYW BEpUMHY, OpMHaLIeXaT X}
while X HemycTo do begin
...B3ATH KaKOM-HUO6YAL 3IeMeHT X B V;
for k := 1 to num [v] do begin
w := out [v][k];
if w me mpumammexut P then begin
writeln (w);
no6aBUTH W B P;
no6aBUTE W B X;
end;
end;
end;
end;

Ceoucreo (1) He HapymaeTcs, TaK KaK I1€9aTb IPOUCXOLUT OTHOBDE-
MeHHO ¢ gobasiaenueM B P. Cpoucrso (2): pa3 v 66110 B X, TO V LOCTYIIHO,
nostomy w goctymnHo. Ceonctso (3) odesmano. CeoucTro (4): MBI yaamm-
Ju 3 X DIeMeHT V, HO BCe BepIIWHBI, KyJa U3 V UAYT PEOpa, mepes STUM
HAIEeYATAHEL. 0

6.3.8. IloxkaxkuTe, 9TO MOXKHO UCIOJIL30BATEL U IPYTOM MHBAPUAHT: P —
Hame4daTaHHble BepmuHbl; X C P; oCcTAIOCh HanmevaTaTh BEPIIUHBI, JOCTYII-
HBIe 13 X 10 HEHATIEYATAHHBIM BEPIITTHAM. O

Ornenka BpeMeHn paboTHL. 3aMETUM, UTO U3BATHIE 13 X DIeMEeHTHI O0JIb-
e Tyna He JOOABIAITCA, TAK KAK OHU B MOMEHT U3bATUA (U, CIeNOBATEb-
HO, BCEr[a MO3XKe) NPUHALICRAT P, a JOOABIAIOTCA TOILKO BJIEMEHTHI HE
u3 P. [Tosromy Teno nukiaa while oI KaKIOU TOCTYIHOU BEPIIMHBL BEI-
NONHAETCA He Oosee, 9eM IO Pa3y, IPU 9TOM TeJ0 HNUKIA for BHIIONHAETCA
CTOJBKO Pa3, CKOITbKO U3 BEPIIWHEI BEIXOIUT PEGED.

[na X HaZO MCIONB30BATH IPEICTABIEHHE CO CTEKOM WJIN OYEPETBI0
(cM. BbuneE), mus P — OyJneBCKUN MaCCUB. O

6.3.9. Pemmure npenpraymyio 3anady, ecan TpeOyeTcsa, YTOOBI JOCTYII-
HBIE BEPIIWHEBL [[€YATANIACH B TAKOM IIOPSIKe: CHAYaIa 3aaHHAS BEPIIVHA,
OTOM €€ cocead, OTOM coceau cocefenl (emé He HaeIaTAHHBIE) U T. 1.

[Ykazauue. Tak mOTyYUTCS, €CIM UCIONB30BATH OUePeb s XPAHEeHUA X
B IPUBEAEHHOM BHIIIE PEIICHUN: TOKAXKUTE UHIYKIIUEN 1O k, 9TO CYIIECTBY-
€T MOMEHT, B KOTODBLIN HAMEUYATAHLI BCE BEPIIUHBI HA, PACCTOAHUU HE OOTb-
we k, a B 0Yepequ HaXOIATCSA BCE BEPIIUHLI, YIAIEHHBIE DOBHO Ha k.| O
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Bonee cmoxubie ciocoOBl TPEACTABICHUS MHOXKECTB OyIyT pa3soOpaHb
B nmaBax 13 (xemmposanue) u 14 (zepeBbs).

6.4. Pa3Hble 3aga4m

6.4.1. PeamusyiiTe CTPYKTYpy AaHHBIX, KOTOPAs UMeET BCE Te XK€ OIe-
pamuu, 9TO MAaCCUB [JJINHBL N, 8 UMEHHO

e HaJYATH pPaboTy;
® MOJOXUTH B 1-10 AYEUKY UUCIO X;

® Y3HATH, YTO JIEKUT B i-U AIEUKE;
a TaKXKe OIEPAIIO
® yKa3aTb HOMED MUHUMAJLHOIO DIEMEHTA

(Tounee, 0HOrO U3 MUHUMAILHEIX daeMeHToB). KontuvecTBo gericrsun mus
BCeX omepanui J0LKHO O6bITh He 60see C'logn, He cauTas Oepannu HadaTh
paboTy» (koTopas Tpebyer He 60aee C'n TEUCTBUNM).

Pemenne. Vcnoassyerca npuéMm, W3/M0KEHHBIA B PA3Ieae O COPTUPOBKE
nepeBoM. VIMeHHO, HAACTPOMM HA SIEMEHTAMYA MACCUBA KAK HA,I JJACTHAME
IBOWYHOE IE€PEBO, B KAXKIOU BEPIITUHE KOTOPOrO XPAHUM MUHUMYM DIEMEH-
TOB COOTBETCTBYIOIIErO MOjAAepeBa. KoppekTuposka >Tou wH(DOPMAIUH,
a Takke MPOCIEKUBAHNUE IIYTH M3 KOPHA K MAHUMAJLHOMY DJIEMEHTY Tpe-
OyI0T JOrapupMUIeCKOro IUCIa JeUCTBUAN. O

6.4.2. IIpuopureTHas oUepenb — 3TO OUepeb, B KOTOPOU BaXKHO HE TO,
KTO BCTaJ HOCJHeAHUM (IOPsALOK IOMEIIEHUs B HEE He UIPAET POIH), & KTO
riaBHee. bosee TOYHO, Ipy TOMEIEHNT B OY€PEIb YKA3LIBACTCA IPUOPUTET
HOMeIaeMoro oobexkra (6ygeM CIMTATH NPUOPUTETHL LEILIMUA TUCAAMHU),
a IpU B3ATUU U3 OYepeIu BHIOMPAETCA JEMEHT ¢ HauOOJBIINM IPUOPUTE-
TOM (WM OQVH U3 TAKWX JIEeMEHTOB). Peaqusynre IprOPUTETHYIO OIEPEIb
TakK, YTOOBI TOMEIIEHNE U B3ATHUE HJIEMEHTA TPeOOBAIN JOTapuPMUIeCKOrO
qucIa JeUCTBUR (OT pasMepa Odepein).

Pewenne. Creays airopuTMy COPTUPOBKH AEPEBOM (B €r0 OKOHYIATEb-
HOM BapuantTe), OyAeM pasMellaTh JIeMeHTHl ouepenu B Maccuse x [1..k],
O epXKUBasi Takoe cBoucTBO: x[1] crapme (uMeeT GOIBIIUN IPUOPUTET)
ceoux cwiHOBen x[2i] m x[2i+1], ecau TakoBBIE CYIIECTBYIOT — U, CJe-
IOBATEIBbHO, BCAKUM DIEMEHT CcTapiie cBoux nmoToMKkoB. (CBemenus o mpu-
OpUTEeTaX TAKKE XPAHATCA B MACCUBE, TAK ITO MBI MMEEM JET0 C MACCH-
BOM map (3JIEMEHT, IPUOPUTET).) Y JaJeHUE SIEMEHTA C COXPAHEHUEM HTOr0
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CBOVCTBA OMUCAHO B aJirOpUTMe COpTUpPOBKU. Hamo emeé ymMeTs BOCCTaHA-
BJIUBATH CBOMCTBO MOCJE JOOABICHU DJEMEHTA B KOHEIl. DTO NeIaeTCA TaK:

t:= HOMep NO6GaBIEHHOTO >IIeMEHTa

{uHBapuanT: B [epeBe m060M NIpefoK IpUMOpPUTETHee IOTOMKaA,
€CIIH 3TOT NOTOMOK - He t}

while t - He KopeHr M t cTapme cBoero orma do begin

‘ IOMEHATE t C ero OTIOM

end;

Ecauz ouepent oOpa3yioT rpaxgaHe, CTOAIME B BEPIIMHAX JePEBa,
T. €. 32 KaXKABIM CTOUT IBOE, & epej KaxXAbIM (KPOMe [EPBOro) — OLUH, TO
CMBIC]I DTOrO AJCOPUTMA SCEH: BCTAB B KOHEIl, IPUOPUTETHLIN IPAXK JTAHUH
HaUYWHAET TpOoOUPATHCSA K HAYaly, BRITECHAA BOEPEIN CTOAMINX — ITOKA He
BCTpeTUT 60JIee IPUOPUTETHOIO. O

3ameuanne. [IpropurerHyio odepenb eCTECTBEHHO WCIOAB30OBATH IIPU
MOIEeJUPOBAHNY [IPOTEKAIIINX BO BpeMeHu npoueccos. IIpu sTom sremen-
TEL OYepenu — 3TO OXUJIAEMBble COOBITUA, & UX IPUOPUTET ONPEAeNACTCS
BPEMEHEM, KOT'/Ia OHU TPOU3ONIYT.



7. PEKYPCUA

7.1. [lpumepbl peKypCUBHBIX NPOrpaMm

IIpu amanumse peKypCUBHOU MPOTPAMMEI BO3HUKAET, KAK OOLITHO, IBA,
BOIIPOCA:

(a) moyemy mporpamma 3akaHduBaeT paboTy?
(6) mouemy oma pafoTaeT HPABUIBLHO, €CAM 3aKaHIUBaeT pabory?

[uas (6) ZOCTATOYHO MPOBEPUTH, UTO (COAEPIKAIIAA PEKYDPCUBHBIN BBI-
30B) IpOrpaMma paboTaeT MPABWILHO, MTPEMONOKAE, ITO BEI3LIBAEMA €10
OJHOMMEHHAs IporpaMMma paboTaeT IpaBUILHO. B caMoMm jgefe, B 2TOM CaIy-
4yae B IEHOYKe PEKYyPCUBHO BHI3LIBAEMEIX IIPOI'PAMM BCE IPOrpaMMbl pabo-
TaT MPABWILHO (yOEXKIAeMCA B DTOM, UAA OT KOHIA IMEMOYKM K HAYATY).

YT06B JOKA3ATh (&), OGEITHO MPOBEPSIOT, ITO € KAXK,IBIM DEKYPCUBHEIM
BEI3OBOM 3HadeHHe KaKOro-TO IapaMeTpa yMEHBIIAeTCH, U 3TO He MOKeT
IIPOJOIKATHCA O€CKOHETHO.

7.1.1. Hamumure peKypCUBHYIO HPOUEAYPY BBITUCACHUS (PAKTOPUAIA
IIEJIOTO TTOJOKUTENBLHOTO Incaa 1 (T. e. mpousBegenus 1 -2 - - - n, 0603HAYA-
emoro n!).

Pewrenne. Vcnonbayem pasenctsa 1! =1, nl=(n— 1) n.

procedure factorial (n: integer; var fact: integer);
‘ {momoxure fact paBHEM ¢akTopuamy umucia n}
begin
if n=1 then begin
‘ fact:=1;
end else begin {n>1}
factorial (n-1, fact);
{fact = (n-1)!2}
fact:= fact*n;
end;
end; O
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C ucnonb3oBaHMeM MPOIELyP-(PYHKIINN MOXKHO HAMKUCATL TaK:

function factorial (n: integer): integer;
begin

if n=1 then begin

‘ factorial:=1;

end else begin {n>1}

‘ factorial:= factorial (m-1)*n;

end;
end;

ObpaTuTe BHUMAHUE HA HEKOTOPYIO JBOUCTBEHHOCTDH UCIOJb3OBAHUS AME-
Hu factorial BHyTpU onucaHua MYHKIIUUA: OHO OOO3HAYAET KAK IepeMeH-
HYIO0, TaK 1 BEI3BIBAEMYIO PeKypcuBHO ¢dyHKIN. K c9acThio, B HameMm Cy-
Jae OHM PA3NIUYaIOTCA 110 CKOOKAaM IIOCTIe MMEHH, HO ecau Obl PyHKIUA ObLIA
6€e3 mapaMeTpoB, TO AeJo ObLIO Obl wioxo. (CTangapTHaM, HO TPYLHO HAXO-
OuMasA OmuOKa BO3HUKAET, €CIM aBTOD IPOrpaMMBI HA IAcKaje MOJIaraet,
9TO OH WCIOJBb3YeT 3HAUEHUE IEPEMEHHOU, a KOMIWIATOD B 3TOM MECTe
BUUT PEKYDPCUBHBIN BLI30B.)

7.1.2. OO6BIYHO PAKTOPHUAT ONPENEJAIOT U I Hyas, cauTasd, 9To 0! = 1.
NamenuTe mporpaMMbl COOTBETCTBEHHO. O

7.1.3. HanumwuTe peKkypCUBHYIO IPOTDAMMY BO3BEIEHUSA B IEIYIO HEO-
TPUIATEJLHYIO CTEIeHbD. O

7.1.4. To xe, ecmu TpeOyeTcs, ITOOLI TVIyOMHA PEKYPCUY HE MPEBOCXO-
auna C'logn, roe n — noxa3arenb CTENeHN.

Pemenne.

function power (a,n: integer): integer;

begin

if n = 0 then begin

‘ power:= 1;

end else if n mod 2 = O then begin

‘ power:= power(a*a, n div 2);

end else begin

‘ power:= power(a, n-1)*a;

end;

end; O
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7.1.5. Y7o 6yaer, eciu U3MEHUTH IPOrPAMMY, IPUBEIEHHYIO B PEIICHUN
TMPEIBIIYIIEN 334U, 3AMEHUB CTPOKY

power:= power(a*a, n div 2)
Ha

power:= power(a, n div 2)#* power(a, n div 2)7

Pemenwne. [Iporpamma ocranercs npaBuwibHou. OIHAKO OHA CTAHET pa-
6orars mMemieHHee. [[e0 B TOM, 9TO Temepb BBI30B MOXKET IOPOAUTH IBA
BLI30BA (XOTA U OJUHAKOBBLIX) BMECTO OJHOI'O — U YUCJIO BHI30BOB OLICTPO
pacTér ¢ niyounou pekypcuu. [IporpamMma MO-TpeKHEMY UMEeT Jorapud-
MUYECKYIO TVIyOUHY PEKYPCUU, HO YUCJIO MATOB pAGOTHL CTAHOBUTCS JUHEU-
HBIM BMECTO JIOTapupMUIECKOTO.

DTOT HEJOCTATOK MOXKHO YCTPAHUTDH, HAIIUCAB

t:= power(a, n div 2);
power:= t*t;

WU BOCIOJIB30BABIINCE (DYHKIUEN BO3BEJEHUA B KBAIpAT (sSqr). U

7.1.6. Ucnone3ys xkomanae write(x) aump opu x =0...9, Hanummre
PEKYPCUBHYIO IIPOrPAMMY HeYaTH AECATUIHON 3ANKUCH LEJIOr0 TOJIOKUATENb-
HOT'O YUCTA, 7.

Peurenue. 31ech UCIOMB30BAHUE PEKYPCHM OOJErYaeT XKU3HL (Ipolie-
Ma ObLIa B TOM, 9TO mu(pHL Jerde NOIydaTh ¢ KOHOA, & NeIaTaTh HALO
C HaYaIa).

procedure print (n:integer); {n>0}
begin
if n<10 then begin
‘ write (n);
end else begin
print (n div 10);
write (n mod 10);
end;
end; O

7.1.7. Urpa «Xanouckue OGamHm» COCTOUT B cCjaenyiomeMm. ECTbL Tpu
crepxkusa. Ha nepsemn w3 Hux Hagera nupamuika u3 N xosen (Ooubliue
KOJIbIIA CHU3Y, MEHBIIME CBEpXY). TpefyeTcsa mepeMecTuTh KOIbla HA ADY-
DO CTEPKEHb. PaspemaeTcsa nepekiaibBaTh KOMIbIa CO CTEPKHA Ha, CTEp-
JKEHb, HO KJACTH OOJIBIIEE KOJBIO MOBEpX MeHbIIEro Heab3sg. CocTaBbTe
MPOrpaMMy, YKa3bIBAIOIILYIO TpeOyeMble TerCTBUA.
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Pemenne. Hanumiem pexypCcuBHYIO TPOIEAYPY MEPEMEIICHNI 1 BepXHUX
KOJEI] C M-TO CTEPXKHsA HA n-U (OCTAIbHBIE KOJBLIA MPEAIOJAraloTCa GOMb-
MIUIMY TI0 PAa3Mepy U JeXKAT Ha CTEPIKHAX 0€3 IBUKEHU).

procedure move(i,m,n: integer);

‘ var s: integer;

begin

if i = 1 then begin

‘ writeln (’cgemates xom ’, m, ’->’, n);

end else begin
s:=6-m-n; {s - TpeTul cTepXeHb: cyMMa HOMepOB paBHa 6}
move (i-1, m, s);

writeln (’cmematrs xom ’, m, ’->’, n);
move (i-1, s, n);
end;
end;

(Crauana nepeHocuTcs nupamMuaka u3 i-1 xosen Ha TpeThio naaoduky. Ilo-
CJIe DTOTrO i-e KOJbII0 OCBOOOXK TAETCA, ¥ €0 MOXKHO IePpEeHeCTH Kyaa Caeay-
er. OCcTaéTca MONOKUTE HA HErO MUPAMUIKY. ) O

7.1.8. HammmuTe pexkypCHBHYIO IPOIDAMMy CyMMHPOBAHHA MaCCHBA
a: array [1..n] of integer.

[Ykazauue. PexypcusHo onpegenseMas pyHKIUSA NOMKHA UMETh OO/
HUTEILHBIN HapaMeTp — YUCI0 CKJIAILIBAEMBIX DJIEMEHTOB. | d

7.2. PekypcuBHas o6paboTKa AepeBbER

[[BOMYHLIM 1€PEBOM HA3LIBACTCSA KAPTUHKA BPOAE TAKOU:

Huxuss BepivHA HA3BLIBACTCA KopHem. U3 KaKI0U BEpIIMHBI MOTYT W-
TU JBE JUHUU: BJIEBO BBEPX U BIPABO BBEPX. BepumuHbI, Kyga OHU BEAyT,
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HABBIBAIOTCA AE6bLM U TPAEbIM CbIHOBbAMU MCXOTHOU BEpIIMHEL Beprmaa
MOXKET MMETh ABYX CHIHOBEH, 4 MOXKET UMETh TOJIBKO OJHOI'O CHIHA (JEBOrO
umu npasoro). OHa MOXKET U BOBCE HE UMETb CHIHOBEH, W B DTOM CJIydae
HABEIBACTCA AUCTIOM.

IIycts £ — kKakas-TO BepmmHa ABOMYIHOro gepesa. OHa cama BMecTe
C CLIHOBBLAMU, BHYKAMU, TPABHYKAME ¥ T. 1. 00pasyeT MO IepeBO ¢ KOPHEM
B T — n0ddepeso nomomrkos .

B cregyromux 3anadax MbI IpeqIOIaraeM, 9TO BEPIINHEL 1epeBa MIPOHY-
MepOBaHLI HEJLIMU HONOKATEILHLIMYA YUCIAME, IPAIEM HOMEpa BCeX Bep-
HIMH pa3gudHbl. MBI cauTaeM, 9TO HOMEp KOPHS XPAHUTCA B IIepeMeHHON
root. MuI cuuTaeM, 9TO UMEIOTCS IBa MAcCUBa

1l,r: array [1..N] of integer

U JEBLI ¥ TPABLIM CHIH BEPUIMHBI ¢ HOMEPOM 1 UMEIT COOTBETCTBEHHO
Homepa 1[i] u r[i]. Ecau Bepmuna ¢ HOMepoMm i He mMeeT JeBoro (miu
upasoro) ceHa, 1o 1[i] (coorsercreenno r[il) pasuo 0. (Ilo rpaguuuu
[IPU 3aIUCH IPOrPAMM MBI UCHOIB3YeM BMECTO HYJ/ISI KOHCTAHTY nil, pas-
HYIO HYJIO. )

3aeck N — 10CTaTOYHO GOMBIIOE HATYPAIBLHOE YUCIO (HOMEpa BCEX Bep-
mmH He npeBocxofaT N). OTMeruM, 9TO HOMEP BEPIIMHBEI HUKAK HE CBI3aH
C €€ MOJIOXKEHWEM B [IepeBe W 4TO He Bce 4yuciaa oT 1 mo N ob6a3aHbl OBITH
HOMepaMy BepIuuH (U, CIeLOBATEIbHO, 9aCTh JAHHBIX B MACCUBaxX 1 U r —
DTO MYCOD).

7.2.1. Ilycte N=7, root =3, MacCuBHl 1 U r TAKOBHI:

i1 2 3 4 5 6 7
fiJ o o 1 0 6 0 7
rf(il] |0 0 5 3 2 0 7

Hapucyute cooTBeTcTBYyIOmEE IEPEBO.

OTBer.

@ @

@ \@/

\@/ 0
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7.2.2. HanwmwuTe mporpaMMy mOACUETA UKUCJIA BEPIIVH B IepeEBe.

Pemenue. Paccmorpum gpyukimio n (x), paBHYIO YUCIY BEPIIUH B IO 16~
peBe ¢ kopHeM B Bepimae HoMep x. Cuuraem, uro n(nil) = 0 (noaaras co-
OTBETCTBYIOLIEE 101 AEPEBO MIyCTHIM), U He 3a00TUMCs O 3HaYeHusX nil (s)
[JIST 9UCEN S, He SBISIOIMXCA HOMEPAMU BepIivH. PekypcuBHas mporpamMmma
[JISI N TAKOBA!

function n(x:integer):integer;
begin
if x = nil then begin
‘ n:= 0;
end else begin
\ n:= n(1[x]) + n(r[x]) + 1;
end;
end;

(Hucno BepmuH B mogepeBe Hal BEPLIMHON X PABHO CyMMe 9HCEJ BEp-
MUH HAJ €€ CBIHOBLAMU ILIIOC OHA cama.) [yOuHa pexypCcun KOHEIHA, TaK
KakK C KaXIBbIM HIaI'OM BBICOTA COOTBETCTBYIOLIECTIO IMOAAEPEBa YMEHBIIIA-
€TCA. O

7.2.3. Hanwmwure nporpammy moacdéra 4muciaa JUCTHEB B IEPEBE.

OTtBer.

function n (x:integer) :integer;

begin
if x = nil then begin
‘ n:= 0;
end else if (1[x]=nil) and (r[x]=nil) then begin {mmct}
‘ n:= 1;

end else begin

\ n:= n(1[x]) + n(rlx]);

end;

end; O

7.2.4. Hanummre nporpammy noacaéra BICOTHI A€peBa (KOPEHb MMEET
BBHICOTY (), €r0 CHIHOBBSA — BBICOTY 1, BHYKM — 2 U T.II.; BEICOTA JepeBA —
DTO MAKCUMyM BBICOT €0 BEDILUH).

[Ykazanue. Pexypcusno onpegensiercs ¢pyukuus f(x) = BpicOTa HOA-
[€PeBa ¢ KOPHEM B X.| O

7.2.5. Hanwmmmre nporpaMmy, KOTOpas IO 33JaHHOMY N CIMTAET UUCIO
BCEX BEPIIUH BBICOTHL 1 (B 33JaHHOM J€DEBe). O
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Bwumecto HO,Z(C“IéTa KO/INYIECTBA BEPIINH TOI'O WJIN MHOI'O pOJa MOXKHO
OIPOCUTH HalledaTaTh CIIUCOK OTUX BEPIINH (B TOM WJIU MHOM nopﬂ,zu(e).

7.2.6. Hamumwre nporpaMmy, koTopas nedaraer (00 OZHOMY pa3dy) Bce
BEPIIMHEL JEPEBa.

Pemrenne. Ilponeaypa print_subtree(x) medaraer BCE BEPIIMHEBL [10/-
IepeBa ¢ KOPHEM B X IO OMHOMY Pa3y; MVIABHAsA IPOIDAMMA CONEPIKUT BBI3OB
print_subtree(root).

procedure print_subtree (x:integer);
begin
if x = nil then begin
‘ {unvero He memars}
end else begin
writeln (x);
print_subtree (1[x]);
print_subtree (r[x]);
end;
end;

[Jannas mporpaMma nedaTaeT CHadajaa KOPEHb IO AEDEeBa, 3aTeM IO Ie-
PEBO HAJ JEBBIM CHLIHOM, a 3aTeM HaJ MpaBbBIM. Ipu CTPOKU B else-vacTu
MOT'YT OBITH IEPECTABICHBI 6 CIOCOOAMY, U KAXK [BIN U3 3TUX CIOCOO0B JaET
CBOU TOPALOK TEYATH BEPIIUH. O

7.3. lNopoxaeHne KOMBUHATOPHBLIX 06 BEKTOB,
nepe6op

PexypcuBHBIe TPOrpaMMBI ABIAIOTCSA YIOOHBIM CIOCOOOM TOPOXK IEHUS
KOMOWHATOPHBIX 00BEKTOB 3aJaHHOTO BUAa. MBI permuM 3aHOBO HECKOIBKO
32129 COOTBETCTBYIOIIEN [VIABHI.

7.3.1. Hamumwure mporpaMMmy, KOTOpas MmevaTaeT IO OJHOMY pa3y Bce
IOCIEeIOBATEIBbHOCTHU MJINHBI NI, COCTABJICHHBIC U3 TUCET 1...k (I/IX KOJIN1Ie-
cTBO paBHO kT).

Peurenme. Ilporpamma GymeT omepupoBaTh ¢ maccuBoMm al[l] ...a[n]
un qucioM t. PexypcuBHas nporenypa generate medaTaeT BCe IOCIENO-
BATEJBLHOCTH, HadumHatommecs Ha all]l...al[t]; mocre eé okomvamus t u
al[1]...al[t] umeroT TO XKe 3HAYMEHUWE, ITO U B HATAJE:

procedure generate;
‘ var i,j : integer;
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begin
if t = n then begin
for i:=1 to n do begin
‘ write(al[il);
end;
writeln;
end else begin {t < n}
for j:=1 to k do begin
ti=t+1;
alt]:=j;
generate;
t:=t-1;
end;
end;
end;

OcHoOBHAA TPOrpPaMMa, Temeph COCTOUT U3 ABYX OMEPATOPOB:
t:=0; generate; O

3amevanme. Komanaer t:=t+1 u t:=t-1 qIa DKOHOMUN MOXKXHO BEIHECTH
u3 nukaa for.

7.3.2. HanwmwuTe mporpaMMy, KOTOpasd nevdaTanta Obl BCe TePEeCTAHOBKY
qucen 1...n o OJHOMY paay.

Pemenue. [Iporpamma onepupyer ¢ maccuBom al[1] ...a[n], B xoTopom
XpaHUTCA IepecTaHoBKa uucea 1...n. PexkypcusHas mpouenypa generate
B TAKOU CUTYAIUM Ie9aTaeT BCE MEPECTAHOBKU, KOTOPBIE HA MEPBBIX t MMO-
3UIUAX COBIAJAIOT C HEPECTAHOBKOU a; MO BBIXOAE U3 HEE IMepEeMEHHBIE t
¥ a UMEIOT T€ K€ 3HAUEHUs, 9TO U 10 Bx0ga. OCHOBHAA MpOrpaMMa TaKOBa!

for i:=1 to n do begin a[i]:=i; end;
t:=0;
generate;

Bot onucanue mponenypsr:

procedure generate;

‘ var i,j : integer;

begin

if t = n then begin

for i:=1 to n do begin
‘ write(al[il);
end;
writeln;
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end else begin {t < n}

for j:=t+l1 to n do begin
noMeHATs MecTamu al[t+1] u a[j]
t:=t+1;
generate;
t:=t-1;
nmoMeHATs MecTamu al[t+1] u a[j]

end;
end;
end;
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O

7.3.3. Hamewaraure Bce MOCIEAOBATEIBHOCTY U3 N HYJEU U €IUHUI, CO-

nepxKamme poBHO K equuun (110 OMHOMY Pa3y KaXKIylo).

0

7.3.4. Hameuaraure BCe BO3pacTaloMMe MOCICI0BATEILHOCTH IJINHEL K,
DJIEMEHTAMU KOTOPBIX AB/SIOTCA HaTypaubHble Yuciaa or 1 no n. (IIpeamo-
Jaraercs, 9To k < n, HHadYe TAKUX NOCIEN0BATEIbHOCTEN HE CYIEeCTBYET. )

Pemrenne. IIporpamma onepupyer ¢ maccusom al1] ... alk] u meaon ne-
pemennon t. Ilpenmomaras, uro al[1]...a[t] — Bospacraromas nociemo-
BATEIBbHOCTH HATYPAIBHBIX YUCEI U3 OTPE3Ka 1...n, PEKyPCUBHO ONpe[e-
JEHHAS IPOLIEIYypA generate mevyaTaeT BCe €€ BO3PACTAIINE PO T0TKEHU
nauabl k. (Ilpu arom t u al[1] ... alt] B koHuE Takwe Xe, KAK B HAYAJE. )

procedure generate;
‘ var i: integer;
begin
if t = k then begin
‘ nevyarats al[l]..a[k]
end else begin
ti=t+1;
for i:=a[t-1]+1 to t-k+n do begin
alt]:=1i;
generate;
end;
t:=t-1;
end;
end;

3ameuanwme. [uxn for MOr GBI UMETH BEpXHEN

n (BMecTO

t —k +n). Hamr BapuasT 5KOHOMAT 9acTh pAGOTHI, YIUTHIBAA TOT (HAKT,
uyro npeanocienaunt ((k-1)-1) wieH He MOXeT mpesBocxoauTh n-1, (k-2)-u

IJIE€H HE MOXKET IIPEBOCXOIUTH n-2 u T.1.
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Ocuosnasa oporpaMMa TENEePh BBEINVIAOUT TaK:

t:=1;

for j:=1 to 1-k+n do begin
al1]:=j;
generate;

end;

MozkHO 6BLTO OBI JOOABUTH K MACCUBY & CIeBa (PUKTUBHLIN dieMeHT a[0] =
=0, DONOXKNUTh t = 0 ¥ OrPAHUYIUTHCA €JUHCTBEHHBIM BEI3OBOM IIPOIETYPHI
generate. g

7.3.5. llepeuncaute Bce MPEACTABICHUA MOIOKUTEALHOTO IEIOTO HU-
CIa N B BUJE CYMMBI ITOCJAEIOBATEILHOCTY HEBO3PACTAIOIINX IEIBIX IIOJO-
KUATETBHBIX CJIAraeMbIX.

Pewenue. IIporpamma onepupyer ¢ maccuBom all..n] (MaxcumanbHOE
YUCIO CTAraE€MBIX PABHO W) U C IeJou mepeMmenHon t. Ilpexnomaras, 4To
al1]...a[t] — meBo3pacTaromas MOCIEIOBATENLHOCTD [EIBIX YUCET, CyM-
Ma KOTODHIX He IPEBOCXOJUT N, MPOIlefypa generate ImedaTaeT Bce Ipel-
CTaBIeHUsA TPeGyeMoro BHUAA, MPOLONKAIIME DTy MOCIEJOBATEILHOCTD.
s sxonomuu Beraucaenuu cymma alll + ...+ alt] xpanurcsa B coeru-
ATLHOU TIEPEMEHHON S.

procedure generate;

‘ var i: integer;

begin

if s = n then begin

‘ nevyaTaTh NOCIemoBaTelbHOCTL alll..al[t]
end else begin

for i:=1 to min(a[t], n-s) do begin
ti=t+1;
alt]:=1i;
s:=s+i;
generate;
s:=s-1i;
t:i=t-1;

end;

end;
end;

OcHOBHAs IpOrpaMMa IPU STOM MOXKET OBITH TAKOU:

t:=1;
for j:=1 to n do begin
‘ al1]:=j
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s:=j;
generate;
end;

3amedanme. MoKHO HEMHOI'O COKOHOMWUTB, BBIHECS OIEPAINY yBEIdYIe-
HUs ¥ YMEHBIIEHUWS t M3 IUKIA, & TAKXKE HE BO3BpAIlasd S KAXKIBIU Pa3d
K UCXOJHOMY 3HA4YeHUIO (YBEIMYIMBASA €ro Ha 1 M BO3BpAINAsA K UCXOTHOMY
3HavYeHu B KOHIE). Kpome Toro, 106aBuB GpuKTUBHEI daemeHT a[0] =n,
MOXHO YIIPOCTUTH OCHOBHYIO IPOrDAMMY:

t:=0; s:=0; a[0]:=n; generate; [

7.3.6. Hamumwure pexypcusnyio mporpaMmMmy 06xona gepesa (ACIONb3Ys
Te JKe KOMaH[bl 1 IPOBepKHU, 410 u B rvase 3 (O6xon nepesa).

Pemenne. [Iponeaypa o6paboTaTh Han 06pabaTHIBAET BCE JUCTHA HA[
TEKyILIEH BEPIINHON U 3aKAHYMBAeT pabOTy B TOU K€ BEPIIMHE, YTO U Ha-
vasa. Bor eé pekypcuBHOe onucanue:

procedure obpaboTaTh_Han;
begin
if ecTe_cBepxy then begin
BBEpX_HalIeBO;
obpaboTaTh_Han;
while ecTr_cmpamsa do begin
BIIPaBo;
obpaboTaTh_Han;
end;

BHU3;

end else begin

‘ o6paboTaTh;

end;

end; O

7.4. [Ipyrve npuMeHeHUs peKypcum

Tomosoruveckaa COpTUPOBKa. IIpencTaBum cebe n IMHOBHUKOB, KaK-
OB U3 KOTOPBIX BELIAGT COPABKHU OMPENeJEHHOrO BuAa. MBI XOTUM HOIY-
YUTH BCE DTHU CIIPABKM, COOMIONAA YCTAHOBJICHHBIE OTPAHWYICHUA: y KAXK JOTO
YMHOBHUKA €CTh CIUCOK CIPABOK, KOTOPHIE HYKHO COOPATH mepe1 0Opaiie-
HueM K Hemy. [leno 6e3HaaéKHO, eCaM CXeMa 3aBUCUMOCTEH MMEET ITUKJ
(cupaBky A meawssa moiyuuts 6e3 B, B 6e3 C,..., Y 6e3 Z u Z Ge3 A).
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IIpeanonaras, 9TO TaKOTo NUKIA HET, TPEOYETCA COCTABUTH ILIAH, YKA3HI-
BaIOIIH/Iﬁ OIVH M3 BO3MOXKHBIX NOPAOKOB IIOJIYYICHUSA CIIPABOK.

N306paxkas IMHOBHUKOB TOYKAMHU, a 3aBUCUMOCTU — CTPEIKAMU, IPU-
XOqUM K Takon popMyaupoBKe. Mmeercs n TOUeK, IPOHYMepPOBaHHLIX OT 1
1o n. U3 kaxgon Touku BegéT HECKOILKO (BO3MOXKHO, () CTpeok B Apyrue
touku. (Takas KapTUHKA HABLIBAETCA 0PUEHMUPOE arHbim 2padom.) LTukaos
uer. TpeGyercsa pacmosokuTh BepiunHbl rpada (TOUYKU) B TAKOM HOPAIKE,
9TOOBI KOHEIl JIOOU CTPENKU MPEAIIeCTBOBAI €€ HadaLy. JTa 3aJada Ha-
BLIBACTCA MONOAORUYECKOT COPMUPOBKOT.

7.4.1. JloxaxwuTe, ITO 5TO BCET'Ia BO3MOXKHO.

Pemrenwe. U3 ycioBus OTCYyTCTBUS IIUKJIOB BHITEKAET, ITO €CTH BEPIIN-
HA, U3 KOTOPOU BOOOIIE He BEIXOAUT CTPEIOK (MHAYE MOXKHO ABUIATHCS O
CTpeaKaM, TIOKa He 3aluKanMca). Bé OyaeM cauTarTh nepBou. Buikugbisas
STy BEPIINHY U BCE COCETHUE CTPEJKU, MBI CBOAUM 3343y K rpady C MEHb-
XM YHUCJIOM BEPIIWH U MIPOJOIKAEM PACCYXKIECHUE IO WHIYKIIUU. O

7.4.2. Ilpeanonoxum, 9T0 OPUEHTUPOBAHHBIN I'pad 0€3 IUKJIOB XPAHUT-
¢ B Takon (popMe: A KaxKA0oro i o 1 1o n B num[i] XpaHUTCA YIUCIO BEI-
xomAmux u3 i crpenok, B adr[i] [1],... adr[i] [num[i]] — HOMEpA Bep-
muH, Kyaa 5tu crpeaku BeayT. CocraBbTe (DEKYPCUBHELN) AJTOPUTM, KOTO-
DBIU IPOUBBOAUT TONOJIOIUIECKYI0 COPTUPOBKY He Gosee ueM 3a C - (n + m)
[OENCTBUM, Te m — 4YuciIo pédep rpada (cTperok).

3ameqanne. Hermocpeacreennas peanusamus IpUBEIEHHOIO BBIIIE TOKa-
3aTeJLCTBA CyIIECTBOBAHUA HE IaET TPeOyeMOU OLEHKH; €€ MPUXOLUTCA
HEMHOI'O IIOIPABUTE.

Pemenne. Hama nporpamma 6ygeT medaTarh HOMepa BepmuH. B Mac-
cuse

printed: array[l..n] of boolean

MBL OyIeM XPAHUTb CBEJEHUsI O TOM, KAKUAE BEPIIMHEI HANedaTaHbl (U KOp-
PEKTUPOBATH UX OJHOBPEMEHHO C [eYaTbi0 BEPIUWHBL). Bygem rosoputs,
YTO HAEeYaTaHHAA MOCIEJOBATENbHOCTh BEPIINH KOPPEKTHA, €CIN HUKa-
KasA BepIIVHA He HalledaTaHa MBAXKABI U AJd JI000r0 HOMEPA 1, BXOIAIIETO
B 3Ty IOCIEOBATENBbHOCTD, BCE BEPUINHLI, B KOTOPHBIE BEIyT CTPEIKHN U3 i,
HaIlle4aTaHbl, ¥ IPUTOM IO i.

procedure add (i: 1..n);
{zano: HameyaTaHHOe KODPPEKTHO;}
{Hamo: HameyaTaHHOe KODPEKTHO M BKINYaeT BepUMHy i}
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begin

if printed [i] then begin {Bepumua i yxe Hamevarama}

‘ {unvero mematp He Hamol}

end else begin

{namevaTanHoe koppekTHO}

for j:=1 to num[i] do begin
‘ add (adr[i1[j1);

end;

{HanmevyaTaHHOe KOPPEKTHO, BCE BEpUMHH, B KOTODHE M3
i BemyT CTpemKM, yXe Hame4YaTaHH — TaK 4TO MOXHO
medaTaTk i, He Hapymad KOPPEKTHOCTH}

if not printed[i] then begin

writeln(i); printed [i]:= TRUE;

end;

end;

end;

OcHoBHas1 TpOrpamMma;

for i:=1 to n do begin
‘ printed[i] := FALSE;

end;

for i:=1 to n do begin
| add (i)

end;

K omenke Bpemenu paboOTHI MBI BCKOPE BEPHEMCSI.

7.4.3. B npuBenéanon mporpamMme MOXKHO BHLIOPOCUTHL IPOBEPKY, 3aMe-
HUB

if not printed[i] then begin
‘ writeln(i); printed [i]:= TRUE;
end;
Ha
writeln(i); printed [i]:= TRUE;
IMouemy? Kak uaMeHUTCs CHEUMUKAINA TPOLETYPHI?

Pemrenue. Crienupukalino MOXHO BHIOPATH TAKOU:

JLAaHO: HalleYaTaHHOE€ KOPPEeKTHO
Hamo: HaneYaTaHHOE€ KOPPEKTHO M BKINWYAE€T BEPIMHY i;
BC€ BHOBP HalleYaTaHHHE BEPUHWHH INOCTYIIHH K3 i. ‘:l
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7.4.4. T'me ucnonb30BaH TOT (PAKT, ITO rpad HE UMEET IUKIOB?

Pemenwe. Mu1 omycTum [OKA3aTEIBCTBO KOHEYHOCTHU TNIyOUHBL PEKYD-
cun. Jlas KaXKI0U BEPUIMHBI PACCMOTPUM €€ «MIyOUHY» — MAKCUMAIBLHYIO
[IJIVHY Iy TH [0 CTPEIKAM, U3 He€ BBIXOIAIIEro. Y CIOBIE OTCY TCTBUS LIUKJIOB
rapaHTUPYeT, 9TO 3TA BEIMIUHA KOHEeYHA. V3 BepIIMHBI HYJEBOU Iy OUHEBL
CTPEJOK He BHIXOAuT. [IyOuHa KOHIIA CTPEIKHU TIO KpauHen Mepe Ha 1 MeHb-
e, YeM riiyouna Hadamta. [lpu pabore mpouenypsr add (1) Bce peKypCUBHBIE
BBI30BBL add (j) OTHOCATCSA K BEPIIMHAM MEHBINEU TIyOUHBL. O

Bepuémcs x ouenke Bpemenu paboTsl. Cxonbko Ber30BOB add (i) BO3-
MOXHO JJIs1 Kakoro-to ¢gukcupoBanuoro i? Ilpex e Bcero scHo, 4To mep-
BBIM U3 HUX MEYATAET 1, OCTATBHBLIE CBEIyTCA K MTPOBEPKE TOrO, UTO i yiKe
HamedaTaHo. flcHo Takxke, ¥TO BBI30BHI add (i) WMHAYUUPYIOTCA «Imedara-
fommMny (nepBeiMu) Ber3oBamu add(j) A1a Tex j, U3 KOTOPHIX B 1 BegéT
pebpo. CraenoBarensro, uucao Be3oBoB add (1) paBHO YUCay BXOIAMUX B i
pébep (crpednok). Ilpu sTom Bce BBI3OBEL, Kpome mepeoro, Tpedyoor O(1)
OTepalni, a MEPBHEIU TPeOyeT BPEMEHU, TPOMOPIUOHATLHOTO YUCAY UCXOMS-
mux u3 i crpenok. (He cauras BpemMenu, yxoasamero Ha Boinounenue add (j)
[JIST KOHLIOB j BHIXOAAmuX pébep.) OTcroga BugHO, 9TO 0bIee BpeMs Ipo-
MOPUUOHAILHO IUCIy PEGep (III0C IUCI0 BEPILNH). O

CeasHan koMmoneHTa rpada. Heopuenmuposanuwiii epad — uabop To-
4YeKk (BepIIUH), HEKOTOPHE U3 KOTOPHIX COEIUHEHHI JUHUAMU (péOpamm).
HeopueHTupoBaHHLIN Tpad MOXKHO CIATATH YACTHBIM CIyIaeM OPUEHTHU-
POBAaHHOTO rpada, B KOTOPOM [ KaXI0U CTPEJKU €CTh 00paTHAad.

Cea3noti KomMnonenmot BEPIIVHBL 1 HA3BIBAETCA MHOXECTBO BCEX TEX
BEPLINH, B KOTOPHIE MOXHO NONACTb u3 1, mas mo pédpam rpada. (Io-
CKOJMbKY Tpad) HEOPUEHTUPOBAHHLIN, OTHOIIEHNE «j MPUHAJICKUT CBAZHON
KOMIIOHEHTE i» ABIAETCA OTHOLIEHUEM DKBUBAJICHTHOCTH. )

7.4.5. Jlan HEOpUEHTUPOBAHHBIN I'pad (11 KaKJOU BEepIINHBI YKA3AHO
9UCIO0 COCENEN M MACCUB HOMEPOB COCeler, KAK B 3a4a4e O TOMOJOrMIeCKON
copruposke). CocTaBbre aaropuTM, KOTOPBHIM 110 3aJaHHOMY i Iedaraer
BCE BEPIINHEI CBA3HOU KOMIIOHEHTHI i M0 OJHOMY pasy (u TOMBKO ux). Hu-
CJI0 IEUCTBUU He JOKHO mpeBocxoauTh C - (06Imee 9mucao BepimH u pédep
B CBfI3HOM KOMIIOHEHTE).

Pemenwe. IIporpamma B mponecce paboThr Gy €T «3aKPAIIMBATE) HEKO-
Topere Bepumaer rpada. Hesakpamennon gacreio rpada OyieM HA3HIBATEH
TO, ITO OCTAHETCs, €CIM BHIODOCUTH BCE 3aKPAIICHHBIE BEDPIINHLI U BEIY-
mue B HuX pé6pa. [Ipouenypa add (i) 3akpammuBaer CBA3HYIO KOMIIOHEHTY i
B HE3AKPAIIICHHOH 9acTH rpaga (1 He TeraeT HUYero, eciu BepIInHA i yxe
3aKPAIIEHA).
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procedure add (i:1..n);
begin
if Bepumra i 3akpamena then begin
‘ HUYETo [elaThk He Halo
end else begin
3akpacuTh i (HameYaTaThb ¥ IIOMETUTH KaK 3aKpalleHHYN)
IIA BCeX j, COCENHMX C i
| add(j);
end;
end;
end;

MoxaxeM, 9TO DTa MPOLEAYPaA NEUCTBYET MPABWILHO (B MPEANONOKEHUN,
YTO PEKYPCUBHBIE BHI3OBBEI PA0OTAIOT MPAaBWIBLHO). B camom geme, Hude-
o, KPOME CBA3HOU KOMIIOHEHTHI HE3AKPAIIEHHOrO rpada, OHA 3aKPACATH
He moxer. IIpoBepum, 9TO BCsA OHA OymeT 3akparneHa. Ilycts kK — Bep-
IIWHA, JOCTYIHAaA U3 BEePIIMHEI 1 1o myTu i — j — ... — k, npoxogsamemy
TOJBKO MO HE3aKPAIIIEHHBIM BEPIIMHAM. ByIeM paccMaTpuBaTh TOABKO ITy-
TH, He BO3BPAIIAIOIINECA CHOBA B i. M3 Bcex Takmx myTen BLIOEPEM MyTh
¢ HauMeHbIIMM j (B IMOpsAKe IPOCMOTPA cocenen B npouenype). Torga npu
PACCMOTPEHUU TPEABIAYIINX COCEeN HU ONHA U3 BEPIIUH IIyTH j — ... — k
He OygeT 3akpaueHa (uHade j He ObLIO Obl MUHUMAJIBHBIM) U IIOTOMY K OKa-
JKETCA B CBA3HOU KOMTIOHEHTE HE3aKPAIEeHHOTO rpada K MOMEHTY BBEI30BA,
add(j). Yro u Tpe6GoBamock.

YT100BI yCTAHOBUTH KOHEYHOCTH [VIYOMHBI PEKYPCUM, 3aMETUM, 9TO HA
KaXKJIOM YPOBHE PEKYPCUU YHUCJIO HE3AKPAIIEHHBIX BEPIIVH yMEHBIIACTCA
xotTs Obl Ha 1.

Ouenum gucao geucrBun. Kaxkpas BepuMHA 3aKpalmBaeTcs He Oosee
OIHOrO pa3a — mpu nepBeIM Bu3oBe add (i) ¢ gamueiM i. Bee mocaenyro-
€ BBI3OBBI MPOUCXOAAT TPU 3AKPAIUBAHUYU COCEAEU — KOJUIECTBO Ta-
KUX BLI30BOB HE GOJBINE YUCIA COCEAEU — U CBOAATCA K MPOBEPKE TOrO,
4YTO BepumMHA 1 yxke 3akpamieHa. [IepBBII e BBI30B COCTOUT B IIPOCMO-
Tpe BCEX COCeNed U PeKypCUBHBIX Bbi3oBax add(j) muas Bcex Hux. Takum
00pa3oM, 00IIee YUCI0 JeUCTBUAN, CBA3AHHLIX C BEPIIMHON i, HE MPEBOCXO-
OUT KOHCTAHTHI, YMHOXEHHON Ha Yucao eé coceger. OTCrola U BHITEKAET
TpebyeMas OLEHKA. O

7.4.6. Pemmre Ty x)e 3agady 411 OPUEHTHPOBAHHOIO rpada (Hame-
YaTaTh BCE BEPLIUHBI, JOCTYIHLIE U3 JAHHOW IO CTPEIKaM; rpad MOXKeT
COMEPKATEH IUKJIEHI).

Orser. loguTca WO CymecTBy Ta e HporpaMMma (CTPOKY «IJs BCEX
coceel» HAI0 3AMEHUTH Ha «1Js BCEX BEPIIVH, KyAa BEAyT CTPeJKkny). [
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Creqyromui BADUAHT 334a9K O CBSI3HOU KOMIIOHEHTE MMEET CKOPee Te-
opeTuyeckoe 3HadeHue (U HaswIBaeTCA meopemot Casuua).

7.4.7. OpuentupoBanus rpadp umeer 2" BepiuH (IBOMYHBIE CJIOBA
[JIVHBL 71) 4 3aaH B BAe QYHKIUN eCTH_pe6po, KOTOPA [0 IBYM BEpILIU-
HAM % 1 Yy cOO0maeT, ecThb au B rpade pebpo us z B y. CocTaBbTe aaroputM,
KOTODBI sl JAHHOU Iapbl BEPLUIVH U U U ONPEAeJseT, eCTh JU MyTh (10
pébpam) U3 U B U, UCHOIB3Ys [MAMITh, OCPDAHUICHHYI0 MHOI'OWIEHOM OT 7.
(Bpemsa mpu 3TOM MOXeT OBITh — U OyJeT — OYeHb GOJIBIINM. )

[Ykazanue. UcnonpayiiTe pexypCUBHYO HPOLEAYDY, BBLICHAIOLLYIO, Cy-
IeCTBYeT MM MyTh W3 & B y AMMHEI He Gomee 2F (u BemBIBaoOmyO cebs
C YMEHBIIEHHBIM HA eIWHUIY 3HaYeHueM k).] O

BricTtpas coprupoBka Xoapa. B saxiiodyenue nmpupenéM pexypCUBHBIN
QJICOPUTM COPTUPOBKU MACCUBA, KOTOPBIU HA MPAKTUKE ABIAETCA OLHUM
u3 cambix OwicTpoIX. IlycTs mam maccus al1] ...a[n]. Pexypcusnas mnpo-
neaypa sort(l,r:integer) copTUpyeT y4acTOK MacCCUBa C MHIEKCAMHI U3
noryuaTepBana (1,r], To ects a[l+1] ...alr], e 3aTparusas ocTaIbLHOrO
MAaCCHUBA.

procedure sort (l,r: integer);

begin

if 1 = r then begin
HUYEro JeJaTh He HANo — y4acTOK IYyCT

end else begin

BH6paTE CIyYaWHoe YMCIO S B momyuaTepsame (1,r]

b := a[s]

TepeCcTaBUTh DJIEMEHTH COPTUPYEeMOT'o yYacTKa TaK, YTO6H
CHavYama WIM SIEeMEeHTH, MeHbuue b - yvactox (1,11]

3aTeM >IIeMeHTH, paBHHe b - yyactox (11,rr]
3aTeM >IeMeHTH, 6ombime b - yuactok (rr,r]
sort (1,11);
sort (rr,r);
end;
end;

Paspesenue »1eMeHTOB COPTUPYEMOIO yYaCTKa HA TPU Kareropuu (MeHb-
mwe, paBHbIE, 6OJIbIIE) pacCMATPUBAIACh B ruase 1, ¢. 36 (3T0 MOXKHO cae-
JaTh 33 BPEM, MPOMOPIUOHAILHOE [InHE yIacTKa). KOHeYHOCTb My OuHbL
PEKYPCUM MapaHTUPYETCA TEM, 9TO [INHA COPTUPYEMOrO YyIaCTKa Ha Ka-
XKIOM YPOBHE PEKYPCUU YMEHBIIAeTCA XOTsA Obl Ha 1.

7.4.8. (/[l11 3HAKOMBIX C OCHOBaMHU TeOpuu BeposaTHocTen). [Jokaxkure,
9TO MaTEeMAaTUIECKOe OXMIaHWe YUCJIa OMepaluy Ipu padoTe >TOro aj-
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roputMma He mpeBocxogut Cnlogn, npuuém kouctanTa C' HE 3aBUCUT OT
COPTUPYEMOT'0 MACCHUBA.

[Ykasauue. IIycts T'(n) — MakcuMyM MaTeMATHIECKOTO OKUIAHUA V-
CJIa Omepanui I BCEX BXOAOB AIUHEL 1. VI3 TeKCTa mpOLeIyphl BHITEKAET
TaKOe HEPABEHCTBO:

T(n)<0n+l > (T(k) +T())

n
k+l=n—1

[lepBbIN WIEeH COOTBETCTBYET PACIPEETICHNIO DJIEMEHTOB HA MEHBIIINE, DAB-
Hble U Goabinne. BTOpon wien — 5TO CpeiHee MAaTEMATIIECKOE OXKIIAHIE
[JIS1 BCEX BAPUAHTOB CJIy9arHOro Buibopa. (CTporo roBops, MOCKOJIBKY Cpe-
[V BJIEMEHTOB MOI'YT OBITH paBHBIE, B npasou dactu Bmecto T'(k) u T'(1)
JOJLKHBL CTOATH MakcuMmyMbl 1'(z) 1o BceM z, He npeBocxoasamuM k wiu [, Ho
DTO HE MEIAET JaJbHENIMM Paccyxaenusam.) lanee nHIyKumen mo n Hy x-
HO noKa3bBaTh onenky T'(n) < C’'nlnn. llpu 3ToM 0/ BEIYMUCACHUA CPEIHE-
ro 3Ha4YeHus ¢ lnx mo Bcem £ =1,...,n — 1 HyXXHO BBIYUCIATH fln zlnxdx
no wactam kak [ Inz d(2?). Ipu gocrarouno 6oabmom C/ aren Cn B mpa-
BOU 9aCTH IIePeBEMMBAETCA 3a €T nnTerpata [ 22 dlnz, u uHIyKTHBHEIL
Al IPOXOAUT.| O

7.4.9. WmeeTcs MACCUB U3 N PA3JINIHBIX EJILIX duces u ucio k. Tpeby-
€TCsA HAUTH k-€ TI0 BeJUYnHe Y1CIO0 B 9TOM MacCuBe, caenas He 6ostee Cn nen-
crBuil, rage C' — HEKOTOpas KOHCTAHTA, HE 3aBUCALIAA OT k U n.

3ameuanue. COpTUPOBKA MO3BOJISET OUEBUAHBIM OOPA3OM CHEMATH 3TO
3a C'nlogn meucrBunt. O4ueBUAHBIA CHOCOO: HAUTU HAMMEHBIIUH DJIEMEHT,
3aTe€M HAUTU BTOPOU, 3aTEM TPETWH, ..., k-u TpebyeT mopsaaka kn neu-
CTBUN, TO €CTh HE TOAUTCA (KOHCTAHTA MPU 7, 3ABUCUT OT k).

[Ykazanue. Ussmabim (X0 OpaK TUIECKA U GECIOJIE3HBIN — KOHCTAHTHL
CJMIIKOM BEJIHUKM) CIOCOO CAEJATH DTO TaKOB:

A. Pa306bém Hawn MaccuB HA 1/5 IPYyNII, B KaXKAOU U3 KOTOPBIX 110 D DJie-
MeHTOB. Kaxk 1y rpynmy ynopsagoumM.

B. PaccMoTpuM cpeaHMe 3IeMEHTH BCEX T'PYII U MEPEMUIeM UX B Mac-
cuB u3 n/5 snemenToB. C OMONIBIO0 PEKYDPCUBHOIO BEI30BA HANAEM CPEIHUN
IO BEJIMYUHE DIEMEHT 3TOT0 MACCHUBA.

B. CpaBHUM 5TOT 3JEMEHT CO BCEMU DIEMEHTAMU UCXOJHOI'O MACCUBA!
OHU DAa3JeqATCSA Ha GOJbIINE ero W MeHbIMe ero (1 OANH PABHBIN eMy).
IMogcunTas KOMUIECTBO TEX U IPYTUX, MBI Y3HAEM, B KAKOU U3 DTUX YACTEN
[DOJIKEH HAXOOUTCA UCKOMBIN (k-T1) BJIeMEHT M KaKOB OH TaM IO MOPAIKY.

I'. IIpumeruM peKypCUBHO HAII AJICOPUTM K BLIOPAHHON YACTH.
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Mycte T(n) — MakCUMATLHO BO3MOXKHOE HWUCJAO JEMCTBUM, €CIM DTOT
Croco6 MPUMEHATb K MacCUBaM M3 He 6ojee deM n 1eMeHTOB (k MoxeT
OLITH KakuM yroauo). Vimeem oueHky:

T(n) < Cn+ T(n/5) + T(npumepso 0,7n).

Iocaennee craraemoe 0OBACHACTCA TAK: IPU PA3OMEHUN Ha 9aCTU KaXkKIasd
4acTh cogepxkuT He menee (,3n saemenToB. B camom gene, eciu x — cpef-
HUU U3 CPEIHUX, TO MPUMEPHO TOJOBMHA BCEX CPEIHUX MEHbINE . A ecim
B MATEPKE CPEIHUN DJIEMEHT MEHBIIE T, TO €IE ABa 3aBEIOMO MEHBIIE I.
Tem cambiM 10 KpanHen Mepe 3/5 OT NOJOBUHBI DIEMEHTOB MEHBIIE .
Teneps 1m0 UHAYKUMK MOXKHO H0oKa3aTh oueHky 1'(n) < Cn (pemwarouryio
POJIb IIPU DTOM UI'PAET TO 06CTOATENbCTBO, 4T0 1/5 + 0,7 < 1).] O



8. KAK OBOUTUCH
BE3 PEKYPCUU

[l yHUBEPCANBHBIX A3BIKOB MPOrPAMMUPOBAHUA (KAKOBHIM ABJAECTCA
MACKaJIb) PEKYPCUA HE NaéT HUYEro HOBOT'O: [IJIS BCAKOU PEKYPCUBHOU IIPO-
rpaMMBbI MOXXHO HAIMCATH SKBUBAICHTHYIO Iporpammy 6e3 pexkypcum. Mo
He OyleM MOKA3LIBATH DTOrO, a MPOAEMOHCTPUPYEM HEKOTOPBIE IPUEMEL,
MO3BOJIAIONINE U30ABUTHCA OT PEKYPCHU B KOHKPETHBIX CATYAUAX.

3adem 310 Hyx)HO? OTBET mparMaTuka MOT Obl OBITH TAKUM: BO MHO-
X KOMIBIOTEPaX (B TOM YHCIE, K COXKAICHUIO, U B COBPEMEHHBIX, UCIIOMb-
3yroumx Tak HasbiBaemble RISC-mponeccopsr), peKypCUBHBIE IIPOrpaMMEL
B HECKOJIBKO Pa3 MEIJEHHEE COOTBETCTBYIONIMX HEPEKYPCUBHLIX TPOrPAMM.
Emgé oqusa BO3MOXKHBIN OTBET: B HEKOTOPBIX A3BIKAX IPOrPAMMUPOBAHUA Pe-
KYPCUBHEIE TPOTPAMMBI 3alPelIeHsl. A miasHoe, pU yIaJeHUn pPeKypCUn
BOBHUKAIOT UBSAIMIHLIE U MOYIATENbHBIE KOHCTDYKIAN.

8.1. Tabnuua 3HaveHun (anHamnveckoe
NpOrpamMMupoBaHue)

8.1.1. Cregyromas pekypCUBHAs MPOIELYyPA BHIYUCIIET TACIA COIETA-
Hui (GuHOMMAIBbHBIE KO>(duuuenTs). Hanumure skBuBanteHTHyIO HEpe-
KyPCHUBHYIO IPOI'DAMMY.

function C(n,k: integer):integer;
| {n >=0; 0 <= k <=n}
begin
if (k = 0) or (k = n) then begin
‘ C:=1;
end else begin {0<k<n}
| C:= C(n-1,k-1)+C(n-1,k)
end;
end;
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3amedanue. Cﬁ — 9nUCA0 k-3J€MEHTHBIX MOAMHOXECTB 7-DJIeMEHTHOIO
muoxectsa. Coornomernne CF = CF~1 4+ CF_| nomywmres, ecornm mer puxcn-
PyeM HEKOTOPBIN DJIEMEHT 71-2J€MEHTHOTO MHOXKECTBA U OTAEJBHO TONCIH-
TaeMm k->/IeMEHTHEIE ITOAMHOXECTBA, BKIIOYAIOIINE ¥ He BKIKYAIONINE DTOT
sjeMeHT. Tabunna 3HaMeHnI C,’i

Ha3BIBAETCs TpeyroabuukoM Ilackasus (Toro camoro). B HéMm xax b se-
MEHT, KPOMe KPAHUX €IMHUI], PABEH CYMMe€ ABYX CTOSIIMX HAJ HUM.
Pemenue. MOXXHO BOCIOMB30BATHCA (HOPMYJION

kL n!
Cn = El'(n —k)!

Me&1, ogHAKO, HEe OyAeM dTOr0 AeJaTh, TAK KaK XOTUM IPOAEMOHCTPUPOBATH
6osee obIIMe MPUEMBI YCTPAHEHNA PEeKypcuu. BMecTo 3Toro cocraBuM Ta-
6mmy smratennin dynaxmun C(n,k) = CX, zamommas eé nma n =0,1,2,...,
[OKa HE JOUAEM [0 MHTEPECYIOLIEro HAC DJIEMEHTA. g

8.1.2. YTo MOXKHO CKa3aThb O BpeMEHU PabOTHEI PEKYPCUBHOU U HEpe-
KyPCUBHOU Bepcull B npenprayien 3agade? ToT xxe BOIpoC O maMATH.

Pemenwe. Ta61uma 3aHIMAET MECTO TIOPALKA N2, €r0 MOXKHO COKPATHTE
[0 N, €CIU 3aMETUTh, YTO [/ BHITUCICHUA CJAEIYIOMEN CTPOKA TPEyTOdb-
nuka [lackans HyxHA TOIBKO npexprayinas. Bpems paboTsl OCTAETCA MO-
pagka n?. Pexypcusras mporpaMMa TpeGyeT CyMEeCTBeHHO GOMIBIIErO Bpe-
Menu: Be30B C(n,k) cBogurcs Kk aByM Bhr3oBaMm g C(n-1,...), Te —
K 9eThIpéM BhI3oBaM 1 C(n-2,...) u Tak gamee. Takum oOpa3oM, BpeMs
OKa3BIBAETCA DKCIOHEHUUATBHEIM (mopaaka 2™). Ucmonbayemas pexypCcus-
HOU BepCUeN MaMATh NPOMOPIUOHAILHA 1 — YMHOXKAEM TUIyOUHY PEKypCUn
(n) HA KOIMYECTBO NAMSITH, UCIOIB3YEMOE OTHAM DK3EMILIAPOM IIPOLELY Db
(xoHCTAHTA). O

KapavHaqbHBIT BHIUTPHINT BO BPEMEHU TIPU TIEPEXOAE OT PEKYPCUBHOU
BEPCUU K HEPEKYPCUBHOU CBA3AH C TEM, YTO B PEKYPCUBHOM BapPUAHTE OTHU
U Te XK€ BBIYUCICHUsA MMPOUCXOAAT MHOrO pas. Hampuwmep, Bomos C(5,3)
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B KOHEYHOM CYETE MOPOXKAACT ABA BhI30oBA C(3,2):

C(5,3)
v\
Cc(4,2) Cc(4,3)
VAR VIV ¥
c(3,1) C(3,2) C(3,3)

3anoauas TabMuIy, Mbl KaXKIYVI0 KJIETKY 3AMOJHAEM TOJbKO O THAXK [bI —
OTCIO[A ¥ DKOHOMUS. DTOT IPUEM HABBIBAETCA JUHAMUUECKUM TPO2PAMMIU-
POBANHUEM, U IPUMEHUM B TEX CJIy4asX, KOrAa 0ObEM XPAHUMOU B TAOIUIE
MHGOPMAINYN OKA3LIBAETCA HE CAUIIKOM OOJBIINM.

8.1.3. Tlorosopure Ha Ty XK€ TEMy HA NMPUMEDPE PEKYPCUBHOU m (mIpO-
CTENIEN) HEPEKYPCUBHON MPOrPAMM [/ BeIYUCAeHUs ducen Pubonaddu,
3aJAHHBIX COOTHOIIEHUEM

o =P=1; &,=9, 1 +P, 5 (n>2). O

8.1.4. [JaH BBIOYKJIBIA N-YyCOJABHUK (330AHHBIM KOODIWHATAMU CBOUX
BepIIMH B mOpsaake o6xona). Ero paspesanoT Ha TPEyrOIbHUKY AUATOHA-
MU, A/ 9€r0 He0OXOAUMO N — 2 NUaroHaIy (3T0 MOXKHO IOKA3ATh UHIYKIY-
er1 10 1) . CTOUMOCTBIO PA3PE3aHus HA30BEM CyMMY AJIUH BCEX UCIOJIb30BAH-
HBIX AuaroHajsen. HamanTe MUHUMATLHYIO CTOMMOCTH paspesaHusa. ducio
IEACTBUN JOKHO OBITH OIPAHUIEHO HEKOTOPHIM MHOrOWwIeHOM OT 7i. (Ilepe-
60D HE MOAXOAUT, TAK KAK IUCI0 BAPDUAHTOB HE OCPAHUYIEHO MHOIOWICHOM. )

Pemenue. BygeMm cuuTaTh, YTO BEpIIMHBI MPOHYMEPOBAaHHI OT 1 10 1
1 UIyT IO 9acoBOU cTpenake. Ilycrs k, | — momepa BepimH, npudéMm [ > k.
Yepes A(k,l) o6o3HaIMM MHOIOYrOABHUWK, OTPE3aEMbI OT HALIErO XOp-
pou k—I. (Dra xopaa pazpe3aerT MHOIOYyI'OJIbHUK HA ABA, OAUH U3 KOTOPBIX
BKIIOUaeT cTOpony 1—mn; yepes A(k, 1) mer o603nadaem apyrou.) Ucxogasi
MHOTOYTOJBHUK ecTecTBeHHO 0003HauuTh A(1,n). Ilpu [ = k + 1 monyua-
€TCsA «IBYYTOJBHUK» C COBIIATAIONIAMA CTOPOHAMI.

A(k, 1)




138 8. Kax obotimuce 6e3 pexypcuu

Yepes a(k,l) o6o3HauuM cToMMOCTEL paspesanus MHOroyroabuuka A(k,l)
IUATOHAIAMK HA TPEYrOMbHUKW. Hamwmem peKyppeHTHyo (OpMY.TIy I
a(k,l). llpu | = k + 1 moay4aercs AByyroabHUK, u Mul notaraem a(k,l) = 0.
Ilpu | = k + 2 noayvaeTcs TpeyroabHUK, U B >ToM ciy4dae Takxke a(k,l) = 0.
Iycrs I > k + 2.

Xopaa k-1 asaserca croponon muoroyroasuuka A(k,l) u, cregoBaTenbHo,
CTOPOHOU OJHOTO U3 TPEYTOJbHUKOB, HA KOTOPBIE OH paspesaH. [Iporuso-
[TOJIO2KHOU BEPIIMHOM 7 3TOr'0 TPEYT'OJbHAKA MOXKET OBITh JI00as U3 BEPIIUH
k+1,...,l —1, u MUHUMANBLHAS CTOUMOCTh PA3PE3AHUIA MOXKET OBITH BhI-
YUCIEHA KAK

min{(mmua xopaer k—1) + (zmuna xopast i —1) + a(k,i) + a(i, 1)}

mo Bcem 1 =k + 1,...,1 — 1. Ilpu sToM HAZO y4ecTb, ¥TO mpu ¢ =p + 1
XOpa p—q — He XOpAa, & CTOPOHA, U €€ IMHY HALO CIATAThH paBHOU (
(o cTOpOHE pa3pes He IPOBOAUTCSH).

Cocrasus Tabmuny mis a(k,l) u 3an0mHasa €€ B TOPALKE BO3PACTAHUA
qucaa BepumH (paBHoro | — k + 1), MBI moxydaeM mporpamMmmy, UCIOMb3YEO-
Iy MaMATh TopAIKa n’ 1 Bpems nopaaka n° (0THOKpaTHOE TPUMEHEHHe
PeKyppeHTHON GOpMyILl TPeOyeT BLIOOpa MUHUMYyMa U3 He 60Jee 9eM N Iu-

cen). O

8.1.5. Marpuuen pasmepa m X n HA3LIBAETCA MPAMOYTOJbHAA TAOIUIA
¥3 M CTPOK U N CTOJOLOB, 3aN0NHeHHAS YnciaamMu. MaTpuiy pasmepa m X n
MOXKHO YMHOXKWUTBH HAa MaTpuly pasmepa n X k (IIupusHa J€BOro COMHOXKU-
TeJA MOMKHA PABHATHCA BLICOTE MPABOTO), U MOIYyIAETCA MATPUILA Pa3Me-
pom m X k. llenou Taxoro ymMHOXeHUA OyeM CIUTAThH MpOU3BeneHue mnk
(TaKOBO YMCJIO yMHOXKEHUN, KOTOPbIE HY2KHO BBHIIOJHATH IIPU CTAHLAP THOM
crocobe YMHOXKEHUsI — HO CEMIac 3TO HAM HE BAXKHO). Y MHOXKEHUE MATDUL]
ACCOLUMATUBHO, TIOITOMY IPOU3BEACHUE S MATPUI] MOXKHO BBIYUCJIATH B Pa3-
HOM TopsAgke. [las KaxkI0ro MOpALKA MOACIATACM CYyMMAPHYIO IIEHY BCEX
MATPUYIHBIX YMHOXKeHUU. HauiuTe MUHIMATBHYIO [IEHY BBIYUCICHUS TIPOW3-
BEJCHUSA, €CJAU U3BECTHBI PA3MEPhl BCEX MATPUI. UMCI0 QEUCTBUM [OJKHO
OBITH OTPAHMYEHO MHOIOWIEHOM OT YUCAA MATPHI.
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IIpumep. MaTpunsr pazmepom 2 X 3, 3 X 4, 4 X 5 MOXHO MEPEMHOXKATH
aByMsa criocobamu. B mepBoM nena paBHa 2-3-4+2-4-5 =24+ 40 =64,
BO BTOpOM IteHa paBHa 3-4-5+2-3-5=290.

Pemenne. [Ipencrapum cebe, 9TO mepBas MATPUIA HAIIMCAHA HA OTPE3KE
[0,1], Bropas — na orpeske [1,2], ..., s-1 — Ha oTpeske [s — 1, s]. Marpu-
UBl Ha oTpeskax [i — 1,4] u [i,7 + 1] uMeror o6mmui pasmep, TO3BOSIOINT
ux nepeMHOXuTh. O603HauMM ero depes d[i]. Takum 06pasoM, NCXOTHBIM
JaHHBEIM B 3ajade aBusgeTcs maccus d[0] .. . d[s].

Yepes a(i,j) 0603HAIMM MUHUMAIBHYIO LEHY BBIYUCICHUS IPOU3BEe-
Hust MaTpul Ha ydacTke [i, j] (mpu 0 < i < j < s). Uckomas Benmauna pasHa
a(0, s). Beawaunsr a(i,i + 1) paBubl Hymo (MATpPULA OZHA U IEPEMHOXKATH
HUYEro He Hau0). PekyppenTHas GpopMyna OyqeT Takom:

a(i, j) = minfa(i, k) + a(k, j) + d[ild[k]d[j]}

rae MUHUMYM GepETCs MO0 BCeM BO3MOXKHBIX MECTaM HOCIEIHErO yMHOXKEe-
HUs, TO eCcThb 1o BceM k=141 + 1,...,7 — 1. B camom gene, nmpousBenenue
MaTpuI, Ha oTpeske [i, k] ecTtb maTpuna pasmepa d[i|d[k], npoussenenue
maTpur Ha orpeske [k,j] umeer pasmep d[k]d[j], u meHa BEIYMCICHUS MX
upoussegenus passa d[i]d[k]d[j]. O

3ameuanue. [[Be mocaegHue 3a0a¥u MOXOXKU. DTO CXOACTBO CTAHET SC-
Hee, €CAUW HANMUCATL MATPUILI-MHOXKUTETN Ha CTOpoHax 1-2, 2-3, ...,
(s — 1)~ s MHOrOyroJbHUKA, a Ha KaXKIOU XOpe i—j HAUCATh MPOU3Be-
IeHVE BCEX MaTPUIl, CTATUBAEMBIX 3TOU XOPIOH.

8.1.6. ZKemesnas mopora ¢ OJHOCTOPOHHUM [IBUKEHUEM UMEET 7, CTaH-
uuit. V3BeCTHHI LeHBI OUIETOB OT -1 cTaHuuu 10 j-u (npu i < j — B o6par-
HYIO0 CTOPOHY mIpoe3ga HeT). Haiaure MUHMMAIBHYIO CTOMMOCTH IIPOE3-
Ja OT Hadaja JO KOHLA (¢ y4ETOM BO3MOMNKHOU DKOHOMUM 3a CIE6T Iepeca-
JIOK). O

8.1.7. 3amaHO KOHEYHOE MHOXKECTBO C OMHAPHOU omepanmen (BooOIIe
TCOBODA, HE KOMMYTATUBHOU U [aXke HE acCOUUATUBHON). VmeeTcsa n oie-
MEHTOB 1, .. .,d, dTOI0 MHOXKECTBA U €I¢ oauH dnaeMeHT z. IIpoBepbTe,
MOXHO JU TaK PACCTABATH CKOOKU B IPOU3BENEHUU A1 X ... X Gp, ITOOBI
B pe3yJIbTaTe Momydmics x. IucIo onepanui JOIKHO He TpeBocxoquTs Cn’
U1 HEKOTOPOU KOHCTAHThHI C' (3aBUCAIIEN OT YUCIA DIEMEHTOB B BHIODAH-
HOM KOHEYHOM MHOXKECTBE).

Pemenme. 3anonHseMm TabIuIly, B KOTOPOUW MIA KaXKIOTO yIaCTKA
@; . . . ; HAIIErO IPOM3BELEHNUs XPAHUTCS CIMCOK BCEX BO3MOMKHBIX €0 3Ha-
veHurl (IpU Pa3HOU PACCTAHOBKE CKOOOK). O
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Ilo cymecTBy 3TOT e NPUEM TMPUMEHACTCA B TMOJMHOMUAILHOM AIroO-
PUTME MPOBEPKU MPUHAIIEKHOCTY CJIOBA IPOU3BOILHOMY KOHTEKCTHO-CBO-
60JHOMY A3BIKY (CM. IvIaBy 15).

Crenyromas 3aga4da (3a1a4a 0 PIOK3aKe) yiKe yIOMUHAJIACH B [VaBe 3.

8.1.8. Nmeercsa n MOIOKUATENLHBIX [IEABIX TUCET X1, ..., L, X IACI0 N.
Bruicaure, MOxHO Ju tonyIuTh N, CKIAIBIBAT HEKOTOPHIE U3 GUCET X1, . . .
vy Ty, dHMCIO EMCTBUM ITOMKHO OBITH HMOpALKa N7.

[Ykazanue. Ilocae i maros XxpaHuTCs MHOXKECTBO TEX YUCEN HA OTPE3KE
0...N, KOTOpBIE IPEACTABAMEL B BUA€ CYMMBI HEKOTODBIX U3 Z1 . ..Z;.] O

3amevanue. Mbl Bugeau, 9T0 3aMEHA PEKYPCUBHOU MPOrPAMMBI HA 3a-
[OJHEHUE TAOIUIBL 3HAYECHUN WHOI'AA HO3BOJSET YMEHBUIUTH YUCJAO NeH-
creun. [Ipumepuo Toro ke >pdexkTa MOKHO TOOUTHCA WHAYE: OCTABUTH
TIPOTPaMMy PEKYPCUBHOU, HO B XO[€ BBIYUCICHUU 3AMOMUHATL YK€ BLITU-
CJ€HHBIE 3HAYMEHU, a Mepel OUYepeTHLIM BHIUUCICHUEM NPOBEPATDL, HET JIU
yKe TOTOBOTO 3HAYEHUS.

8.2. CTeK OTNOXEHHbIX 3a4aHNN

[pyrou mpuéM yCTpaHEeHUA PEKYPCUU TTPOJAEMOHCTPUPYEM Ha TIPUMEpE
33891 O XaHOUCKUX OAIHAX.

8.2.1. HanmmwmTe HEpeKypCUBHYIO TPOrPAMMY I HAXOXKICHUSA TTOCTE-
IOBATEJBLHOCTHU TEPEMEIIECHUN KOJEIl B 3aJa4M€ O XaHOUCKUX OAITHAX.

Pemenne. BecmoMHUM pEKYypCUBHYIO TPOTPAMMY, TEPEKJIATHLIBAIOIIYIO
i BEpXHUX KOJEIl C M Ha n:

procedure move(i,m,n: integer);

‘ var s: integer;

begin

if i = 1 then begin

‘ writeln (’cgemate xom ’, m, ’->’, n);

end else begin
s:=6-m-n; {s - TpeTm# cTepXeHB: cyMMa HOMepOB paBHa 6}
move (i-1, m, s);

writeln (’cmemare xom ’, m, ’->’, n);
move (i-1, s, n);
end;
end;

Bugno, 4T0 3ama4a «(MEPENOXKUTE 1 BEPXHUX AUCKOB C M-T'0 CTEPIKHS Ha, N-T1»
CBOAUTCA K TPEM 33JadaM TOr'O Ke THUIa: IBYM 3aJadaM ¢ i-1 nuckamum
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U K OJHOU 3aJa¥e C €IUHCTBEHHBIM [UCKOM. 3AHUMAAChH dTUMU 33 JaTaMU,
BAXKHO HE MO03a0BITh, YT €IIé 0CTAMOCH CAENIATh.

s >Toun menu 3aBeAéM CMeK 0MAOHCEHHBIL 3a0aHUl, DTEMEHTAMUA KO-
roporo OyayT Tpouku {(i,m, n). Kaxnas rakas Tpolika MHTEpIPETUDPYETC
KAaK 3aKa3 (IEePEeJIOKUTh 1 BEPXHUX [MUCKOB C M-I'0 CTEPXKHA HA N-Iy. 3aKa-
3Bl YIOPAZOYEHBI B COOTBETCTBUY C TPEeOYEMBIM MOPAIKOM WX BBITOTHEHUA:
CaAMBIN CPOYHBIN — BEpIIMHA CcTeKa. [loaydaeM Takyo mporpaMMmy:

procedure move(i,m,n: integer);
begin
clelaTh CTEK 3aKa30B IIYCTHM
IONOXUTE B CTeK TPOMKy <i,m,n>
{uHBapuaHT: ocTamoCh BHIONHUTL 3aKa3H B CTeKel}
while cTex HemycT do begin
yEamuTE BepXHMM DJIeMeHT, IepeloXuB ero B <j,p,q>
if j = 1 then begin
‘ writeln (’cpgemarts xoxm’, p, ’->’, q);
end else begin
s:=6-p-q;
{s - TpeTui cTepxeHb: CyMMa HOMEpOB paBHa 6}
IOJIOXUTE B CTEK Tpoﬁxn <j-1,s,9>, <1,p,q>, <j-1,p,s>
end;
end;
end;

(3aMeTuM, 9TO MEPBON B CTEK KAAAETCA TPOUKA, KOTOPYIO HAIO BHIIOIHATH
nocaenuen.) CTeK TPOEK MOXKET OBITH PEATN30BaH KaK TPU OTAEABHBIX CTe-
ka. (Kpome Toro, B mackazie eCTh CIEIUAIBHBIN TUII, HA3BIBAEMBIN (3AINCH)
(record), KOTOPBIN MOXKET OLITH IPUMEHEH. ) O

8.2.2. (Coobmma A.K.3soukun co ccouikon Ha Anmxkes Jlucosckoro.)
s 3302y 0 XaHOUCKUX OALIHAX €CTh ¥ APYTUe HEPEKyPCUBHEIE AIIOPUT-
MBL. BOT OMH M3 HUX: HPOCTAMBAIOIIMM CTEpXKHEM (He TeM, C KOTOPOTo
[EePEHOCAT, U He TeM, HA KOTOPHIM HEPEHOCAT) JOMKHBI OBITH BCE CTEPXK-
HU 10 ovepenu. [Ipyroe mpaBmio: MOOYEPEIHO MEpEMeNaTh HAUMEHbIIee
KOJIBIIO ¥ HE HAMMEHBIIEE KOABLO, IPUIEM HAUMEHBIIee — IO Kpyry. U

8.2.3. Hcnoibayure 3aMeHy PeKypCUM CTEKOM OTJOXKEHHBLIX 3aIaHUN
B PEKYPCUBHOU IPOrPAMME MEYATH JECATUIHOU 3AIKUCU LEJION0 IUCIA.

Pemenne. [ludpbl 106LIBAIOTCA ¢ KOHIA U 3aKIAILIBAIOTCA B CTEK, a 3a-
TeM IeYaTAITCA B OOPATHOM IOPAIKE. U

8.2.4. HamumuTe HEpEKypCUBHYIO NIPOrPAMMY, HEYATAIOLIYIO BCE BEDP-
IIVHBL TBOMYHOI'O NEPEBA.
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Pemenwme. B 5ToM cayvuae CTEK OTIOXKEHHBIX 3aJaHul OyIeT COnepKaTh
3aKa3bl IBYX COPTOB: (HAMEYATATDH NAHHYIO BEPUINHY» U «HAIEIATATH BCE
BEPIINHBL NOLAEPEBA ¢ TAHHBIM KOpHEM» (Ipy dTOM nil CYMTAETCsA KOPHEM
mycToro gepesa). Takum 06pa3oM, BIEMEHT CTeKa eCTh I1apa: (TUIl 3aKa3a,
HOMED BEPIIVHLL).

Broiumasn sneMeHT u3 cTeka, Mbl Jub0 Cpa3y UCIONHAEM ero (eCau 5TO
3aKa3 MEpBOr0 TUIIA), AU6O0 MOMEIIAEM B CTEK TPU MOPOXK IEHHLIX UM 3aKa-
3a — B OJHOM U3 IIECTU BO3MOXKHBIX IIOPSAIKOB. O

8.2.5. YTo mameHHTCs, ecau TPeOyeTCs He MeYaTATh BEPIINHBI JBOU-
HOT'O I€PEeBa, & MOACIATATH UX KOJIUIECTBO?

Pemnrenme. [levaTanue BEpIIUHEL CIEIyeT 3aMEHUTHL MPUOABJICHUEM €I1-
HULBL K cuéruuky. [JIpyrumu caoBamu, UHBapUAHT TakoB: (oOIee 4uciIo
BepmuH) = (CaéTumk) + (CyMMa YuCen BEPIIUH B IOJI€PEBbAX, KOPHU KO-
TOPBIX JIEXKAT B CTEKE). O

8.2.6. [IJ11 HEKOTOPBIX U3 IIECTH BO3MOXKHBIX MOPAIKOB BO3MOXKHEI yII-
pOILIeHUs, [eTalOre HeHYKHBIM XPAHEHUE B CTEKe DJIEMEHTOB [BYX BHIOB.
YkaxuTe HEKOTOPLIE U3 HUX.

Pemenme. Eciiu TpeGyeMbll TOPALOK TAKOB:
KODEHb, JIEBOE IIOJ11€PEBO, IPABOE 101 IEPEBO,

TO 3aKa3 Ha IMeYaTaHUE KOPHA MOXKHO HE 3aK/IadbIBATh B CTEK, a BBEIIIOJIHATH

cpaay.
Hecxoupko Homee cioxHAasE KOHCTPYKIUA IPAMEHAMA, AJIsT IO TKA

JIEBO€ TOJIEPEBO, KOPEHDb, IPABOE IO AEPERO.

B srom ciyuae Bce 3akasbl B CTEKe, KPOMe CaMOI'O HEPBOro (HAEYaTaTh
[IO1€PEBO) eIATCS Ha HaphL:

HaIle4aTaTh BEPIIVHY X, HAIEYATATH «IIPABOE MIOLIEPEBO» X

(= mozzepeBo ¢ KopHeM B mpaBoM ChiHe X). OObEIMHUB DTU HAPHL B 3a-
Ka3bl CHENUAIBLHOIO BULA U BBes IEPEMEHHYIO s OTAEIHbHOIO XPAHEHUs
TIEPBOT'O 3aKa3a, MBI 000U IEMCA CTEKOM OJHOTHUIHBIX 3aKA30B.

To xe camoe, pa3ymMeeTcs, BepHO, €CIX IIOMEHATh MEeCTaMHU JIEBOE U TIpa-
BOE — MOIYYaeTCA €I ABA MOPAIKA. O

3amedanue. /[[pyryo mporpamMmy medaTH BCEX BEPIIMH HEPEBAa MOXKHO
NOCTPOUTH HA OCHOBE MPOrPAMMEL 00X01a AepeBa, pPa30OPAaHHOU B IiaBe 3.
Tam umcmonb3dyeTcss kKoMaHaa «BHU3». [[OCKOIBLKY Temeperinee mMpencTaBIIe-
HIUE IepeBa C MOMOIIBI0 MACCUBOB 1 U ¥ HE MO3BOJIACT HAUTH MPEIKA 3a,1aH-
HOU BEPINUHBI, TPUAETCA XPAHUTH CIUCOK BCEX BEPIINH HA MyTHU OT KOPHA
k Texymen Bepimuue. CMm. Takxke riaBy 9.
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8.2.7. Hamummure HEpEKypPCUBHBIM BAPUAHT MTPOTPAMMEI OLICTPOR COP-
tupoBku (cMm. ¢. 132). Kak o6outuck crexoMm, riybuHa KOTOPOr'O OCDAHU-
wena C'logn, rae n — 4YUCIO COPTUPYEMBIX DJIEMEHTOB?

Pemenwe. B crex xmanyrces mapsr (i,j), HHTePIpETUPyEMEBIE KaK OT-
JIO)KEHHBIE 3aaHNUsS HA COPTUPOBKY COOTBETCTBYIOIMX YIACTKOB MACCUBA.
Bce 5Tu 3axa3br He TepeceKaTCs, TO3TOMY Pa3Mep CTeKa He MOXKET IIPEeBHI-
cuTh 1. UTOOBI OPPAHUYUTHCA CTEKOM JOrapupMUIECKON TIyOuHBL, OyaeM
MPUIEPKUBATHCA TAKOO MPABUIA: TUy0kKe B CTEK MOMEINATh OONBIINA U3
BO3HMKAIOMUX ABYX 3akasoB. llycts f(n) — makcumanbHas ruybuna cre-
Ka, KOTOPas MOXE€T BCTPETUTHLCS MPHU COPTUPOBKE MACCUBA 13 He GoJee
“eM N 3IeMEeHTOB TakuM crocoboM. OuenuM f(n) cBepxy TakuM CIOCOGOM:
mocje pas30ueHrs MAcCUBA HA TBA yIACTKA MBI CHadala COpTUpyeM Oojee
KOPOTKUM (XpaHsa B CTeke 0ojee MIMHHBIM PO 3amac), IPU STOM [uIyOuHa
creka He Goabiue f(n/2) + 1, 3aTrem copTupyem Gojee JIUHHBIA, TAK 9TO

f(n) <max(f(n/2) +1, f(n —1)),

OTKyga odeBugHoOn nHaykuuen noaydaeMm f(n) = O(logn). O

8.3. Bonee cnoxHble cnyvaun pekypcum

[Iycte pyukuus f ¢ HATYpPAIBHBIMY APIYyMEHTAMY ¥ 3HAYEHUSMU OIIPe-
[IeJeHA PEKYPCUBHO YCJIOBUAMU

f(0)=a,
f(@) =h(z, f(I(z))) (x>0)
r'jie @ — HEKOTOPOe U0, a h u | — m3Bectubre pyukunu. [pyrumu cioBa-

Mu, 3HAYeHne (PYHKIUY [ B TOUKE I BEIPAXKAETCA Uepe3 3HAYeHue f B TOUKe
[(x). llpu >TOM TPEAIONAraeTCA, ITO A4 JI0O0TO & B IMOCIELOBATEIBHOCTH

2,1(@), 1(U(2)), ..

PaHo mwim MO3AHO BCTpeTuTCa 0.
Ecau gomosnurensno ussecTHO, uTo [(2) < & 11 BCEX T, TO BBHIYUCIE-
Hue f He mpeicTaBIseT TPyAa: BerdmcaseM nociesoBarenasHo f(0), f(1),

7).

8.3.1. Hamwmmmre HEpEKypPCUBHYIO MPOrPAMMy BBIYUCACHUS f s 00-
IIEr0 CIyvasd.

Peurenwe. /s Borancienus f(2) BHIYUCIAEM MOCAEJOBATETLHOCTH

(@), 1(1(2)), 1(1(1(=))), - ..
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IO TIOABJICHUS HY A U 3ATIOMUHAEM €€, 8 3aTeM BLITUCIAEM 3HAYEHUS f B TOU-
KaX >TOU MOCIEIOBATEILHOCTH, U CIPABA HAIEBO. O

Emgé 6omee CIOXKHBIN CIy9Iau U3 CACIYIOMIEN 33149 BPSAI JU BCTPETHUT-
s Ha IpaKTuKe (a eciu U BCTPETUTCA, TO IPOIIE PEKYPCHUIO HEe yCTPAHATD,
a ocraButh). Ho Tem e meHee: mycTh GyHKuusa f ¢ HATYPAIbHBIMEU apry-
MEHTAMU ¥ 3HAIEHUAMU ONPENENACTCA COOTHOIIEHUAMM

~

—~
8

N
I

Wz, f(I(x)), f(r(z))) (z>0),

e a — HEKOTOPOe YucCio, a l, r m h — u3BecTHble (pyukiuu. IIpeamora-
TaeTCsA, ITO €CIN B3ATH TPOU3BOJIBLHOE UKUCIO W HAYATH NMPUMEHATH K HEMY
¢yukuu [ 1 r B IpOU3BOIBHOM MOPSIIKE, TO PAHO WX MO3IHO OXyIuTCs .

8.3.2. Hanuimrure HepeKypCUBHYIO NPOrPAMMY BBIYUCIEHUS f.

Pemenme. MoxHo ObLIO OBI CHAYaNa MOCTPOUTH IEPEBO, ¥ KOTOPOTO
B KOpHE HAXOOWUTCA &, & B CHLIHOBBAX BepImmuHbL { cToAT [(i) u r(i) — ecan
TOJBKO | HE PABHO HYJI. 3aTE€M BBIYUC/ATH 3HAYEHUS (PYHKIUU, UIS OT
JucTheB K KOpHIO. O THAKO €CTh U APYTOU CIOCO0.

Obpamnoii noavckotl 3anucvio (W nocm@urcnot 3anucvio) BhIPAKe-
HUs Ha3BIBAIOT 3AIUCH, ['e 3HAK (DYHKIUK CTOUT IIOC/IE BCEX €€ apI'yMEHTOB,
a CKOOKM He UCTIOIL3YI0TCA. BOT HECKOMIBKO TPUMEPOB:

f2) 2 f

f9(2)) 2.9 f

s(2,4(7)) 2 7t s
s(2,u(2,5(5,3)) 2 2 5 3 s u s

IMocTdukcHas 3amuch BEIPAXKEHUA MO3BOJAET YAOOHO BEMUCIATDL €0 C IIO-
MOILBIO CMEKOB020 KAADKYAAMOPA. ITOT KAILKYIATOP UMEET CTEK, KOTO-
PBIU MBI Oy 4eM IPEACTABLATE ce0e PACIIOIOKEHHBIM I'OPU30HTAIBHO (I1CIa
BLIHUMAIOTCA U KIALYTCA CIPABA), U KIABUIIN — YUCJAOBHIE U (DYHKIMO-
HasnbHBIE. [Ipy HaXKATUYM Ha KIABUIILY C IUCIOM 3TO TUCIO KIAJAETCA B CTEK.
ITpu HaxxaTun Ha PYHKINOHAILHYIO KJIABUIILY COOTBETCTBYIOMAS (PYHKIINA
MPUMEHAETCA K HECKOJIbKAM apryMEHTaM y BEpIIMHBI cTeka. Hampumep,
€CJII B CTeKe OBbLIM IUC/Ia

23456

¥ HaxXaTa (QYHKIUOHATHHAA KJIABUIIA S, COOTBETCTBYIOUIAA (PYHKIUU OT
IBYX apr'yMEHTOB, TO B CTEKE OKAXKYTCA TUCIA

234 5(5,6).
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Iepengém Temeps K Halen 3agadve. B mpolecce BLIMUCICHUSA 3HAYCHUS
dyuxuun f Mpr Oygem paboOTaTb CO CTEKOM HMCENI, a TAKkKe C [MOCIeI0Ba-
TeJbHOCTBIO Ynucesn U cuMBOIOB f, 1, r, h; KOTOPyI0 MBI OygeM WHTepIpe-
TUPOBATH KAK MOCIEJOBATEIBHOCTh HAXKATUN KJIABUII HA CTEKOBOM KaJb-
kyasTope. HBApUAHT TaKOU:

€CJIU CTEK YUCET MPEACTABIAET COOOU TEKyIIee COCTOSHUE CTe-
KOBOT'O KaJbKYJATOPA, TO MOCAE HAXKATUA BCEX KIABUII TTOCTE-
IOBATEIHPHOCTU B CTEKE OCTAHETCA €IWHCTBEHHOE HUUCI0, U OHO
OyZeT MCKOMBIM OTBETOM.

IIycts Ham TpebGyercsa BoraucauThb 3Hadenue f(x). Torga BHagame Mbl mo-
MeIllaeM B CTeK 9HCIO0 T, a MOCIef0BATEeIbHOCTD COJEPXKUT eIUHCTBeHHbIN
cumson f. (Ilpu sTom muBapumant cobmogaercs.) [Jauee ¢ mocaenoBaTenb-
HOCTBIO U CTEKOM BBINOJIHAIOTCA TaKue IpeoOpa3oBaHMs:

CTapbIl crapas HOBBIU HOBas

CTeK MOCJAE0BATEIBLHOCT  CTEK MOCJIEI0BATEIBHOCTD
X z P Xz P

Xz 1P X l(z) P

Xz r P X r(z) P

Xzyz hP X h(zx,y,z) P

X0 fP Xa P

Xz tP X zxlfzrfhP

3mech , Yy, z — unciaa, X — HDOCIEA0BATENBHOCTE ducen, P — nocaegosa-
TEJIBHOCTD ducea u cuMBoaoB £, 1, r, h. B mocaequen crpoke npemmosara-
ercs, uTo x 7# (. DTa CTPOKa COOTBETCTBYET PABEHCTBY

f(@) = h(z, f(I(2)), f(r(x))).

[IpeobpasoBanus BBIMTOMHAKTCS, MOKA, HOCIEJOBATEILHOCTh HE CTAHET IIy-
cTa. B 5TOT MOMEHT B cTeKke OKaxeTCs eUHCTBEHHOE IICI0, KOTOpOoe u Oy-
€T OTBETOM. O

3ameuanue. [[0CTeI0BATEILHOCTL MO CYMIECTBY MPEICTABIACT COGOU
CTEK OTJOXKEHHBIX 33JaHull (BEpPIINHA KOTOPOrO HAXOAUTCA CJIEBA).



9. PA3HbIE AJIFCOPUTMBbI
HA TPADAX

9.1. KpaTuanwwue nyTu

B sToM pasgese paccMaTpUBAIOTCA PA3NIUIHBIE BAPUAHTHL OTHOU 3a1aM.
[IycTs uMeeTcss n rOPOAOB, IPOHYMEPOBAHHBIX dnciamMu OoT 1 10 n. s ka-
KO Maphl TOPOJOB ¢ HOMepaMu i, j B Tadaune al[i] [j] xpanuTca memoe
YKCJI0 — IIEHA MPSIMOr0 aBuadmieTa u3 ropoga i B ropog j. Cuuraercs, ITo
PEUCHI CYIIECTBYIOT MeX Iy aobbiMu ropogamu, a[i] [i] = 0 mpu Beex i,
alil [j] moxet oramuarses ot alj][i]. Haumenbuien crouMocTsio mpo-
€371a U3 1 B j CIMTAETCA MUHUMAIBHO BO3MOXKHAsA CyMMa LIE€H OWIETOB [JIs
MapImpyToB (B TOM UHCIE C Tepecagkamu), Beaymmx w3 i B j. (OHa e
mpesocxoaut alil [j], HO MOXeT GBITH MEHBIIE. )

B mpegnaraembix Huxke 3anadax TpeOyeTCsa HAUTU HAUMEHBIIYHO CTOU-
MOCTB TIPOE3Ia I HEKOTOPBIX AP I'OPOIOB IIPU TEX WIU WHBIX OrPAHUYIE-
HUAX HA MACCUB @ U HA BPEMs PAbOTHI alCOPUTMA.

9.1.1. IlpeamomoxuMm, ITO HE CYHIECTBYET 3aMKHYTHIX MApUIPYTOB, A1
KOTOPBIX CYMMa IIeH OTpulaTeabHa. [JokaxuTe, ITO B 9TOM CIyduae MapII-
PYT C HAMMEHBIIEN CTOUMOCTBIO CYIIIECTBYET.

Pemenue. MapmipyT IIvHOU GOJBINE N BCETAA COMEPKUT LUK, TTOITO-
My MUHUMYM MOXHO UCKATh CPEIM MApPIIPYTOB [JIMHOU HEe 6ONee n, a ux
KOHEYHOE YUCJIO. O

Bo Bcex caeayromumx 3a1a9ax MpeanoaaraeTcs, 9To 3T0 yCaoBue (0TCyT-
CTBUE IUKJIOB C OTPUIATEIBHOU CYMMON) BBIIOJHEHO.

9.1.2. Hamaure HamMeHBIIYIO CTOMMOCTL Mpoe3na m3 1-ro roponga BO
Bee ocTtaibHble 3a Bpems O(n?).

Pemrenwe. O6ozuauum vepe3 MuaCt(1l,s,k) HAWMEHBIIYI) CTOUMOCTH
mpoe3na u3 1 B s MeHee deMm ¢ k mepecagkamu. Torga BBITOJHAETCS Ta-
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KO€ COOTHOIIIEHUE:

MunCt(1, s, k+1) :min(MnHCT(l,s,k), ] rrllin MuuCt(1,i,k) +alil [s]))
i=1..n

Kak ormedanoch BbIlle, KICKOMBIM OTBETOM aABIgeTca MuaCt(l,i,n) mis
Bcex i=1...n.

k:=1;

for i := 1 to n do begin x[i] := a[1]1[i]; end;
{uuBapuanr: x[i] = MunCrt(1,i,k)}

while k <> n do begin

for s := 1 to n do begin
y[s] := x[s];
for i := 1 to n do begin

if y[s] > x[i]l+al[i][s] then begin
| y[s] := x[il+alil[s];

end;
end
{y[s] = MuaCr(1,s,k+1)}
end;
for i := 1 to n do begin x[s] := y[s]; end;
k :=k +1;
end; O

[TpuBeAéHHBIN AMTOPUTM HA3LIBAIOT AITOPUTMOM IUHAMUYIECKOT'O MPO-
rpaMMupOBaHus, win aaropurmom Popaa—Bemivana.

9.1.3. [loxaxuTe, 9TO IPOrpaMMa OCTAHETCA NPABUILHON, €CJIN He 3a-
BOIUTL MACCUBA ¥, & TPOU3BOJUTH U3MEHEHUA B CAMOM MAaCCUBE X (3aMEHUB
B IIPOI'PaAMMe BCE BXOXKJEHUA OYKBEI ¥ HA X U 3aTeM YJAJIUTDH CTABIINE JIVII-
HUMY CTPOKH).

Pemenue. Nusapuant OyaeT Takos:
MuuCt(1,i,n) < x[i] < MunCr(1,i,k). O

ODTOT aIrOPUTM MOKET OLITH yIy9IIeH B ABYX OTHOMIEHUAX: MOXKHO 34
To xe Bpema O(n®) HAWTH HAMMEHDLIIYIO CTOMMOCTBH HpOE3Aa i — j aad
Beex map i, j (a He TOMBKO mpu 1 = 1), a MOXKHO COKPATUTHL BPeMs PabOTHL
10 O(n?). TIpas1a, B TTOCTEIHEM CTyTae HaM MOTPeGyeTCs, ITOGH BCe IeHbT
ali] [j] 6puim HEOTpUIIATETHHEL.

9.1.4. Hamgure HAMMEHBIIYI CTOMMOCTDL Mpoe3na i — j mia Bcex i, j
aa Bpemsa O(n?).
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Pemenue. [Ins1k =0...n4epe3 A(i,j,k) 0003HAYNM HAMMEHBIIIYIO CTO-
UMOCThb MapIIpyTa U3 1 B j, €CIM B KaIeCTBe NEPECaTOIHBIX PAa3pEIIeHO
HCIOJIB30BATh TOJLKO IIYHKTHI ¢ HOMepaMmu He 6oable k. Torga

A(1,3,0) =alil[j],
A(i,j,k+1) =min(A(i,j,k),A(i,k+1,k) + A(k+1,j,k))

(1Ba BapmaHTa COOTBETCTBYIOT HEUCIOIb30BAHUIO U UCTIOIb30BAHUIO ITYHK-

Ta k+1 B Ka4eCTBE E€PECaTOIHOrO; OTMETUM, YTO B HEM He3a4eM OBIBATH

6osiee OLHOTO pPa3a). O
ODTOT AINOPUTM HA3LIBAIOT aiaropurmoM Pjonga.

9.1.5. Kax mposeputs 3a O(n®) meitcTsmit, mmeeT s rpad ¢ n BepIm-
HAMU [UKJILI ¢ OTPUIATEILHON CYMMOU?

[Ykazanue. Moxuo npumensts arropurm Paonga, npuaém paspemars
i=jBA(i,]j,k), n0KA HE HOSBUTCS NEPBLIA OTPULATEALHBIN UKL | O

9.1.6. Nmeercsa n BamoT u TabIuna OOMEHHBIX KyPCOB (CKOIBKO (JIo-
PUHOB [AIOT 3a Tajep u T.1.). KoMMepcanT xouer HeorpaHudeHHO oGora-
TUTHCST, OOMEHUBAs CBOU HAYAIBHBIN KAIIUTAJ TYJA-CIOJa IO STUM KypPCaM.
Kak nmpoBepuTs, BO3MOXKHO J11 DTO?

[Ykaszanue. ITociae morapudmMupoBasusa JeHBIM YIOZOOIAIOTCA PACCTOSA-
HUSM. | O

9.1.7. W3BecTHO, 9TO BCE LEHLI HEOTPUIATEILHEL. HamauTe HamMeHb-
IIyI0 CTOMMOCTH TIpoe3fa 1 — i mma Beex i = 1...n 3a Bpema O(n?).

Pemrenwe. B npormecce paborsr asropurma HEKOTOpPBIE ropoga OyayT
BbLAEICHHEIMY (B Hadaje — TOILKO ropog 1, B konue — Bce). [Ipu srom:

® I Ka)X[JOI'0 BBIAEJEHHOI'O I'OPOJa 1 XPaHWUTCsA HAMMEHBIIAs CTOU-
MOCTB IIyTH 1 — i; Ipm 3TOM M3BECTHO, IYTO MUHUMYM JOCTUTAETCA
Ha MYyTH, IPOXOJAIIEM TOJBKO Yepe3 BhIJeJeHHBIE I'0POIa;

® I KaXIOI'0 HEBBIIEJEHHOI'O I'OPOLa i XpaHUTCA HAUMEHbIIasA CTOU-
MOCTBH IyTH 1 — i, B KOTOPOM B KadeCcTBe IIPOMEXKYTOYHBIX HCIOIb-
3YIOTCA TONBKO BBLLEJECHHBIE 'OPOLA.

MHOXECTBO BBIJEJICHHBIX TOPOIOB PACIIUPACTCS HA, OCHOBAHUU CJIEIYI0-
IIIer0 3aMEYaHUA: €CJIU CPEIN BCEX HEBHIIEMEHHBIX TOPOIOB B3ATbL TOT, AJA
KOTOPOrO XPaHUMOE YUCJIO MUHUMAJIBLHO, TO 3TO UUCIO ABIAETCA UCTUH-
HOH HaMMeHbIIEe CTOMMOCTLIO0. B caMoM gene, mMyCcTh €CTh 60jee KOPOTKUN
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myTh. PaccMOTpuM MEPBLIM HEBEIIEACHHEN TOPO HA 3TOM ITyTH — YK€ 10
Hero nyTh aaunHee! (31ech CyllecTBeHHA HEOTPUIATEILHOCTD LIEH. )

[lo6aBuB BEIOPDAHHEIN TOPOX K BLIAEIEHHBLIM, MBI JOMKHBEI CKOPPEKTH-
poBaThE MHQPOPMAIKIO, XPAHUMYO /IS HEBLLICTEHHLIX TOPOIOB. Ilpnm sTOM
NOCTATOYIHO yIEeCTh JIUIIb IIyTU, B KOTOPBIX HOBBIM [OPO/I ABIACTCS MOCIEI-
HUM TYHKTOM TEPeCcaiKd, a DTO JErKO CHeNaTh, TaK KAK MUHUMATLHYIO
CTOUMOCTDL MPOE30a B HOBLIM TOPOJ MBI YK€ 3HAEM.

ITpu camMom GECXUTPOCTHOM CITOCOOE XPAHEHUA MHOKECTBA, BB IEJIEHHBIX
ropofoB (B OyJEeBCKOM BEKTOpPE) A0OABIEHME OLHOIO I'OPOAA K YUUCILY BbI-
neneHHBIX Tpebyet Bpemenu O(n). O

ODTOT AIrOPUTM HA3BIBAIOT AIropuTMoM [lelkcTpshl.

9.1.8. Nwmeercs n ropogoB, COEAUHEHHBIX [OPOraMu (€ OAHOCTOPOHHIM
aBuzkenueM). st 100BIX TOPOIOB 4, j M3BECTEH MAaKCUMAJIbHBIN BEC [PY3a,
KOTODBIM MOXKHO Be3Tu u3 i B j (rpysonogsémuocts goporu). Hangure 3a
Bpema O(n?) 11a Bcex TOPOJOB MaKCUMATBHEIA BeC TPY3a, KOTOPLIN B HIX
MOXHO IPUBE3TU U3 CTOJUIIHI.

[Ykazanue. [lencTBynTe aHAJOrMIHO aaropurMmy J[ledkcTpbl, 3aMeHUB
CyMMY Ha MAKCHUMYM. ] O

OTricKanne KpaTJayllero My TH UMeET €CTECTBEHHYIO0 NHTEPIIPEeTAIIO
B TepMmuHax Marpumi. Ilycte A — MaTpuma OeH OJHON aBUAKOMIIAHNH,
a B — marpuna mex apyrou. IlycTh MBI XOTUM JIeTE€Th ¢ OJHOU TIEPECA-
KOU, Ipu4éM CHadYaja CaMoJIéToM KommaHmu A, a zarem — xommanuu B.
CxoIBKO HaM IPUAETCA 3AMIATUTh, YTOOHI OMACTh U3 Topoaa i B ropon j7

9.1.9. [loxaxxuTe, 9TO 3Ta MATPULA BEIYUCIAETCS IO OOBLITHOU (POPMY.JIe
[ TPOW3BeNeHns MATPUIl, TOJILKO BMECTO CYMMEI HAJ0 6paTh MUHUMYM,
a BMECTO YMHOXEHUA — CYMMY. U

9.1.10. [loxaxuTe, 9TO TakKuM OOpa30OM OIpPEIETEHHOE MPOU3BEJIEHUE
MaTpPUILl aCCOLUATUBHO. O

9.1.11. [Toxaxure, 9TO 334394 O KPATIAUIINX Ty TAX DKBUBAJCHTHA, BbI-
ymenennio A n1a maTpunsl ne A: B mocregoBaremsrocTH A, A% A3 ...
BCE DJIEMEHTHI, HAYUHASA C HEKOTOPOr'O, PABHBI UCKOMOU MATPUIE CTOUMO-
cren kpardanmux nyren. (Eciu HeT orpunaTenbHbx IUKIOB!) O

9.1.12. Haumuas ¢ Kakoro sIeMEeHTa MOXKHO MapaHTUPOBATH PABEHCTBO
B [OpenblIyien 3agade? O

O6eranoe (He MOAUMUIMPOBAHHOE) YMHOXKEHWE MATPUL, TOXKE MOXKET
OKa3aThCS MOJE3HBIM, TOJIBKO MATPUILI TOIKHEL ObITE apyrue. [lycTs ecTh
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He BCe penchl (KaK pasblle), a TOabKO HekoTophie, a[i] [j] pasHo 1, ecin
perc ecTh, u 0, ecaiu penca HeT. Boseegém MaTpuiry a (0GBIMHBEIM 06pa3oM )
B CTeIeHb k 1 mocMoTpuM Ha eé (i-j)-I aIeMeHT.

9.1.13. Yemy ou pasen?

Otser. Ynciay pasaudebX Ccnoco6OB MOmMacTh w3 1 B j 3a k pencos
(c k-1 mepecankamu). O

IIpu onucanum KpaTIauIux MyTEd CAydan, KOrQd €CTh HE BCE PEUCHI,
MOXKHO CBECTH K MCXOTHOMY, BBEIA (PUKTUBHLIE PEUCH ¢ OECKOHETHO OOb-
mwou (Wi AOCTATOYHO GOIBIION) CTOMMOCTBIO. TeM He MeHee BO3HUKAeT
TAKO! BOIPOC. MCI0 PEANTbHBIX PEMCOB MOXKET OBITH CyIIECTBEHHO MEHb-
me n?, MO3TOMY MHTEPECHLI aINOPUTMEL, KOTOPEIE PaboTaoT 3¢ eKTUBHO
B Takou cuTyaruu. VICXOMHBIE NAaHHBIE €CTECTBEHHO MPEACTABIATL TOTIA
B Tako! (popMe: IIA KaxkKIOr0 FOPOJA M3BECTHO YUCAO BLIXOIAIINX U3 HErO
PENCOB, UX IMYHKTHI HA3HAYMEHUA U IIE€HEL

9.1.14. okaxuTe, 4TO aIropuT™ JeNKCTpPBEI MOXHO MOAU(UINADOBATE
TaK, YTOObL A1 1 [OPOAOB U 1M DeucoB (Bcero) oH TpeboBax He Gouee
C(n + m)logn onepauus.

[Ykazanue. Iro Hano caenars Ha kaxaoM mare? Beibparh HeBblgeseH-
HBIU TOPOJ C MUHUMAIBHOU CTOMMOCTBIO ¥ CKOPPEKTUPOBATE IIEHHI I BCEX
TOPOMOB, B KOTOpLIE W3 HEr0 €CTh MAapIIpyThl. Ecau OBl KTO-TO COOOIIA
HaM, 11 KAKOTO FOPOJa CTOUMOCTb MUHUMAIbHA, TO XBAaTII0 061 C(1 + m)
JenucTBUd. A momnepKaHue CBEIEHUN O TOM, KAKOU 3JEMEHT B MaCCUBE MU-
HuMageH (cM. 3agady Ha c. 115) 06XoauTcs emé B MHOXKUTEb 10g n.] O

9.2. CBsi3Hble KOMMOHEHTbI, MOUCK B FNy6UHY
W LAPUHY

Haubosnee npocron caydau 3agadu O KpaTIAUMIMX IIYyTAX — €CJIH BCE
neHsl paBHLI () wm +o00. [IpyrumMu croBaMu, MBI MHTEPECYEMCS BO3MOXKHO-
CTBIO TIOMACTH U3 | B j, HO 33 IIEHOUW HE TIOCTOUM. B Ipyrux TepMUHAX: MBI
uMeeM OPUEHTUPOBAHHLIN rpad (KapTUHKY U3 TOYEK, HEKOTOPHIE U3 KOTO-
DBIX COEIMHEHBI CTPEIKAMU) U HAC UHTEPECYIOT BEPLIMHBI, NOCTYIHBIE U3
JIaHHOM.

[l >TOro cayvas 3aJauM O KPATUYaAWINX MYyTAX MPUBEIEHHLIE B TIPe-
OBIAVIIEM pa3iene aJrOpUTMBI — He Hamaydmwue. B camom gpene, 6osee ObI-
CTpas PeKypPCUBHAA MPOTPAMMa PEIICHUS TOU 33141 TPUBEICHA B TIaBe 7,
a HepekypcuBHasg — B ryaBe 6. Cenvac HaC MHTEpeCyeT Takas 3aJada: HE
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MIPOCTO IIEPEINCANTH BCE BEPIINHEI, JOCTYIHBIE U3 JAHHOU, HO IIEPEINCINTH
UX B ONIPEAEIEHHOM Hmopsaake. /[[Ba MONyIApHBIX CIydas — IOUCK B IMUPUHY
u B [NIyOuHY.

Ilonck B nmpumy.

Hapmo mepeducanThs Bce BEPIIMHBI OPUEHTUPOBAHHOIO Tpada, NOCTyI-
HBIE U3 JAHHOW, B IOPsALKE yBeaudeHus 1auHbl nyTu oT Heé. (Tem cambiv MbL
PelmM 330a9y 0 KPATIANIINX Iy TAX, KOT LA IEHB pEO6Ep paBHEL 1 uin +00.)

9.2.1. TlpuaymanTe AITOPUTM DPEIIEHUA DTOU 3aMaUU C TUCIOM [IEeU-
crBun He Gosee C - (aucao pébep, BHIXOIANINX U3 MHTEPECYIOUMX HAC BEp-
IIUH).

Pemenne. Jra 3agada paccmarpusBaiack B niase 6, c¢. 114. 3necs Mbr
npuBeaéM moapooduoe permenue. Ilycts num[i] — xoaumaecTBo pébep, BBI-
xomsammx u3 i, out[i][1],...,out[i] [num[i]] — BepmuHbBl, Kyma BexyT
pébpa. Bor mporpamma, mpuBeaéHHAA paHEe:

procedure JocTymune (i: integer);
{HamevaTaTer BCe BepUMHH, ZOCTyIOHHe M3 i, BKIw4Yasg i}
var X: IDOOMHOXeCTBO 1..n;
P: momMHOoXecTBO 1..n;
q, v, w: 1..n;
k: integer;
begin
...cmenate X, P mycTsnm;
writeln (i);
...nob6aBute i k¥ X, P;
{(1) P = MHOXecTBO HameYaTaHHHX BepUMH; P comepxuT i;
(2) HamevaTaHH TONBKO LOCTYNHHE M3 1 BEpUNHH;
(3) X - momMHOXecTBO P;
(4) Bce HamedyaTaHHHe BepUIMHH, U3 KOTOPHX BHXOIUT
pebpo B HeHaledaTaHHyl BEPUMHY, OpUHaLIeXaT X}t
while X mHemycTo do begin
...B3ATH KaKoM-HUGYIbL >IeMeHT X B V;
for k := 1 to num [v] do begin
w := out [v][k];
if w me mpumammexuT P then begin
writeln (w);
no6aBuTh W B P;
no6aBUTE W B X;
end;
end;
end;
end;
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Torga HaM OBLIO 0E3PA3IUYHO, KAKOM MMEHHO DJIEMEHT MHOXKECTBA X BEI-
6upaerca. Ecau mbr 6ygem cauraTh X odepensbio (MepBbIM IPUIIET — mep-
BBIM yIIENI), TO HTA IPOrPaMMa HAleIaTAeT BCE BEPIIUHEI, JOCTYIHbIE U3 i,
B IOPSAKE BO3PACTAHUA UX PACCTOAHUA OT 1 (ducia pébep HA KpaTdauuem
myTtu u3 i). Joxaxem sTo.

O6osuaunm vepes V (k) MHOXKECTBO BCEX BEPIIWH, PACCTOAHUAE KOTOPHIX
oT i (B onmmcaHHOM cMBICTE) paBHO k. VIMeeT MeCTO Takoe COOTHOIIEHNE:

V(k + 1) = (xonusr pébep ¢ Havamamu B V(K)) \ (V(0)U... UV (k))

Hoxaxewm, aro mis aioboro k= 0,1,2... B xoge paboTsl IpoOrpamMMul Oy eT
TAKOU MOMEHT (IOCJ€e OYepeIHOU UTepanuu UukiIa while), korga

B O4Yepefy CTOAT Bee aieMeHTH V (k) 1 TOIbKO OHU;
nanedaranbl Bee saementst V (0), ..., V (k).

(Ts k = 0 5T0 OymeT cOCTOAHME nepe NuKIOM.) Paccyxaas mo nH 1y,
TPENTIOIOKUM, ITO B OUEPEN CKONMUIUCh Bee daeMeHTrl V (k). Ouu GynyT
IPOCMATPUBATHCA B IUKIE, TIOKA HE KOHIATCA (MOCKOJBKY HOBBIE DJIEMEH-
THI TOOABIAIOTCA B KOHEL, OHM HE IepeMemaioTcs co crapbivu). KoHub
BeIYLIUX U3 HUX PEGEP, €CIM OHU yXKe He HAMCYATAHBI, MeIATAIOTCI U CTar
BSTCS B O4Yepenb — TO €CTh BCE KAK B 3ANUCAHHOM BHIIIE COOTHOLICHUN
o V(k + 1). Tax 9To korga Bce cTaphie 3JeMEHTH KOHYATCA, B OYepenu
6yayT cTOATb Bee meMeHTH V(k + 1). O

Ilouck B rury6umy.

Paccmarpusas mouck B ruybuny, yIoOHO IIPEACTABIATEL ce0e OpUeHTH-
pOBaHHBIN rpad Kak 00pa3 gepesa. Bosee TOYHO, MyCTh €CTh OPUEHTUPO-
BaHHBIZ Tpady, OMHA U3 BEPIIUH KOTOPOTO BEIAENEHA. ByaeM mpeanonarars,
9TO BCE BEPUINHBI JOCTYIIHBI U3 BBIICICHHON TIO0 OPUEHTUPOBAHHBIM MY TAM.
ITocTpoum gepeBo, KOTOPOE MOXKHO OBLIO OBl HA3BATH «YHUBEPCAJIBLHBIM Ha-
KpeITHEM» Halrero rpada. Ero kopuem 6yaer BoigeneHHAs BepmuHA rpada.
W3 xopHS BBIXOAAT Te XK€ CTPEJKH, 9TO U B rpade — UX KOHUEBL OyIyT ChI-
HOBBAMU KOpHSA. VI3 HUX B AepeBe BLIXOIAT Te€ Ke CTPEJKM, UTO U B rpade
u Tak panee. PasHuna Mexay rpadoM u IepeBOM B TOM, UTO IyTHU B I'Da-
de, Begymme B OHY U TY K€ BEpPUIVHY, B JepeBe «packaeeHbhy. B npyrux
TEePMUHAX: BEPIIVHA JIepeBa — 3TO MyThb B rpade, BBIXOIAMINN U3 KOPHI.
Eé cbiHOBBS — 5TO IyTH, NPOJOIKEHHBIE HA OTHO PEeGPO. 3aMeTuM, 9TO
IepeBO OECKOHETHO, €CaU B Ipade eCTh OPUEHTUPOBAHHLBIE UKL

Nmeercsa ecTecTBeHHOE OTOOpaXKeHUE nepeBa B rpad (BepUVH B Bep-
mmus). [Ipu 5TOM Kaxnas BepimHa rpada UMEET CTOJBKO IPOOOPA30B,
cKOIBKO Iy Ted B Heé Benét. [losTomy 06x04 nepesa (mocelnenye ero BepIiuH
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B TOM WJIU MHOM TOPAIKE) OJHOBPEMEHHO ABJIAETCA U 00XOA0M rpada —
TONBKO KaXKIasd BEPIINHA MOCEMAETCs MHOIOKPATHO.

Bymem mpexgmosarath, 9TO 1A KaXKIOW BepUIMHBI rpada BBIXOAAIIME
u3 Heé pébpa ynopsnoveHsl (HanpuMep, IPOHYMEepPOBaHbl). TeM caMbIM /s
KaxK O BEPIIUHELI N€PEBa BLIXOIANME U3 HeE péOpa TakxkKe yIOPsAI0YEHbI.
Bymem 06x0quTh [epeBo Tak: CHAYAIA KOPEHb, 4 MOTOM MO AepeBba (B mo-
paIKe Benymux B HUX pé6ep). Takon 06X01 AepeBa pacCMaTpPUBAICA HAMUA
B ruase 7. Emy coorBercTByeT 06x01 rpada. Ecau BHIKUHYTE U3 5TOr0 06-
XO[a TMOBTOPHBIE MOCEIIEHUs YK€e MOCEIIEHHBIX BEPIIUH, TO OJYIUTCA TO,
9TO HA3BIBAETCA (IIOUCK B [VIyOHHY».

[dpyruMu cjaoBaMu, Ha MYTAX, BBIXOSNIMX W3 BBIAEJCHHOU BEPIIWHEI,
BBEIEM TOPANOK: MYTH IPEIIIECTBYET CBOEMY TPONOIKEHUIO; €CIN IBA Iy-
TH PACXOIATCA B HEKOTOPOU BEPIIUHE, TO MEHBIIUM CIUTAETCA TOT, KOTO-
PBIT BBIXOQUT U3 HEeé MO MeHbiieMy pe6py. Bepimuus Teneps ynopsgouusa-
IOTCSL B COOTBETCTBUU C MUHUMAJIBHBIMY IMyTAME, B HUX Begymmmu. O6xonq
BepuinH rpada B yKa3aHHOM IODSIKE HA3LIBACTCSI NOUCKOM 8 24YOUHY.

9.2.2. HammmmTe mporpaMMy IIOHCKa B IVIyOHHY.

[Ykazanue. Bospménm nporpammy o6xoga gepesa (KOPEHb — JIEBOE LO[-
IE€PEBO — MPABOE MO JEPEBO) U3 TVIABHI 7 WUIW W3 TVIABLL 8 U UCIOJIB3YEM
€€ TIPUMEHNTENLHO K OOCTOATENLCTRAM. [ IABHOE M3MEHEHUE: He HAJO0 IO-
CeaTh BEPIIMHLI TIOBTOPHO. Tak ITO €C/u MBI MOMAIN B YK€ MOCEIEHHYTO
BEPIIMHY, TO MOXHO C Hed Humiero He genarh. (Ecau myTs me MurunMasen
cpeu BeIyIIUX B JAHHYIO BepIIMHY, TO W BCE €rO NMPOJONKEHUsA He MUHU-
MAaJIbHBL — X [IPOCMATPUBATL HE HAZO).] O

3amedanme. Hanmomuum, 4T0 B Iv1aBe 8 yIOMUHAIUCH [BE BO3MOXKHOCTH
YyCTpaHEHUs peKypcuu B mporpamMe o6xona gaepesa (c. 142). O6a sBapuanTa
MOXKHO MCIOJBb30BATh [IJsd IIOUCKa B FJIy6I/IHy.

[Touck B rry6uHy J€KUT B OCHOBE MHOTUX AJITOPUTMOB Ha rpadax, mo-
PO B HECKOJBLKO MOAU(PUIMPOBAHHOM BH/IE.

9.2.3. HeopuenTupoBanHubU Tpad HABBIBACTCA 06YJ0AbHbIM, €CIU €0
BEPIIXHBI MOXKHO PACKPACUTH B IBA IBETA TAK, YTO KOHIIBL JI0O0T0 pebpa —
pasuoro nsera. CocTaBbTe AICOPUTM NPOBEPKU, SABISAETCA JU 33TAHHBIA
rpad IBYIOJBLHEIM, B KOTOPOM YHUCIO AeucTBUE He npesocxoaut C - (qucio
pEGEp + YUCIO BEPIIUH).

[Vkasamue. (a) Kaxkayio CBA3HYI KOMIOHEHTY MOXHO DAaCKPAIABATH
oTaenbHO. (6) BeIGpaB UBeT OQHOU BEPUIMHEL U O06XOAA €€ CBA3HYIO KOMIIO-
HEHTY, MBI OTIPENeIAeM €IUHCTBEHHO BO3ZMOXKHEIN IBET OCTATLHEIX. ] O
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3ameuanue. B sTou 3agatie 6€3pa3aniHO, IPOU3BOIUTH TOUCK B IIUPUHY
uiIu B INIyOUHY.

9.2.4. CocTaBbTe HEPEKYPCUBHBIU AITOPUTM TOMOJOTUYECKON COPTH-
POBKHU OpueHTUpOBaHHOrO rpada 6e3 mukios. (PekypcusBabimi amropurm
cM. Ha c. 128.)

Pewenue. [Ipeanonoxum, 9T0 rpad uMeeT BEpPIINHLI ¢ HOMepamu 1. ..n,
[T KaXK[OW BEPIINHBI 1 M3BeCTHO Ymucao num[i] BuxogAmux u3 Heé pédep
u HoMmepa Bepiue dest[i] [1],...,dest[i] [num[i]], B koTOpBIE DTHU pPE-
6pa BenyT. BymeMm yciIoBHO cIuTaTh, ITO PEOPA MEPEIUCICHBL «CJAEBA HAIIPA-
BO»: JIeBee TO pedpo, y KoToporo Homep mensbine. Ham Ha 1o Hanmevarars Bce
BEPIINHLI B TAKOM MOPSAIKE, YTOOBI KOHEIl JI0O0ro peopa ObLI HAmedaTaH
mepen ero HadajaoM. Mbr mpeamosaraeM, 9TO B rpade HET OPUEHTUPOBAH-
HBIX LUKJOB — MHAYE TAKOE HEBO3MOXKHO.

[a mavana mobaBuM K rpady BepmmHy 0, u3 KOTOpou pébpa BemyT
B BepumuHtl 1, ...,n. Eciaun eé ygacrca HanedaTraTh ¢ OO0 [€HIEM PABUI,
TO TE€M CAMBIM BCE BEPIIUHBLI Oy IyT HANEYATAHHL.

AnropuT™m XpaHUT NyTh, BEIXOAAIINN U3 HYJEBOU BEPIIMHLI U UIYIIUN
o pébpam rpada. [lepemennas 1 0oTBOAUTCA A AJIUHLL 3TOrO myTu. llyTs
o6pasoBan Bepmmuamu vert[1] ... vert[1] u pébpamu, uMeOIMMI HOME-
pa edgel1]...edge[l]. Homep edgels] orHOCuTCa K Hymepamuu pEGeD,
BBRIXOAAMUX w3 Bepmuusl vert [s]. Tem caMbiM 11 BCEX S TOMKHBI BBITIOJN-
HATBHCsA HEPABEHCTBO

edge[s] <num[vert[s]]
7 PaBEHCTBO
vert[s+1] =dest [vert[s]] [edge[s]].

3aMeruM, 9TO KOHel HOCAeAHero pebpa Hamero myTu (TO ecTh BepLiuHA
dest[vert[1]] [edge[1]], e BkmOuaeTcs B MaccuB vert. Kpome Toro,
IUIST TIOCTeTHETO pebpa MBI JelaeM UCKIIOUeHUe, Pa3pelias eMy YKa3bBaTh
«B IIyCTOTY», T. €. paspemaem edge[1] paBuarscsa num[vert [1]]+1.

B mporecce padoTer anroputM OymeT medaTaTrb HOMEDPA BEPIIUH, MIPHU
3TOM coOmonas TpeOOBaHUE «BEPIINHA HAEYATAHA TOJIBKO IIOCIE TeX Bep-
IINH, B KOTOpHIe n3 Heé BenyT pébpay. Kpome Toro, 6ygeT BBHIMOTHATHCA
Takoe TpeGosanue (1):

BEPIIMHEL Iy TH, Kpome mocaenuen (vert[1] ...vert[1]) ue na-
[I€YATAHBI, HO CBEPHYB C IIyTH HAJEBO, MBI HEMEIJIEHHO YIUPa-
€MCsl B HATIEYATAHHYIO BEPIIUHY .
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Bot uTo monyuaercs:

1:=1; vert[1]:=0; edgel[l]:=1;

while not( (1=1) and (edge[1]=n+1)) do begin

if edge[l]l=num[vert[1]]+1 then begin

{oyTe KoOHYaeTcA B HyCTOTe, MOSTOMy BCE BEDUMHEH,
crnepywoume 3a vert[l], HamevyaTaHH - MOXHO
medaraTrs vert[1]}

writeln (vert[1l]);

1:=1-1; edgel[l]:=edge[1]+1;

end else begin

{edge[1] <= num[vert[1]], myre xomwaerca B

BepumHe}

lastvert:= dest[vert[1]] [edge[1]]; {mocmemuasa}

if lastvert mamewarama then begin

‘ edge[l] :=edge[1]+1;

end else begin

‘ 1:=1+1; vert[l]:=lastvert; edge[l]:=1;

end;

end;

end;

{myTe cpasy ®e BeméT B IyCTOTy, IOSTOMy BCE BepUMHH
neBee, TOo ecTh 1..n, HamevaTaHH}

9.2.5. [lokaxute, ITO ecau B rpade HET OUKIOB, TO DTOT AITOPUTM
3aKaH4IMBaeT paboTy.

Pemenne. [Iycts 5T0 He Tak. Kaxnas BepumHaa MOXET Me4aTaTbCsa TO-
JBKO OIVH Pa3, TaK ITO C HEKOTOPOI'O MOMEHTA, BEPIIUHLI HE TEIATAKTC.
B rpade 6e3 nUKIOB JIuHA Iy TH OrPaHUIEHA (BEPIIMHA HE MOXKET BXOJUTD
B IIyTh JBAX/BI), ODTOMY MOLOXKAAB €18, Mbl MOXKEM JOXKIATHCA MOMEH-
Ta, MOCJe KOTOPOro MyTh HE yAauHsgeTcs. Ilocae 5Toro MoxeT pasBe uTo
yBesmauBaThCsa edge[1] — HO u 5T0 He GecnperenpHoO. O

Tem camMBIM MBI TIOCTPOWIA UCKOMBIA HEPEKYPCUBHBIA AJTOPUTM TOIO-
JIOTUIECKOUN COPTUPOBKY Tpada. U

9.2.6. [ToxkaxwuTe, 9TO BpeMs pabOTHI DTOr0 AITOPUTMA HE MPEBOCXO-
gut O(4MUcaIo BepuvH + 4ucio péoep). O

9.2.7. Kak moampunmpoBaTh aIrOpUTM TaK, YTOOBI OH OTBICKUBAT
OJVH U3 IUKJOB, €CIN TAKOBbIE MMEIOTCA, U IPOU3BOAUI TOIOJOTUIECKYIO
COPTUPOBKY, €CJIM MUKJIOB HET? (|
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9.3. CeTu, NOTOKMU K pa3pessbl

B sTom pasmene Mbr pazbepéM alropuT™M I/ PEIIeHs eIé OqHOrO TUIa
3aa4, CBA3AHHBIX C padamu.

9.3.1. B myuxTe A no0wBarOT HEPTH, a B IyHKTEe B eé mepepabaThiBa-
oT. [locTaBka oT n06BME 10 nepepaboTKu npoucxogut mo Tpydam. Okomo
KaXIOU TPYOBI MOKA3aHA €€ Nponycknas cnocoOHOCMb: CKOIbKO €IMHMUII
HedTU MOXKHO IO HEU IPOKAYATh 34 equHuIy BpeMmenu. Kakoe Makcumasib-
HOE KOJIUIECTBO He(TU MOXKHO TOCTABUTHL U3 A B B 3a eInHUIly BpeMeHu
¥ KaK DTO CIeaaTh?

Pewenue. Cpa3sy xke scHO, 9T0 60ubiie 10 u3 A He BhBe3TH (IOTOMY ITO
€CTb TOIbKO TPyOs 4 u 6), 1a u B B He gocraBuTh 10 TOM ke npudnde. Ho
naxke u 10 HE MOMYyYUTCA: TPUIIEAIIAE 10 BEPXHEN TPyOe 6 equHuIl HeKy1a
neBaTh (MakcuMyM MOXKHO oTnpasuth 5 = 4 + 1). Ho 9 equaunn nponycruTs
IO CEeTU MOXKHO:

Ox0710 Kax 10U TPYyOR YKA3AHO HAIPABJICHNE TIOTOKA U €r0 BeJIUYNHA (B
KBAIPATHBIX CKOOKAX — MaKCHMAILHO BO3MOXKHAA BEIUIUHA).

JIerko moBepuThb, UTO HTO HAWIYUIIAN BAPUAHT U ITO OOJIBINE 9 eIMHUII
IPOIMyCTUTh IO CETH HENb3A, HO €CIM KTO COMHEBACTCA, MOKHO OOBACHATE
sro Tak. [IpoBeném B ceTu rpanuny (LyHKTUpHAs JMHUS HA PUCYHKE), Pa3-
neqstromnyio A u B.
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Yepes meé BemgyT TpyObl mpomyckHOU crmocobuoctu 4,1,4, B cymme 9,
TaK ITO OOJBINE HE IIOJIYIUTCA. O

B 5ToM pasgene MBI yBUIUM, UTO MPUMEPHO TaK e OOCTOUT IeI0 U B
ofIeM caydae: B JIOOOU CETH MAKCUMAIBHO BO3MOXKHBIM HOTOK OIPAHUIEH
MUHUMAJIBHBIM Pa3Pe30M TOU XKe BeIUMYUHE], U pa3bepém oxun (CaMblll mep-
BBLIl ¥ CAMBIN MIPOCTON) AITMOPUTM MOUCKA DTOTO MOTOKA U 3TOTO Pa3pesa.

Ho npexae 1em 5T0 BCE TOTHO CHOPMYIUPOBATL U TOKA3ATh, HAIO IO-
TOBOPUTLCA 06 0003HaUeHuAX. B HameM npuMepe TPyOBI ObLIN «HEOPUEHTU-
POBaHHBIEY — OHU MOIVIU PabOTaTh B 06€ CTOPOHBI, U IPOILYCKHBIE CIIOCO0O-
HOCTH TY[Ia U Cloga ObLin onuHaKoBEE. Ho 5T0 He 06s3aTeabHO: OyqeM cam-
TaTh, 4TO 0O TPyOe U3 y3aa ¢ B y3el j MOXKHO IPOKAYUBATH cli, j| equnuy,
a B 06paTHYIO CTOPOHY ¢[j, (] eAUHNUL, ¥ STU TPAHUIEI B IPUHIANE MOTYT
OLITH PA3HBIMHU (HANPUMED, AJA ONHOCTOPOHHEN TPYObI OJHO M3 DTUX UU-
ces paBHO HyJ10). MBI mpegnonaraem, 9To y3asl ceTu (= BepIIUHBL Ipada)
IPOHYMEPOBAHEL OT 1 10 N, Tak 4TO ¢ OyJeT AByMEPHLIM MACCUBOM HUUCEI.

DT 0603HAYEHUsT BBI3BIBAIOT HECKOJIBKO €CTECTBEHHBIX BOIPOCOB!

o Yemy pasno c[i, j], ecav uz i 6 j nem mpy6e? OTBET: OTCYTCTBYOWAS
Tpy6a — BCE PABHO UYTO TPyOa € HYJIEBOU MPOMYCKHOUN CIIOCOOHOCTHIO,
TaK 9TO MBI moaxaraeM cli, j] = c[j, ¢ = 0 B sTom caywae. (Ilpn ounernke
BpeMeHU pabOTHl alrOpUTMa HaM OyJeT BaxKHO, KakKue pedpa ecTh, a
KaKHnX HET, HO IIOKa ITO MOXHO CINTATh TaK.)

o Aecauuzi 6 j eedym dee mpybui? OTBET: TaKOE HE PA3PELMIACTC, HO
3TO HE BaXXKHO, MOTOMY 9TO HECKOJBKO TPYO MOXKHO BCEra 3aMEHUTH
OIHOU, CJOXKUB UX IPOIIYCKHBIE CIIOCOOHOCTH.

o Yemy pasuwt cfi,i]? OTBeT: HEe UMeeT 3HAYEHUA, HO MOXKHO CIATATD,
uT0 cfi, ] = 0.

Maccus i, j] sagaét cemv (no-amrumucku network), smauenwe c[i, j]
HA3BIBAIOT NPONYCKHOl cnocobnocmyio (capacity) tpy0et u3 i B j. Tenepn
HA0 TOTOBOPUTHLCA, KAK MBI OyIeM MPENCTABIATL U XPAHUTH B AICOPUTME
nomox (flow) B TOU ceTH, TO €CTH CXEMy TPAHCIOPTUPOBKU. TyT mOIE3HA
MaJIeHbKasA XUTPOCTH: IOTOK U3 j B { MBI OyAeM CIATATH TOTOKOM U3 % B J,
HO C MIPOTUBOMOIOKHLIM 3HAKOM. [[pyruMu caoBaMu, MBI Oy 1eM pacCMaTpu-
BaTb Maccus f[i, j] Toro xe pasmepa, y koroporo f[i,j] = —f[j, i] upu Bcex
i,j ot 1 no m. W3 sroro ycmosus crenyer, uto f[i,i] =0 (u »T0 mormd-
HO: HaM HE HyXK€H IOTOK U3 BepmuHEL B cebs). Boaee dpopmanbro, mycTh
(PUKCUPOBAHLI OBA PA3HBIX 4UCAa § (HOMED y3Aa-UCTOYHWKA) U ¢ (HOMEp
yana-norpeburensn). Uuorga s HasbIBalOT ucmokom (source), a t HA3LIBAIOT



158 9. Paswuwvie as2opummbl wa 2pagpax

cmokom (sink). Maccus f HA3BIBAIOT NOMOKOM B CETH ¢, €CIA
e fli,j] = —f[j,i] nus Beex i,j or 1 no n (yxe obcyxpanu);

o f[i,j] < cli,j] pus Beex 4, j ot 1 5o n (moTOK MO pebpy He MPEBBIIAET
€ro MPOIYCKHOU CIIOCOGHOCTH);

. Z?:1 fli,7] = 0 mpm Bcex i, OTINYHLIX OT § U t.

ITocrennee ycioBue o3HadaeT, YTO BO BCEX BEPIIMHAX, KPOMe S u t, Ha-
I1a, yCIOBHAA He(PTh He TOOBIBAETCA W HE TEPAETCSA — CKOJBbKO MPUXOIUT,
CTOJBKO U YXOAUT. 3aAMETUM, ITO HAIIM COTVIALIEHUSA O 3HAKAX MMO3BOJAIOT
3anmucaTh HTO yCJIOBHE, He PA3esdsa BXOLAIINE U BHIXOAAIMME pEOpa, U 3TO
yIOOHO.

9.3.2. Kak B »>TuX 0003HAYEHUAX 3AMUCATH CETh U MOTOK M3 HAIIEro
npumMepa?

Pewenne. O603Ha4UM BEPXHIOK U HUKHIOK BepruHsl uepe3 C' u D (Mb
UCIOb3yeM OyKBBI BMECTO HOMEPOB, HO IOHATHO, 9TO UMEETCA B BULY ).

c|A[B[C[D fITA[B[C D
Al0|0][6]4 A0 0] 5 | 4
BlO|O0]|4]6 Bl O [0]|—-4|-5
Cl64]0]1 Cl-5[4] 01
D|[4]6]1]0 D|[-4][5 -1 0 O

O6paTuTe BHUMaHUE, ITO MATPUIA f, KAK TOBOPAT, KOCOCUMMETPUY-
Ha (CMMMETPUYHBIE OTHOCATEIBHO DJIABHOU NUATOHAJIN KJIETKH COAEPKAT
IPOTUBONOJIOKHEIE UUCIA), & MAaTpula ¢ cumMerpudHa. Kococummerpud-
HOCTBH MATPULLL f — DTO Pe3yJbTaT HAIIErO COMVIAIIEHUs, ITO MOTOK U3 i
B j B HamIen OyXraaTepuu yIYUTHIBACTCS [BAXKIbI, CO 3HAKOM ILIIOC B OHOU
KJETKE U CO 3HAKOM MUHYC B cuMMeTpudHOU. Ha BeAxum ciaydan emé pas
MOIYEPKHEM, UTO HET NBYX OTACILHBIX MOTOKOB (M3 § B j» W U3 j B i»,
KOTOPHIE MOXHO MEHATH HE3aBUCUMO; €CTh TOJBKO OIUH MOTOK, KOTOPHIN
JIWIIb 3AIKUCBIBAETCA B ABYX KJIETKAX C IPOTUBONOAOKHBIME 3HaKamu. (ITo-
OOOHO TOMY, KAK IMEPETOK DIEKTPUIECTBA U3 OJHON CTPAHLI B APYTYIO OTHA
CTPaHA 3ANUCHIBACT KAK DKCIOPT, & APyras KaK UMIIODT.)

A maTpuna ¢ cuMMeTpUUHA U3-32 TOTO, YTO MBI PACCMATPUBAEM CUM-
METPUYHEBIE TPYOBI — U 3TO, B OTJINYME OT KOCOCAMMETPUIHOCTA HOTOKA,
He 00A3aTeabHO. BrionHe MOXKHO OBLIO OBI PACCMATPUBATE OJHOCTOP OHHIOKO
TpyOy (cM. HEXKE).

9.3.3. Kakue ycIoBus HaKIAABIBAIOTCA HA IIOTOK U3 § B j, ecau c[i, j| = 2
u cj,i] = —2?
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Pemenwe. Ycnosus gawot f[i,j] <2 u f[j,i] = —f[i,j] < -2, To ecTn
fli, j] = 2. Taxum obpasom, B aTon cetu TpeGyercs f[i,j] = 2, He Goabie
u ue Menbue. (MoxHO npencTaBuTh cebe TpyOy, B KOTOPOU MO KaKUM-TO
TEXHOJOTIMIECKUM IIPUINHAM HEJIb3sd OCTaHABJIUBATH WIN JaXKE€ YMEHbIIATHb
[EePEKAYKY HIDKE MAKCUMAILHOIO YPOBHJL. ) O

9.3.4. Kak oTpasuTh B HAIUX OOO3HAYEHUAX OTHOCTOPOHHIOI TPYyOy,
II0 KOTOPOU MOXKHO IE€PEKadMBAThL U3 § B j He Oosee 2 equHul], a 00paTHO
HUYEro IepeKAInBATh HENb3s!

Otser. ci,j] =2, c[j,i] = 0. O

9.3.5. Kaxk sanucars B TepMUHAX c[i, j| yCI0BUE (IOTOK U3 § B j TOIKEH
OBITH He MeHbINe 2 u He 6oabie 3»7

Otser. c[i,j] =3, c[j,i] = —2. O
9.3.6. “ITo MOXHO CKa3aTh O IOTOKE B CETH, eCu cli, j] = 2, ¢[j, 1] = —37
OtBer. Takoro moToka He CymecTBYeT. O

Ecau orpunarenpubie 3uadenus cfi,j] Bac myraior, TO MOXHO JLOIOBO-
PUTBCA PACCMATPUBATEH TOIBKO CeTH, Tae cli,j] > 0 mpu Bcex i, j. B Taxon
CeTH BCErga e€CTh MOTOK (HyJeBon — Bce TpeGOBaHUA BHIIOJIHEHH). Tak
MBI ¥ CIUTAEM B JAJLHEHIIEM, eCau OOPATHOE HE ONOBOPEHO ABHO. 3aMEThb-
Te, uTo cpeau f[i,j] orpunarensHbe ducia BCE paBHO OyayT (ecau mOTOK
HEHYJIEBOI) — B CUILYy KOCOCUMMETPUIHOCTH.

B crenyromen 3agade TpeGyeTca MEPEBECTH OYEBUIHBIN (HAKT HA MATEe-
MATUIECKAN A3BIK U JOKA3ATH €ro.

9.3.7. Ilokaxwure, ITO A5 JOOOrO IOTOKA BHIITOJIHEHO PABEHCTBO
S flsil = 1.4
i J

YTo 03HAMAET 3TO PABEHCTBO HA UEJOBEYECKOM SA3LIKE?!

Pewenne. Jlepast wacTs — 5T0 CyMMapHBIA HOTOK U3 UCTOKA (B IPUHIY-
e TyAa MOXET YTO-TO W BTEKATH, TOT/a B DTOU CYMME €CTh OTPUIATENb-
HBIE WIEHH ), a IPaBas YaCTh — CyMMApPHBIA MOTOK B CTOK. PaBeHCTBO, Ta-
KuM 06pa3soM, MOXKHO Ha3BaTh «3aKOHOM COXPAaHEHUs MaTEPUN»; OHO BEPHO,
€CJM B CETH HET yTeYeK U NOIOJHUTEIbHBIX WUCTOYHUKOB (OQHO U3 HAIIMX
yCIOBUN).

OO01ee 3HaMEHME JEBON U MPABOU YACTU HABBIBAIOT CYMMAPHOT 8EAUUU-
#ot moToka f.

Kak »ro (oueBmgHOE) yTBEpkKAeHUE NOKa3aTh ¢GopmanbHO! BoT Kak:
PACCMOTPUM CyMMY szzl fli, 7]. Ora cymma paBHA Hy[II0, TaK KAK “WIEHBI
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flé,j] m f[j,4] coxpamatores, a Bee f[i,i] pasasl Hy1o. C Ipyron CTOPOHBI,
€€ MOXKHO MEepenucaTh Kak

n n

> > fli.d)-

i=1 j=1
Ilo onpenenenno NOTOKa BHYTPEHHAS CyMMa PaBHA HYJIO, KPOME CIydaeB
i=sui=t, TaK 9TO OT BCEU CYyMMHI (PABHOU HY.JIIO, HATIOMHAM) OCTaETCA

n

0=> fls.jl+ 3 flt.]

Jj=1

Mockoasxy f[t, j] = —f[j,t], u3MeHsIeM 3HAKM BO BTOPOM CIAraeMOM U IIO-
Jy9aeM MCKOMOE DABEHCTBO. O

Termeps MBI JOTKHBLI MEPEBECTH HA TOT K€ MATEMATHYIECKUN SA3BIK yT-
BepKIeHue O paspesax. bymem Ha3wBaThH pazpesom pa3sOUeHME BCEX TUCEN
ot 1 1o n (y3710B ceTn) Ha ABA HEmEpeceKawmuxcsa kaacca S u T, B KoTopom
HUCTOK S momagaeT B S, a cTok t nonagaeT B 1. ByzeM o603Ha9aTh Takon
paspes (S,T). Ilycrs, momumo sroro, y Hac ects noTok f. Torga moxHO
IOCIUTATE NOMOK UePe3 Pa3pe3, TO €CTh CyMMY

Z flu,v],

ueS,weT

KOTODYI0 MHL Oyaem o6osuadars depes f(S, 7).

IMoacuéT moToka wepes pas3pes — 3TO UMEHHO TO, UTO MEIAeT TaMO-
KEHHasl CTATUCTUKaA C TOTOKOM TOBApOB Yepe3 I'DAHUILY. n €CaIu TOBAPHI
IPOU3BOAATCA B OJHOU CTpPaHe, a MOTPEOIAITCA B APYTroU (1 TONBKO), TO
ATa CyMMa PaBHA MPOU3BOACTBY B UCTOKE U NOTpebmenuto B croke. Caemry-
IOIIAA 33,1394 IPEIaraeT JOKAa3aTh 3TO (POPMATLHO.

9.3.8. Ilycts (S,T) — NpOU3BOMLHBIN PA3pPE3 CETH, & f — MOTOK B 3TON
cetu. JJoKaxXuTe, YTO PABEHCTBO MPEALIIYIICH 3a1a91 MOKHO JOMOJIHAT!

> sl = £(8,1) =3 11,

Pemenne. Bynem IEeUCTBOBATL MO AHAJOTHUU C Hpe,qm,qyl.ueﬁ 3aa4en:
paccMOTPUM CYMMY
> flidl,

i€S,je{l...,n}
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HO OTPAHUYUM CyMMUPOBaHUE TOJLKO mapamu (4,7), 0Js KOTOPHX i € S.
Temnepnb yxke COKpAIEHUA HEe TOJYyIUTCA: XOTA PEOPA, Y KOTOPHIX 06a KOHIIA
B S, MOSABIAIOTCA C IUIIOCOM M C MUHYCOM U IIO-IIPEXKHEMY COKPAIIAIOTCSH,
ocTaHyTCA pEbpa, y KOTOPHIX ¢ € S, a j € T, UM COKPATUTHCA HE C KeM,
obpaTHOro pebpa B cymme uer. Tak 4ro or Becen cymmbl ocranercs f(S,T).
C Opyrou CTOPOHBI, €CIU MEPEMUCATh CYMMY KaK

n
E E T, 41,
icS j=1
TO BCE BHYTPEHHNUE CyMMbI PABHBL HYJIIO IIPH | # §, TAK 9TO OCTAHETCS KaK
pa3s MOTOK, BLIXOMAIIAN U3 UCTOKA S. (I

9.3.9. lloBTOopuTe paccyxaeHue LA IOTOKA, BXOIALIETO B CTOK. O

3aMeTuM, 9TO NpU HOACIETE HOTOKA Yepe3 pa3dpe3 B CyMMe MOI'YT OBITH
claraeMble Pa3HBLIX 3HAKOB. Jlaxke eCau KaKOU-TO TOBAP IMPOU3BOAUTCSI TO-
JBKO B OJIHOM CTPAHE, U IOTPEOIACTCA TOJBKO B IPYTOU, BCE PABHO TTOTOKM
Yepe3 IpaHully MOr'YyT ObITH B 00€ CTOPOHBI (IpencraBbTe cebe HedTempo-
BOJ U3 TPEX IacTel, KOTOPLIM UAET 3UI3aroM, CHAYAIA IepeceKas TPaHuILy,
IOTOM 0OPATHO, U IIOTOM CHOBA, Ty;[a). EcrecTBenno, 4To nmpu nogcuére mo-
TOKa ClIaraeMbI€ Pa3HOI'O 3HAKA IMOJHOCTBIO UIN TaCTUYIHO COKPAIIAKTCA.

9.3.10. Kax m3MeHUTCS MOTOK Yepe3 pas3pex, ecau Mbl momensem S u T
(a Takxke UCTOK S U CTOK t) MeCTaMu, He MeHssa MaccuBa f7

OrBer. U3Mmenur 3nak. O

3Has NPOMYCKHBIE CIOCOOHOCTU PEGEp 4Yepe3 paspes, MOKHO OrDaHU-
YUTH CYMMAPHBIN IOTOK 9€PE3 HEro:

9.3.11. IlycTb gaHa ceTh C IPOMYCKHBIME CIOCOGHOCTAMYU C[i, j| u He-
KOTOpLI OTOK f[i,j] B men. IlycTs, ¢ APYron CTOPOHEI, B 3TOU CETH €CTh
HexkoTopuint paspes (S, T). Jokaxure, 9T0 CyMMapHas BEIXIUHA IOTOKA HE
IPEBOCXOMUT NPONYCKHOT CNocobHoCmuU paspesa, ONPEIeNieMOn KAk

Z clu, v].

ueS,veT

Pemenne. /[[0ka3aTeIbCTBO KOPOIE (POPMYIUPOBKH: MBI 3HAEM, 9TO CyM-
MAapHAas BEIMIMHA TIOTOKA PABHA MIOTOKY Y€Pe3 pa3pes, a OH (0YeBuIHO) HE
IPEBOCXOMUT TIPOMYCKHOU CIIOCOGHOCTHU DTOTO Pa3pesa. O

3aMeTuM, 9TO B CyMME, ONPEICIAIONICH TPOMYCKHY CIOCOOHOCTD pa3-
pesa, BCe claraeMble HEOTPULIATEMbHB (HATIOMHUM, 9TO MbI OIDAHAYIUBA-
eMCs CIydaeM HEOTPULIATEIbHBIX Yuce ¢[i, j]) — A1 HOTOKOB 2TO OBLIO He
TaK.
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9.3.12. Muorjga BMeCTO IOTOKOB PACCMATPUBAIOT NPednomoru, B KOTO-
PBIX DPa3pEIIAIOTCA MOTEPU MEPEKAYUBAECMON KUAKOCTU (HO OHA HE MOXKET
B3ATHCA U3 HUOTKYAA). Kak msmenurcsa onpegenenue? Ilokaxkure, 9T0 He-
CMOTPS HA TAKOE IPEHeOPEeKeHne SKOJIOIMer, KOINIeCTBO KU IKOCTH, IPH-
XOMAIIEN B CTOK, BCE PABHO HE IPEBOCXOIUT MPOILYCKHON CIOCOOHOCTH JIO-
60r0 paszpesa.

dDuKcIpyeM HEKOTOPYIO CeTh, W OyJeM PacCMATPUBATHL B HEH PA3HBIC
MOTOKY (HAIIOMHUM, YTO MBI CINTAEM c[i, j| HEOTPUIATEIBLHBIMHA, TAK ITO
HYJIEBOU [OTOK BCEra CYMIECTBYET) U PA3HBIE PA3PE3Ll. Y KaXkK OO MOTOKA
€CTh CyMMAapPHAaA BEIMYMHA, & Y KAXKIOI0 Paspesa — IPOILyCKHasA CIIOCO0-
HOCTB. 3ajgada 9.3.11 yTBepxKIaeT, 4TO BCE IEPBBIE HE IPEBOCXOIAT BCEX
BTOPBIX — IO O9€BUIHBIM IpmanHaM. OKa3bIBAETCA — U DTO YTBEPK ICHAE
HA3BIBAIOT Mmeopemot, Popda — Daarepcona, — ATO DTO HEPABEHCTBO 00pa-
[AETCA B PABEHCTBO [ HEKOTOPOrO MOTOKA (MAKCUMAALHOZO NOMOKG)
7 HEKOTOPOro paspesa (Munumasbro2o paspesa). [pyruMu croBamu, eCTh
9UCI0, KOTOPOE SABIAETCA OJTHOBPEMEHHO CyMMAaPHOU BEIUINHON HEKOTOPO-
IO IIOTOKA ¥ MPOIYyCKHON CHOCOGHOCTBIO HEKOTOPOI'O Paspesa. DTO THUCIO0
OPPAHUYUBAELT CBEPXY JHOOOU MOTOK (MOTOMY YTO JOOOU MOTOK ODAHMU-
YeH CBEpXy MUHUMAJILHBIM PAa3pe30M) U CHU3Y JHO0U paspes (MOoTOMy 4TO
JM0001 Pa3pe3 OrPaHUYEH CHU3Y MAKCUMAJbHBIM IMOTOKOM). Tak 4To meun-
CTBUTEILHO HA3BAHUA (MAKCUMAJILHEIY ¥ (MUHUMAILHLINY 1A IOTOKOB 1
Pa3spesoB OIpAaB IAHEL.

Mer mokaxem Teopemy Popaa—Pankepcona, HO He cpady. Hauuém c
6omee cr1aboro yTBEPK IeHUA.

9.3.13. IlycTh uMeeTcsA CeTh ¢ M HEKOTOPHIM MOTOK f B Heu. Torga
BBITIOJHEHO OHO U3 [ABYX: JUOO B CETU ¢ CYIIECTBYET MOTOK OOJLIIEN Be-
JWYUHEL, U060 B HEM eCTb pPa3pe3, y KOTOPOro MPOIMyCKHAA CIIOCOOHOCTH
paBHa BeJudIuHE IIOTOKA f.

(Kax Mbl Bugesu, 5Ty CIydad UCKIIOYAIOT APYL APYra: €Cau HOTOK Da-
BEH HEKOTOPOMY paspe3sy, TO OOJbLIErO HOTOKA ykKe ObITh HE MOXKET.)

OTO yTBEPK IEHNE OUEBUIHO CaeayeT u3 Teopemul Popaa— Paakepcona:
CPaBHUBAA TIOTOK C MAKCUMAILHEIM (KOTOPBIN CYIIECTBYET IO STOU Teope-
Me), MBI JUOO MOXKEM €r0 yBEJIWIUTh, JUOO 3aMEeIaeM, ITO OH yKe DABEH
MuHEMAaTbHOMY paspesy. Ho o6paTHoe paccyxkaeHune Tak mPOCTO HE MPO-
xoauT (CM. OOCY2K I€HUE [OCJE DELIeHWs 3a,1a41).

Pemrerwe. OcHOBHAS UIes1 COCTOUT B PACCMOTPEHUN 0CMAMOUKOU Cemu
(residual network). IIpeacrasum cebe, 9T0 MO TPy6E € MPOITYCKHOU CIIOCO6-
HOCTBIO 3 B KAKOM-TO HAIIPABICHUN UAET MOTOK Beau4IuHEL 2. B 5ToM cayuae
pu HEOOXO IUMOCTH MOXKHO YBEIUYIATD 3TOT MOTOK elIé Ha 1; KaK TOBOPAT,
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0CTNAMOURAA NPONYCKHAA CNOCOOHOCMb DTON TPYOHI (B TOM XKe HalpaBe-
uHum) pasHa 1. Bosee XuTpwll nmpuMep: MyCTb €CTh OAHOCTOPOHHAA TPYOa
IIPOIIyCKHON CHOCOOHOCTY 2, M OHA IIOJHOCTBIO HCIOJAL30BaHA. lorga BO3-
HUKAeT (BUPTyalbHady TPyba! B 06paTHYIO CTOPOHY C TOH XK€ IIPOIIyCKHON
CIIOCOOHOCTBIO 2: eCJIU MBI 3aXOTUM J0OOABUTH TIOTOK B 0OPATHOM HAIIPABJIE-
HUU, HYXHO MPOCTO YMEHBINMATL UCXOAHBIM MOTOK HA COOTBETCTBYIOIIYIO
Bemmauny. POPMATLHO TOBOPA, MBI PACCMATPUBAEM OCTATOYHYK) CETh ¢
nonoxus c'[i, j] = c[i, j] — f[i,j]. 3ameTum, 4TO IO OIpeeIeHUIO MOTOKA
BCe 3Ha4eHus ¢'[i, j] HeOTPULATEIbHBL (1 HYJEBOU HOTOK B OCTATOYHOU Ce-
TH COOTBETCTBYET HEU3MEHEHHOMY IIOTOKY MCXOLHOMN).

9.3.14. Ecau B AByCTOpOHHEU TpPyOE C TPOIIYCKHOU CIOCOOHOCTHIO 3
cenvac mOTOK 2 B OQHY CTOPOHY, TO KAKOBBI IPOIYCKHBIE CIIOCOOHOCTHI
OCTATOYHOU CETU B Ty U APYLYIO CTOPOHY? O

IIpogomxum pemenue 3agaau 9.3.13. [Iaa gaHHOU ceTw ¢ U MOTOKA f
B HEl PACCMOTPUM OCTATOYHYIO ceTh. [locTpouM OpMeHTHPOBAHHLIA I'pad,
npoBes péOpPo U3 U B U B TEX CIy4asX, KOAa B OCTATOYHOU CETHU HEHYJe-
Basl (MONOKUTENBHAS) IPOIYCKHAA CIIOCOGHOCTS U, v]. DTOT 0cmamounviil
epag OTPaKaeT BO3MOKHOCTHU JOMOMHUTEIBHBIX MOCTABOK. (3aMeThbTe, 9T
B HEM BIIOJHE MOI'YT OBITH OQHOBPEMEHHO pEGpa u3 u B v u 06paTHO.) Te-
Iepb €CTh IBA CJIyYas:

e B ocmamounom 2pagde ecmv nymov u3 ucmoka s 6 cmox t. Taxon
OyTh HABBIBAIOT donoanatowum nymém (augmenting path), mockons-
Ky BIOJIb HETO MOXKHO MPOMYCTUTH NOMOJHUTEJIBHBEIN MOTOK U3 S B
t. Ilouemy? IlocMOTpHM Ha MOJOKATEILHBIE OCTATOYHBIE IIPOIYCK-
HEIE CIIOCOGHOCTH BOJb DTOrO IyTH. BO3bMEM HAMMEHBIIYIO U3 HUX,
OyCTb 3TO Kakoe-TO ¢ > (. [o6aBuM K MCXOZHOMY MMOTOKY MOIIOJHU-
TEILHBIN MOTOK BEJUIUHEL §, TO €CTh YBEIUIUM UCXOIHBLIA MOTOK TIO
pébpaM IOTOJHAIIIEr0 MyTH Ha §, a MO APYruM pPEOpaM OCTABUM
kak Obw10. (IlefaHTUYHBIN YU TATENb NN PEIAKTOD CIPABELIABO YKa-
KET Ha HETOIHOCTE B IOCAETHEM IIP €II0KEHAN: €CIU B JOIOJTHAIONIAN
Ly Thb BXOAUT peGpo u3 u B ¥, TO MBI yBeaudusaeM f[u, v] Ha 0 U yMeHb-
maeM f[v,u] Ha § B COOTBETCTBUM C HAIIUM COLVIALIEHUEM O 3HAKAX.)
Jlerko mpoBepuTb, 9TO 3TO Oy1eT MOTOKOM (mobaBKa § Kak BOLLIA,
TAK ¥ BLIAIET), U CyMMapHAsA BEIUYUHA TOTOKA YBEAMIATCA HA 0.

e B ocmamounom epagde nem nymu u3 s 6 t. IpyruMu cioBamu, BepImu-
Ha t He BXOAUT B IUCJIO BEPIINH, JOCTYIHLIX B 3TOM rpade u3 s. Torga

1B razoTpaHCmOpTHOR OTPACTN ITO HA3RIBAIOT (BUPTYATHHEIM DEBEPCOM» ¥ MHOTO
CIIOPAT O 3aKOHHOCTHU 3TOTO.
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MOHATHO, DIe «Y3KOe MECTO», B KOTOPOM HAI0 TPOBECTHU Pa3Pe3: MyCTh
S — BepIIUHBI, JOCTYIHBIE U3 § B OCTATOYHOM rpade (BKIIas caM
ucToK s), a T — Bce ocranbHble (BKaodasg cTok t). M3 S B T He
BeZéT pébep B OCTATOIHOM rpade (M3 JOCTYNHON BEPIIMHBLI HEAb3s
[ONACTh B HEAOCTYIHYIO, NHAYE OHA OblLIa Obl JOCTYIHOW). SHAUUT,
st pé6ep 3 S B T uX MPOMyCKHAs CIOCOGHOCTH c[u, v] MCIONB3yeT-
¢ MOTOKOM f[u, v] MOJHOCTBIO, M MOTOMY MPOIMYCKHAA CIOCOGHOCTH
paspesa pasHa noToky f(S,7T) depes paspes.

OTHU ABa CIyYas U COOTBETCTBYIOT IBYM BapUAHTAM U3 YCIOBUA 3a1a9u. [

9.3.15. B pemennn ecth HEOOMBIIAS HETOYHOCTH: HYXKHO OBLIO OpaTh
HE TMPOCTO MYTh B OCTATOYHOM T'pade, a My Thb, HEe MPOXOIAIIMNA IBAK B TIO
oxHOMy pebpy (mampumep, kpardanmmuin). [logemy 510 BaxkuO?

Pemenne. Eciu nyTh qBaX LI TPOXOAUT TIO Pe6Py, TO MOTOK IO STOMY
pebpy IpUAETCA YBETUIUBATL Ha 20, & DTO MOXKET MPEB30UTH OCTATOIHYIO
TIIPOIYCKHYIO CIIOCOOHOCTS. 0

9.3.16. [ToxaxuTe, 9TO BO BTOPOM U3 PACCMOTPEHHBIX CAydaeB (Koraa
IPOIyCKHAs CIOCOOHOCTH PABHA BEIUYMHE IOTOKA) IOTOK IO BCEM pEOpam
[IepeCceKaeT pa3pes B OJHY U Ty XKe CTOPOHY, TO ecTh f[u,v] > 0 nas Bcex
ueS,veT.

Pemrerme. HepapeHCTBO MeX Iy HOTOKOM M HPOIIYCKHOU CIIOCOOHOCTBIO
Oy 9aeTCsl CIoKeHueM HepaBeHCTB f[u, v] < c[u, v]; oHO obpamaercs B pa-
BEHCTBO, JIMIIb €U BCE CKJIAIBIBACMbIE HEPABEHCTBA OOPAIIAIOTCA B PABEH-
CTBa, U B 5TOM caydae flu,v] = c[u,v] > 0 mo mpeamonoxenuo.

Tenepr mompoOyeMm gokazaTh Teopemy Popaa—DParkepcoHa, TO €CTb
TOCTPOUTH MOTOK, PABHBIN pa3pe3y (TOYHee: MOTOK, CyMMapHas BeIXIMHA
KOTODPOI'0 PaBHA MPOILYCKHOU CIOCOGHOCTU HEKOTOPOro paspesa). Bymem
paccyx)aaTh Tak. HaauéM ¢ IpOM3BOIBLHOIO HOTOKA (HAIPUMED, HYJEBOLO).
MBI TOIBKO YTO AOKA3AJIU, ITO JUOO €ro MOXKHO YBEJIUYUUTh, JUOO OH yXKe
paBeH HeKOTOpOMY paspesy. Bo BTopom caydae Bcé xoporo. B nepsom yse-
JUYUM TIOTOK, ¥ CHOBA IPUMEHUM TO XKe paccyxaenue. JInbo moTOK MOXKHO
€IIé yBEeAUYUTD, JJU00 €CTh PABHBIA €My Paspe3 — €CJIU TePBOe, YBeIUIuM
emmé U TaK gajee, IOKa 3TO HE CTaHeT HeBO3MOXKHBIM. Korma »sTo ciaydurcs,
MBI IOJIYYUM MaKCUMAaJIbHLIA IOTOK, PABHLI MUHUMAJILHOMY Pa3pesy.

9.3.17. B uém ommbka B 3TOM paccyxeHuu’

Pemenne. HuoTkyna He creqyeT, ITO DTOT IPOIECC YBEIUUIEHUA KOT'Ia-
TO OCTAHOBUTCS, TaK ITO CJIOBA «KOT'a TO CAYIUTCA» HEOIPABIAHHO ONTH-
MUCTHUIHEL. O
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" 570 HE mpOCTO TeopeTmUIecKas BO3MOXKHOCTE, TAKOE PEATHLHO OLIBA-
€T, eCJIM HUKAK He OPPAHWYMBATH BEIOOP MOMOJHAIOIIETO myTH. Hava bHbn
npumep Popaa— Dankepcona OBLT JOBOJBHO CJAOKHBIN, HO TOTOM OBLIN TTPU-
oymassl 6omee npocteie (IlBuk B crarse 1995 roga mocTpoma mpumep c
6 BepmmHamMu u 8 pEO6paMu U IIOKA3aJ, YTO HU OJWH U3 IaPAMETPOB HEJIb3s
yMmenbminth, Theoretical Computer Science, 148(1), 165-170, 1995). U nero
TAKWX MPUMEPOB MOHATH HE TaK CIOXKHO. [IpencraBum cebe ceTb, B KOTO-
pou ecTh Tpu pebpa HeGOIBIION MPOIYCKHON CITIOCOOHOCTH, & KPOME dTOTO
MHOI'0 pé6ep GOJLIION MPOIYCKHOU CIIOCOOHOCTH, KOTOPLIE CBA3LIBAIOT BCE
OCTAJIbHBIE [TaPhI BEPIIIIH.

Koneuno, Torga stu pébpa MaJOU MPOIYCKHON CIOCOOHOCTU HE OYEHB-TO
U HYXKHBI, HO MBI XOTUM TOKA3aTh JUIIb, ITO NPU HEKOMOPOM CNocobe 6bi-
b6upams doNoAHAOWUT NYMb TPOLECC TPOTONIKAETCA 6eCKOHEUHO. Tak ITo
MBI MMEEM MPABO BHIOUPATH IOMOIHAIONIMA MYyTh KAK XOTUM. A UMEHHO,
PAcCMOTPUM MyTh, B KOTOPOM ABA pebpa m3 TPEX MPOXOAATCA B MPIMOM
HAIPABJCHUN, & TPeTbe B 00paTHOM. Takux myTen Bo3bMEM Tpu (B 3aBU-
CUMOCTH OT TOT'0, KAKOe peOpO MPOXOAUTCA B OOPATHOM HAMPABJICHWUN), HA
PUCYHKe TOKa3aH ONUH U3 TPEX.

Y710 mpomcxXoAuT mpU AONOJHEHWM MOTOKA MO TakuM myTam?! Ecam no
5TOro pébpa OLLIN HEIOIPYXKEHHI Ha @, b, ¢, TO MOCTE DTOr0 B ABYX U3 HUX
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HEOTPY3 YMEHBITUTCA, & B OTHOM YBeIUIUTCA:
(a,b,c) ~ (a—6,b—6, c+6) wmm (a—3, b+0, c—0) urna (a+6,b—4, c—9)

IIpu »TOM 6 BEIOMpAETCA MAKCHMAILHO BO3MOXKHBIM, ITOOLI IPU JadbHEH-
MIeM yBEIWYEHUY HeJOTPY3 yKe CTal Obl OTPULIATEIBHBIM — TO €CTh OJ-
HO M3 9mUCeT CTaHeT paBHLIM Hyqao. Cremyommi mar (YKazaHHOTO BHIA)
OIpenenaeTca OAHOBHAYHO: HAJ0 YMEHBIIATh [Ba MOJOKUTEILHLIX IHUCIA,
yBeIm4IuBad HyJIeBoe, 10 TeX IIOp, IOKa HamMeHbIIee I3 IByX He 0OpaTuTCsa
B HyJb, 1 Tak gajee. Jlerko coo6pa3uTh, 9TO €CIU IMOCJe IIEPBOrO IIara
menorpys 6ynet (0,q,3), rae a u B HecomamepuMbl (UX OTHOIICHUE UPPa-
[UOHATBHO), TO TPOUECC Oy T MPONOMIKATHCA HEOTPAHTIEHHO.

9.3.18. Ilokaxwure, 9TO ecam Yy OOPATHO 30JI0TOMY CEYEHHIO, TO €CThb
aBaseTCs (MOMOKUTEILHEIM) PEIIeHIeM ypaBHerHusa 7y + v> = 1, To HagaB ¢
tpouku (0, 1,7), Mur moayamm Tpouku (7,2, 0), (v3,0,72) u Tax gamee —
TaK 4TO mporuecc OyeT MpOoJoaXKaATHCA O€CKOHETHO. U

B npuBenénnoM BBIIE PACCYXKIEHWM IPONYINEH OQUH MOMEHT: HOYEMY
ocTambaBe PEGPa (6OBIION TPOMYCKHON CIOCOOHOCTY, KAK MBI CKA3AJN)
Hukora He HacHTATCA? Ho BugHO (OCOGEHHO B MOCTETHEM TIPUMEDE), ITO
yBeJardeHne 0O0IIero mOTOKa OMPAHUYEHO, TAK TO €CJAU IPONYCKHBIE CITO-
COOHOCTH OCTANBHBIX PEGEP JOCTATOYHO BEIMKHU, TO [0 UX HACHIIIEHUA IEJ0
HUKOI'Ja He JOUIET.

IMocTpoeHHBI IPUMED CYLIECTBEHHBIM OOPA30M MCIOJIL3YET UPPALKAO-
HATBHBIE TUCTA.

9.3.19. Ilokaxure, 9TO B ceTu C HeAbIMU (M1 XOTS OBl PAIMOHAIL-
HBIMU) [OPOIYCKHBIME CIOCOOHOCTSIMY AHAJOIMYHASA CATYALWS HEBO3MOXK-
Ha: YBEJWYEHNE TTOTOKA BIOJb MOTOJHAIONIETO TYTH, KaK €ro HU BEIOMPATH,
PAHO WIU MO3JIHO NACT IMOTOK, B KOTOPOM IOTOJIHAMIOUIETO MyTH He OyIeT.

W3 sroro yreepxkaenus (1 panee NOKa3aHHOrO) ciegyer Teopema Pop-
na—PalKepCcoHa IIA YACTHOTO CAydas I'PadOB C HEJIBIMEA MPOILYCKHBEIME
CIIOCOOHOCTAMU.

Pemenwme. Eciu Bce mpomyckHbIE CIOCOOHOCTH LENLIE, M Mbl HAUMHAEM
C HyJIEBOI'O MOTOKA, TO APOOHBIE YUCJIA HE MOI'YT BO3HUKHYTH (A OCTATOY-
HBIE IPOITYyCKHEBIE CITIOCOGHOCTY, I MUHUMYM UX BIOJIb TOMOJHAIOIETO My TH
OyAyT UEJbIMU, U IPU BBIYATAHUU TOXKE OyIyT TOJBKO IEJble YUCAA. SHA-
YUT, KaXILIM Pa3 TOTOK YBEIUIUBACTCA TO KpauHenm mepe Ha 1, u paHo
WU TO3/JHO 3TO KOHYUTCA (MOTOK OrpaHmdeH JrObM paspesom). [las pa-
[IUOHAJBHLIX YMCEI MOXKHO MEPEUTH K APYTON eIUHUIE U3MEDEHUA MOTOKA,
9TOOBI BCE IMCIA CTAIN IIETBLIMIE. O
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B sTOM paccyx)meHuu YMCIO MAroB MOXKET OBITH OOJBIIAM [Ta¥Ke I/
MaJIeHBKOrO rpada. DTO BUIHO HA COBCEM MPOCTOM IIPUMEDPE.

9.3.20. Tloxaxure, 9To Ha rpadge HA pucyHke (rme N — 6GOIbIIOE 116
JI0O€ YUCJ0) MPU HEYIAIHOM BHIOODE NOMOJHAMIINX ITyTEH YUCIO UTEPALAN
OymeT He MeHbIIe V.

Pemenue. Bynem moouepéaHo uCHOIL30BaTh S—p—q—t U S—q—p—t B Kade-
CTBE JOTOMHAIONIMX MMy TeN, HAYaB C HyJIeBOr0 MOTOKA. Toraa Ha mepBOM IIa-
ré IOTOK YBEIMIUTCA Ha 1, & Ha KaXkKIOM ClIeqyomeM OyIeT yBeInIuBATHCA
Ha 2. MakcuMauabHBIN TOTOK (KOTOPHIU BOOOLIE He UCIOAb3yeT Pebpo p—q)
paBen 2N, Tak 9TO 0 HErO HAAO CHEJATH KAaK MUHUMYM N wmTepamui.
(BugHo, KaK HEyJAIHLIA BHLIOOP JOMOJHAIOMIETO MyTHU MPUBOAAT K JOJCOU
paboTe B TPUBUAJIBHOM MIPUMEDE. ) O

9.3.21. PaccMOoTpuM CeTh € IeABIMU TPOMYCKHBIMU CTTOCOOHOCTAMY. [lo-
KaXUTe, YTO MAKCUMATLHBIU MOTOK B HEU BCETIa MOXHO BHIOPATD IEJI0TN-
CJCHHBIM (HELeJIble IOTOKA MOT'YT AABATh TOT XkKe PE3yJAbTaT, HO HE MOT'YT
[1aBaTh OOJIBIIErO).

Pemrenne. OmMuCaHHBIN TPOIECC YBEIUYICHUA TAa€T EJble TOTOKU — U
KOTr[ja OH 3aKOHINMTCA, IOTOK PABEH Pa3pesy, a TOr0 He MOKET IPEB30UTH
HUKAKOH MOTOK, UEIBIA WA HET. O

Kaxk xxe HauTu MakCUMAaJbHLIA IOTOK M MUHUMAILHLIN Pa3pe3 [Jid IPo-
u3BoabHOU ceTu?! CaMBIl MPOCTOU AATOPUTM [Jis STOTO, HA3LIBAEMBIN AJl-
ropurmoM JaMmoraca—Kapna B decTs ero mzobperarenen, ciefyer OIu-
CAHHOU CX€M€ C €IUHCTBEHHBIM TOOABICHUEM: 6 Kauecmee 00N0AHA0ULE20
nymu eceada bepémcea kpamuatiwut nyms u3 s 6 t 8 ocmamounom 2page.
Mer yxke 3HaeM, Kak OBICTPO MCKATh KPATYAUIINU MYyTh, TAK ITO DTO HE
npobiema. OcTasoch TOIBKO [OKA3aTh, YTO MPU DTOM MPOIECC COUAETC,
u oneHuThb Yucao urepauun. Hauném ¢ nepsoro. Bor npocroe (HO HeBep-
Hoe!) paccyXIeHue: Ha KaxXIOM Iare OqHO U3 pé6ep MOMOMHAIOMIErO My TH
UCTIONB3YETCA TOMHOCTBIO, X TE€M CAMBIM OOJBINE MO HEMY HUYEro MPOIMy-
CTUTH HEMb3sA. JHAYUT, KOMUIECTBO PEOGEP B OCTATOIHOM rpade KaxkKIbHIN
Pa3 yMEHBINAETCs, U GECKOHEYHO TAK MPOJOIKATHCI HE MOXKET.
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9.3.22. Yto HeBepHO B 3TOM paccyxkaeruu’ (OHO HE MOXET OHITH Bep-
HBIM, TAaK KaK MBI HE UCIOAb3YeM, ITO JONOMHAKIIANA Iy Th KPATIANIIAL. )

Pemenme. XoTsa onHO u3 pébGep MOMOMHAIOMIETO IYyTH IEHCTBUTEILHO
TIPOMaTaeT, HO OOIIee TUCA0 PEOGEP MOKET HE YMEHBIINTLCI WK JaXKe YBe-
JUYUTHCS, TOCKOJIBKY BOSHUKAIOT peBepcHble pébpa. (Mbr Bugenu na mpu-
Mepax, YTO OTHO U TO ke PeOpO MOKET BXOAUTH B JOMOJHAKIIAU Iy Th TO
B OJHY CTOPOHY, TO B APYI'YIO.)

Ho tem me Menee 4T0-T0 B TakoM poge (4TO OCTATOYIHLIN I'pad mocre-
TIEHHO (TIPOPEKUBACTCAY) CKA3ATEH MOKHO.

9.3.23. BriGepem kakyo-To BeprmHy v rpada u OyaeMm CIeIuTh 3a pac-
CTOSIHHEM B OCTATOYHOM rpade or s 10 u. [lokaxwure, 4TO B X01€ aIro-
PUTMa 3TO PACCTOSHUE HE MOXKET yMEHBLIATHCHI (& MOXKET OCTABATHCS He-
U3MEHHBIM WX YBEJIUIUBATHCA).

Amnasoruvnoe yTBepKAeHUE BEPHO U A5l PACCTOAHUA OT U A0 ¢ (cumme-
TpuUs).

Pemenwme. [lycTh MBI cIeIaIM HECKOIBKO IIATOB AATOPUTMA, U UMEETCSA
0CTATOYHAA CeTh (1 COOTBETCTBYIOIIMI OCTATOYHEIN rpad ). Packnaccudu-
LEpyeM BCE BEPINUHBI 0 [IVHE KPATIAUIIEr0 MyTH U3 § B DTOM rpade: B
So BXOOUT caMa BepIIMHA S, B S7 — BEPUIUHBI, KyJa U3 S BeIET peGpo, B
Sy — BEpUIMHBEL HA PACCTOAHUMU 2, U TaK gajtee. (DrTa KiaccupUKanus He
3ABUCAT OT BHIOOpA BepuMHLL u.) Ecau paccTosuume oT § 10 ¢ OBLIO PABHO
KaKOMY-TO §, TO BEpIINHA U HOHAIET B KIacc S;.

3aMeTHuM, 9TO KPATIYAUIINA MyTh U3 § B U JOMKEH MPOXOIUTH 110 O9e-
pelu depes BepuImHsbl B Kiaaccax Sy, St, . .., S IPOOYCTUTH KIACC OH HE MO-
JKeT, TaK KaK Ha KAXKJAOM LIAre PACCTOSHUE MEHSeTCs Ha 1, a 0CTaBaThCsA
B TOM XK€ KJIACCe WIA UITH Ha3a[ HEIb3s, TOra IyThb He Oyaer Kpardan-
mnM. [locre yBenwdenus moTtoka no6aBATCA oOpaTHBIE pEOpPA STOTO MyTH
(ecmu ux He OBLIO) — u 6ce amu PEOPa Oydym udmu u3 Kaacca ¢ O0ALUUM
HOMEPOM 8 KAACC C MEMbUUM Homepom. VI moTOMYy mX HOOABIECHUE HE CO-
KPATUT IyTh: Haxke ecau BooOIe no6aBUTL 6ce PEOPA, BeAyIue U3 KIacca
¢ 60JBIIMM HOMEPOM B KJIACC C MEHBIIUM HOMEPOM, IIyTh HE COKPATUTCI —
KaKOW CMBICA UATH B TOYKY, KOTOpas OMMkKe K HAUAMY TIyTH, YeM TeKyIasa’

Tak 9TO PaCCTOAHUE WX OCTAHETCA MPEXHUM, WIM yBeIUIUTCA (Belb
OfHO 73 PEGEp [ITOMOMHAIIIErO MyTH HPONATO, W APYIOrO IyTH TOU IKE
[JIMHBL MOXKET He OBITh).

DopMaIBLHO TOBOPS, MBI HE PACCMOTPEIM CAydal, KO DPACCTOSHUE
y¥Ke OBLIO 6ECKOHEYHBIM (TIyTU U3 § B U He ObLIO) U He JOKA3AIU, YTO OHO
ocTaHeTca 6eCKOHETHBIM. Ty T HaI0 CKa3aTh TaK: HOBBIE PEOPA MOT'YT BECTH
TOJBKO B BEPUINHBI, JOCTYIHBLIE U3 §, IOTOMY HOBBIX NOCTYIHBIX BEPIIUH
HE TOSIBUTCA. g
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Kak ™Mb yxe roBopmin, Ha KaxKIOM mare paboThl atroput™a (yBean-
9YeHWEe MOTOKA BAOML JOMOJHAIMIETO MTyTH) OMHO U3 PEOEP TOTOMHSAIONIErO
myTu (TO, TA€ MPOMYCKHAA CHOCOOHOCTL MUHUAMAILHA — €0 emé Ha3bl-
BAIOT Kpumuueckum pefpoM) MCIE3aeT, 3aMEHAACH Ha NPOTUBOMONOKHOE.
Ecau mbI omteHrM cBEpXy, CKOIBKO Pa3 dTO MOXKET MPOUCXOIUTDH € KAXK JBHIM
pe6poM, TO TOAYYIUM U BEPXHIOK OLEHKY A YUCIA MAroB (YMHOXUB HA
obmiee 1ucio pédep).

9.3.24. [lokaxwuTe, 9TO OOHO U TO XK€ Pedpo HE MOXKET OLITH KPUTHIE-
ckuM (B Ty u B Apyryio cropony) 6Gomee dem O(n) pas. (Hamomuuwm, dTo
7 — YO BEPLIKH. )

Pemenne. IlycTs Hac uaTepecyeT pe6po u—v. OHO MOXKET OLITH KPUTHU-
YECKUM JIWITb TIOOYEPENHO B Ty U B APYTYIO CTOPOHY. Byaem crenqnTs, kKak
MEHAIOTCA PACCTOAHUA OT UCTOKA 10 U U 10 v. MEI yiKe 3HaeM, 9TO OHI MO-
IyT TOIBKO BO3PACTATH (M HE IPEBOCXOIAT 7N, Pa3 Y HAC BCErO N BEPIIVH).
IIpu sTOM, KOrma pe6po KPUTHYECKOE, OMHO U3 PACCTOAHUN IIPEBBLIIIACT
opyroe poBHO Ha 1, kak Mbl Bugean. QCTaéTCA 3aMETUTh, YTO €CJIU €CTh
IBA TEIeX01a, KOTOPLIE HAYT MO AOPOTe B 1 KWIOMETPOB, HE TIOBOPAMUBAs
HA3a[, U B KAKOW-TO MOMEHT IIE€PBLIA OOTOHAT BTOPOr0 Ha, KIIOMETD, TIOTOM
BTOPOU HEPBOro, MOTOM CHOBA IEPBEIM BTOPOrO U TaK Aajee, 0OLee IrCIo
TAKUX MOMEHTOB He G0JbIIe 1 (HOTOMY ITO MEXKIY COCETHUMU MOMEHTAMUA
OVH W3 TEMIEXOI0B OTKEH MPOUTH KAaK MAHUMYM JBa KAJIOMETPa, a BCErO
OHU TIPOXOAAT 21). O

Orcroga cregyer, 9To anroputM JaMoHaca— Kapma Bcerga 3aBepimaet
paboTy, 1 TeM CaMBIM MBI fOKa3aau Teopemy Popaa — Paakepcona B obmem
ciay4ae (He TOIBKO JIsi HEJIBIX IPOIYCKHBIX CIOCOGHOCTEN).

MoxuO mompo60BaTh OIEHUTH BpeMs paboThI >Toro amropurma. Cpasy
BHUIHO, 9TO OH, KAK TOBOPAT, MOTUHOMUATLHEIN (BpEMs paGOThI OIPAHAIEHO
HOJMHOMOM OT 71), HUKAKOr'0 Iepebopa DKCIOHEHIMAIBHOIO IMCIa, BApUAH-
TOB B HEM HeT. [Ipu mpakTUYeCKOU peanu3anun MoJe3HO XPAHUTH JAHHBIE
(3Hagenus c u f) He OPO BCe MAPBI BEPIIXH, & TOABKO s TeX Hap, KOTOPLIe
B M3HAYAIBHON CETU COEIMHEHBI PEOPOM (M y KaxkK I0M BEPIIUHBL UMETh CIIN-
COK COCeled B UCXOMHOM rpade) — A BCEX OCTANLHBIX Tap U B MACCUBE
¢, 1 B MaccuBe f CTOAT TOJBKO HYJW, KOTOPBIE TAK W OCTAIOTCSI HYJLIMU.
Ecau, crenys tpaguunu, 0603HaYAThL IUCAO BepwuH 3a V, a 4ucjao pédep
3a F/, To npu Takom cnocobe XpaHEeHUs JAHHBIX

® [OWCK KpaTdaumero nyTu (mouck B mmpuny) Tpedyer O(FE) maros;

e KOppeknus BAOIb nomnoaHsawomero mytu tpedyer O(V) maros (daTo
nornomwaerca O(F) maramu nouckay;
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e uucao urepamun ectb O(EV), motomy uro kaxgoe u3 E pédep apas-
ercs kpurudeckuM O(V') pas.

9.3.25. Kaxoe ofI1ee Iucyo maros JarT DTU OLEHKU?
Otser. Beero nonyuaerca O(E?V). O

Ectb MHOrO 607M€e 3D PEKTUBHBIX ATCOPUTMOB (MIOCTPOEHHBIX HA Pa3-
HBIX UI€AX), DTO OOJBLION pa3ne] HHPOPMATUAKY, HO MbI OTDAHUIMMCS TIPY-
BEIEHHBIM MTPOCTHIM AITOPUTMOM, U B 3AKIIOYUEHUE IPUBEAEM IBA IIPUMEPA,
KOT[a STOT AICOPUTM MOXKHO HCIIOJB30BATDL MJIA PEIIeHUs NPYTHUX 3a,1ad.
[lepBBIM IpUMEP COBCEM IIPOCTOM.

9.3.26. Paccmorpum ceTb 6€3 CTOKa U MCTOKA, U OyIeM UCKAThL B HEH
YupKYaayuy (KUAKOCTb UUPKYJIUPYET 10 TPybaM, Zj fl#,7] = 0 upu Bcex 7).
Bynem paspemars oTpunaTensHsle 3HadeHnsa GyHKIuN cfi, j| (4TO o3HAIA-
€T, 9TO B HEKOTOPEIX TPy6axX yKa3aHO MAHUMAILHOE MOIyCTAMOE 3HATCHUE
noroka). Kak npoBepuThb, BO3MOXHA U B JAHHOU CETU LUUPKYJLALUA?

Pemrenme. /[06aBuM K CeTu OTAEIbHBIE BEPIIMHBI CTOKA W KUCTOKA, U
COEIMHMM UX CO BCEMU BEPIIMHAMHU HCXOMHOHU CE€TH TPyOaMM IPOILYyCKHOU
CIIOCOOHOCTH C, Tle ¢ — MOCTATOYHO OOJbIIAs KOHCTAHTA.

S

/)

IMocTponM B MOMYyYEHHON CETU HEKOTOPKIX MOTOK. [l 3TOr0 mycTuM Mo
Kax 01 TpyOe KaKoe-TO PA3PENIEHHOE KOMUIECTBO XKUIKOCTU (Ipeanosia-
raeM, 4TO 41 KaxIou TpyOwl yeaosus Ha f[i,j] u f[J, 4] He mporuBopevaT
OPYT OPYTY, MHAYE 3342493 TPUBUAIBLHA), Oeps 3Ty XKUIKOCTh IPU HEOOXO-
IUMOCTH IO TpyOe m3 mCTOKa u cauBas e€ 1mo Tpybe B cTok. IIpobaem me
BOBHUKHET, MMOCKOJLKY MBI TIPEATIONOKUINA, 9TO ¢ JOCTATOYHO BEIUKO.

Urak, y HaC €CTh HEKOTOPHIM MOTOK B PE3yabTupyomen cetu. Temepnb
UCTONB3yeM anaropuTM Oamonaca— Kapmna mis ero makcuMmusanuu. ScHO,
9TO He MOXKET MOLyIAThCA Oomabmme ¢V, roe V — «meno BepmwmH, m 9TO
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POBHO ¢V MOIYYIUTCA B TOM M TOJBKO TOM CIy4ae, KOTIa B UCXOJIHOU CETU
CyHIeCTBYeT LUPKYIALN. U

Bropon mpumep — »Ta 3a1a4va 0 MAKCUMAJILHOM MapOCOYeTaHUN B ABY-
IoAbHOM rpade. B aganTupoBaHHOM IJIA IMTKOTHFHUKOB BapUAHTE €€ MOXKHO
chOpMyIUPOBATH TaK. ECTb HECKOIBKO IIKOJBHUKOB, KAXK B U3 HUX De-
[T HeCKOJIBKO 3a1a4. Hano opranumsoBaTs pa3bop MaKCHMAIBHOIO YUCIA
3a,0a4, IPU 3TOM OJUH U TOT K€ IIKOJbHUK He MOXKET BBICTYNATH IBAXKIEI,
¥ Helb3sA ABAXKIbI PACCKA3BIBATHL OMHY U TY XK€ 3a1ady.

9.3.27. Cxema «KTO 4UTO pelIM/I» [IOKA3aHA HA PUCYHKE (CJIEBA LIKOIb-
HUKU a,b,c,d, e, cupaBa 3agaau 1,2,3,4,5). Kakoe makcumanbHOE 91CI0
33,029 MOXHO pPa3obparhb, COOMI0Iasd OrPAHNICHUA !

IKOJbHUKA 3a0a491
a 1
b 2
c 3
d 4
e )

Pemenwe. MoxnO opranmzoBaTh pazbop Tpéx 3agad (mapocoderanue
a2, b-1, e-5, cM. PUCYHOK).

Kak y6enurbes, 9To Godbine Hemb3s, He mepebupas BAPUAHTHI! 3ame-
TUM, 9TO IIKOJBHUKHU @, C, d, € He PEluI HuIero, kKpome 3agad 2 u b (a
MIKOABHUK d naxke 1 33,189y 2 HEe PEIni, HO 3TO He BayKHO). [103TOMy U3 HUX
MOT'YT BBEICTYIUTBL TOJBKO IBOE — a ABOE APYTUX OCTAHYTCA He y men. [

Tepmunomorus: 06ydoavubili 2pagd Ha PUCYHKAX COCTOUT U3 4€601 004U
(mxompHVKYM) U npasot doau (3amaum). Iapocouemanue (cmocob pas6o-
pa) — Habop pébep, y KOTOPBIX BCE JEeBble KOHIBI Pa3HbIe (HU OIWH IIKOJb-
HUK He BLICTYIAET ABAXK/IHI) 1 BCE IPABbIE KOHIBI Pa3Hbe (HU OQHY 3a4ady
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HE PACCKA3LIBAIOT JBAXKIbI). AHAJTOMMYHYIO 32039y O MAKCUMAJIBHOM IIa-
POCOYETAHUN MOXKHO MOCTABUTH [AJA IPOU3BOIHHOI'O ABYIOTIBHOIO I'pada
(IPOU3BOJIBHON CXEMBI COEJUHEHUs BEPUIVH CJIEBA U CIPABA).

9.3.28. Haumagure makcuManibHOE MAPOCOYETAHUE B MPOU3BOJIBHOM IBY-
IOTBHOM Tpade, CBeAdA DTY 3a4a9y K OTHICKAHUI0 MAKCUMAJIbHOI'O TOTOKA.

Pemenne. Bynem cunrars pébpa rpada uaymuMu caeBa HAIIPABO U UMe-
OLMMY HEODPAHWYEHHYIO IPOIYCKHYIO CHOCOOHOCTD, U JOGABAM UCTOK CJle-
BA U CTOK CIIPAaBa, COCIUHUB UX C BEPIIUHAMU OJHOCTOPOHHUMHU PEGPAMU C
TIPOIYCKHOU CIOCOOHOCTHIO 1.

Ie09ncaeHHBIN TIOTOK B TAKOM I'padge — 3TO B TOYHOCTH IIApOCOYeTar
Hre. B camoMm gese, mpuxoasmas U3 MCTOKA €IUHUIA IOTOKA MOKHA Ky-
Ia-TO HAIPABUTHLCA. IIOCKOIBKY MOTOK LEJBINA, TO OHA MOXKET IOUTH TOJBLKO
mo ogHOMY pebpy. U ecim nBa TaKUX UCMONBL3OBAHHLIX peOpa MPUBEIYT B
OJHy BEpIIUHY CIpaBa, TO U3 HEE ykKe MOTOK He CMOXKET BHIUTH. A Kak
MCKATh MAKCUMAJILHLIN LEJOYUCIEHHLIA TOTOK, ML 3HAEM, IJIA DTOr0 Oa-
Ke aaropuTMm JaMoHaca— Kapna He HyXKeH, MOXKHO HCIOJIL30BATDL JIO0OLIE
IOIIOJIHSIOIIAE LY TH. O

B sTou 3agade IOMOMHSAIOUINE MYTH B OCTATOYHOU CETU UMEIOT SCHBIN
CMBICJI: 13 JIEBOU JOJU MBI €M BIIPABO IO HEUCIOJIL30BAHHLIM PEOpaM I'pa-
¢a, MOTOM BJEBO IO KCIOAL30BAHHLIM, IIOTOM CHOB& BIIPABO II0 HEUCIIOJIb-
30BaHHLIM 1 TaK JaJee, IOSTOMY 3TOT AJrOPUTM HA3LIBAIOT MHOT' A (IIOMCK
MaKCHMAaJIbHOIO IapOCOIETAHUA C IIOMOLILIO YEPEIYIOMIUXCS IEmeny.
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Mur moHsaM, 9T0 (UETOYNCTIeHHBIE) MOTOKN B IOCTPOEHHOU CETH CO-
OTBETCTBYIOT IapOCOYETAHUAM. A UYeMy COOTBETCTBYIOT Pa3pe3bl U UTO
MOXHO WM3BJ€Yb U3 COBIAJEHUS MAKCHMATHLHOIO IOTOKA ¥ MUHUMAILHOI'O
paspesa? BenoMHEM 0GBACHEHNE PO MIKOIBHUKOB: IIOTOK HE MOXKET OBITH
6O0JIBIIKM, IOTOMY ITO €CTh U€ThIPE MKOIBHUKA, KOTOPEIE DEIIWIn OLHY 1
Te xe Be 3agaun. OKa3bIBAETCS, ITO UMEHHO TAKOT'O POJAA MPENATCTBHE
€CTh BCEr I, I TO KaK Pa3 COOTBETCTBYET PA3pe3y B CETH.

IIpencraBuM cebe, 9TO B IEBOK JOJE, T€ BCETO 71, BEPIINH, €CTh HAG0D
U w3 u BepIIWH, y KOTOPLIX BCE UX COCEIU BXOAAT B KAKOM-TO HAOOp V u3
MEHBILIEr0 IHC/IA BEPIIMH U B IPABOK AOJE.

m n

e

==
—

—1
=

OTO O3HAYAET, UYTO KAK MUHUMYM U — ¥ BEPIINH CIEeBA OCTAHYTCsA O€3 mena,
TaK 9TO MAKCUMAJIBHOE IMAPOCOUYETAHNE HE MPEBOCXOIUT

m—(u—v)=m-—1u+v.
Oxa3bIBAETCSA, 9TO TAKYHO OLEHKY BCETIa MOXKHO CIEIAThL TOYHOU.

9.3.29. IlycTh B ABYIOMBHOM Tpade (CreBa m BEPIINH, CIpaBa 1 BEp-
IIMH) He CYMIECTBYeT mapocoderanusa pasmepa k > 0. Torga B seson goJe
ectsb HaOOp U U3 u BepUIWH, a B IPABOU J0J€ €CTh Habop V U3 v BepIuH, 111
koTopeix (1) Bee cocean Bepume u3 U momagator B V; (2) m —u+v < k.

(TTockoapky mCXOAHAS 3a4a9a CAMMETPUIHA, MOXKHO CHOPMYIAPOBATH
U CUMMETPUYIHOE yTBEPXKICHNE O BEPIINHAX B IPABOU J0JE U UX COCENAX B
JIEBOH [[OJIE; TO DKBUBAJEHTHO mepexoay oT muoxkects U u V k ux gomnoJ-
HEHUAM. )

Pemennme. PaccMoTpuM MakCUMAJILHBIN pas3pe3 — 1o Teopeme Dop-
na—Pdankepcona on menbine k. JleBas ero KOMIOHEHTA S COAEPKUT UCTOK,
KaKWe-TO BePIIUHLL JeBOU fo1u (Ha30BéM ux U), u Kakue-TO BEPIUIMHEL IPa-
BoM poiu (HazoBéM ux V).

3aMeTuM, 9To BepmmHa B U He MOXKET OBITH COeIUHEHA PeOPOM C BEp-
IIMHOU HE W3 V, MOTOMY 9UTO TOPAa 3TO PeOpO MOmagaeT B paspes, a Ta-
Kue péOpa MMEIT HEOUDAHUYIEHHYIO (0OU€Hb GOJBIIYIO) MPOIyCKHYHO CIIO-
cobrocTs. Ilyctes B U momamno u BepunH, a B V monano v Bepima. Kakue
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pébpa mepecekarT paspes? ITo m — u pedep, KOTOPHIE U3 UCTOKA BEAYT B
BepuuHb He u3 U, a Takxke v pébep, koTopwie u3 V BeayT B cTOK. Bee onn
MMEIOT MPOIYCKHYIO CIOCOOHOCTH 1, IIO3TOMY MUHUMAJIBLHBIU PAa3pPe3 PABEH
m — u + v u Merbme k (MBI C DTOr0 HAYAIN). O

To xe camoe yTBepXKIEHUE B 9yTh APYIoOu (popMe:

9.3.30. B mkone paboTaeT HECKOJBLKO KPYKKOB. TpebyeTcsa B KaxkI0M
KPY2KKe BBIOPATH CTAPOCTY M3 YUCJIA YIACTHUKOB BTOrO KPYXKKA, IPUIEM
OJIVH YelOBEK HEe MOXKET OBITb CTAPOCTOU NBYX KPYXKKOB. [okaxkure, 94TO
5TO HEBO3MOXHO B TOM K TOJBKO TOM CJIy4ae, KOI'Za IIPX HEKOTOPOM U
HAUAETCA U KPYKKOB, B KOTOPHIX BMECTE 3aHUMAETCS MEHBINE U IETOBEK.

Pemenme. Kpyxxky — TOYKM B JIEBOU [0J/I€, MIKOJLHUKNA — B IIPABOU, &
pEGpa BemIyT OT KPYKKA KO BCEM €TI0 YIACTHUKAM. O

B Takou popme pTO yTBEpK JeHNE HA3LIBAIOT meopemoti Xoana o nped-
cmasumenas (CTapoCTa IPEACTABIIAET CBOU KPYXKOK). B oxHy cTOpOHY OHO
OYEBUHO: €M B U KPYXKKAX BCENO 3aHUMAIOTCA MEHBIIE 1 9YeJI0BEK, TO
CTapoCT BHIOPATH HE yAacTcsa. B 06paTHYIO CTOPOHY OHO, KAK MBI BUIEJH,
crenyer u3 Teopembl Popaa— Pankepcona. Ho MoxkHO nokaszars ero u 6e3
HEE.

9.3.31. [okaxuTe >TO OOpPATHOE yTBEPKACHME WHIYKLIUEH II0 YUCILY
KPYKKOB, pPACCMOTPEB 1Ba caydas: (1) ecTs HAGOP U3 HEKOTOPOrO YUCIA, U
KPYKKOB, B KOTOPHEIX BMECTE 3aHUMAIOTCA POGHO U MIKOILHUKOB, U (2) BCe-
ra eCThb 3amac: 1 JI00r0 CEMENCTBA KPYKKOB 0O0IIEe TUCIO TIKOJILHUKOB
B HUX OOJIBIIE YUCIA KPYXKKOB B CEMEUCTBE.

Bot emé onna nepedOpMyJaupPOBKA TOTO XK€ YTBEDKIEHUA, Ha3bIBaeMas
meopemoti Kénuzaa; €€ IpeuMylecTBo B TOM, 4TO 06e goau rpadga BXOIAT
B HEE CUMMETPUIHBIM 00PAa30M.

9.3.32. IloxaxuTe, 9TO pasMep MAaKCUMAJLHOI'O MAPOCOYETAHUA B ABY-
JONBHOM Tpade paBeH pa3Mepy MUHUMAJIBLHOI'O BEPIIMHHOI'O ITOKPBITUA.
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(MHOXKECTBO BEDIIUH HABBIBACTCA 6EPUUHHBIM NOKPLIMUEM, €CIA Y JHOO0-
ro pebpa XOTsa ObI OIUH KOHEI] IPUHAAMEKUT dTOMY MHOXKECTBY. BepiiuHer
MOXHO BBEIOUDATH U3 06eux JOel.)

Caenymolnyio 3a1ady MOXHO HAUTH B COOPHUKAX OMUMIIUAJHBIX 33039
[UIA IIKOJIBHUKOB, HO, IIO-BUAUMOMY, €€ peIIeHue 0 CymecTBy TpebyeT Te-
opembl XO0I1a B TOM WM WHOM BUE (4 0COOEHHO TTPOCTO €€ PeruThb, 3Has
0 MOTOKAX W Pa3pe3ax).

9.3.33. Ha KOHTPOJBbHON KAXK BN MKOJIbHUK PEINUI 5 33034, U KAXK YO
3334y PemmiIo 5 MIKOIHHUKOB. [[okaxuTe, 9TO MOXHO OPraHM30BaTh Pa3-
60p TaK, ITOOLI KaXK [BIU MIKOJIBHUK PACCKA3AI OJHY U3 PEIIEHHBIX UM 33,134
u Bce 3a1a4u Ot ObI pa30OpaHHL.

[Vkasamue. Tucio 3a1ad paBHO YHCIY IIKOJIBHUKOB (LOCYMTAEM DeLlie-
HUs ABYMs crocobaMu), o603HaIUM ero 3a n. B coorBercTByomeM rpade
€CTh IPOOHBIN MOTOK BEJUYUHBL 1, B KOTOPOM KaXKIas 330398 PACCKA3BI-
BaeTCs ¢ BecoM 1/5, 3HAUUT, CTh U LB MOTOK Takon BeawdnHbl. (Ecin
n30eraTh YIOMUHAHUA MOTOKOB, TO MOXKHO 3aMETUTh, ITO MPENATCTBUE K
pasbopy BCex 3a4ad U3 T€OPEMbI XOJIa HEBO3MOXKHO, IOTOMY UTO B DTOM
caygae u3 U Beixogut Gombiue pébep, ueM MOxKeT 3auTu B V)]



10. COMNOCTABJIEHUE
C OBPA3LIOM

10.1. TlpocTenwnit npumep

10.1.1. Hmeercs nocrenoBarenbHOCTb cuMBogoB x[1] ... x[n]. Onpene-
JATE, AMEIOTCA JU B HEU UIylIue npyr 3a npyrom cuMBoabl abed. ([pyru-
MU CJOBaMU, TpeOyeTCs BBLSICHUTD, ecThb Ju B ciaoBe x[1] ... x[n] moxcroso
abcd.)

Pemenne. Nmeerca npumepHo n (ecau OLITH TOYHBIM, n-3) MO3UIUH,
Ha KOTOPBIX MOXKET HAXOAUTHCSI MCKOMOE MOJCAOBO B UCXOTHOM caoBe. [lms
KaXKIOU U3 TO3UIMKA MOXHO MPOBEPUTH, NEUCTBUTEILHO JU TaM OHO HAXO-
OUTCS, CPABHUB YeTwipe cuMBoia. OgHako ecthb Goaee 3OPEKTUBHBIN CIIO-
c06. Yuras croBo x[1] ...x[n] creBa HampaBo, MBI OXKHUIAEM MOABICHUS Oy-
kBH a. Kak TOMBKO OHA MOABMIACKH, MBI UIEM 3a HeW OYKBY b, 3aTeM c, U,
HakoHerl, d. Fciu Hamm oxuganusa onpas asIBalOTCs, TO CIOBO abcd oOHADY-
keHo. Ecin ke xakas-To U3 HyKHBIX OyKB HE MOSABJSETCS, MBI OKA3BIBAEMCs
y pa3buUTOro KOphITA U HAYMHAEM BCE CHAYAJIA. O

OTOT HPOCTOU AJATOPUTM MOXKHO ONUCATH B PAa3HBIX TepMmuHax. Mc-
MOJIB3YS TEPMUHOJOTHIO TAK HABBLIBAEMBIX KOHEUHbIL G8MOMAMOB8, MOXK-
HO CKa3aTb, YTO NPU YTEHUM (JOBA X CJEBA HAIPABO MBI B KAXKIBIL MO-
MEHT HAXOAUMCS B OJHOM M3 CJIEAYIOLIMX COCTOSHUU: «Havaabaoe (0),
«cpasy mocre a» (1), «cpasy mocre ab» (2), «cpasy mocre abe» (3) u «cpa-
3y mocie abcd» (4). Yurasa ouepenuywo OyKBY, MBI MEPEXOAUM B CJIELY-
IOIlee COCTOAHWE IO MPABWILY, YKa3aHHOMY B Tabauue (CM. CIeLYIOILYIO
crpanuiy). Kak Tonbko Mbr nomagém B cocrosHue 4, paboTa 3aKaHIMBa-
eTcs.

HarnsaHo BBIOTHEHNE aArOpUTMa MOXKHO TIPEICTABUTE cebe Tak: (ulr-
Ka IBUCAeTCs U3 KPYKKa B KPYKOK [0 CTPEIKaM; CTPEIKa BLIOMPAETCs TaK,
9TOOBI HAIIIUCH HA HEW COOTBETCTBOBAA OYEPETHON OYKBE BXOLHOI'O CJIOBA.
YT0o06Bl 5TOT NpoUect OLLI yCIENIHLIM, HyKHO, YTOOLI I/ KaXkK 0N OyKBLI
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Texymee | Ouepenuas Hogoe
COCTOSIHUE OykKBa COCTOSTHUE
a
KpoMe a
b
a
KpoMe a,b
C

(@]
—

a
KpOMe a,c
d
a
KpoMme a,d

W W WNDNNE RO
O k= O WO FENO

[IpaBuna mepexoga NI KOHETHO'O aBTOMATA,

OBLIa POBHO OJHA HOAXOMAIIASA CTPEJKA U3 JIO0r0 KPYKKA.

CooTBeTcTByIOmAsL IPOrpaMMa OueBUAHA (MBI YKa3bIBAEM HOBOE COCTO-
SIHUE, 1ajKe eC/Id OHO COBHAAET CO CTAPLIM; 3TU CTPOKU MOMXKHO OIyCTHUTh):

i:=1; state:=0;

{i - nepBaa HempouuTanHas 6ykBa, state - cocrognme}
while (i <> nt+1) and (state <> 4) do begin

if state = 0 then begin
if x[i] = a then begin

‘ state:= 1;
end else begin
‘ state:= 0;
end;

end else if state = 1 then begin
if x[i] = b then begin

‘ state:= 2;

end else if x[i] = a then begin
‘ state:= 1;
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end else begin

‘ state:= 0;

end;

end else if state = 2 then begin
if x[i] = c¢ then begin

‘ state:= 3;

end else if x[i] = a then begin
‘ state:= 1;

end else begin

‘ state:= 0;

end;

end else if state = 3 then begin
if x[i] = d then begin

‘ state:= 4;

end else if x[i] = a then begin
‘ state:= 1;

end else begin

‘ state:= 0;

end;

end;

end;

answer := (state = 4);

WubiMu cioBaMu, MBI B KaXKIbI MOMEHT XPAHUM HMH(MOPMAIUIO O TOM,
KaKOoe MAaKCUMAaThbHOE HAYAJIO0 HAIlero oopasmna abcd ABngeTCS KOHIIOM NPO-
quranson Yactu. (Ero qiuna u ecTh TO «COCTOAHUEY, 0 KOTOPOM IIIA PEUb. )

TepMuHOMOrUs, HAMYU UCHOIB3yeMas, TakoBa. C.060 — DTO JH00AI MO-
CJIeIOBATENIBHOCTh CAMBOJIOB U3 HEKOTOPOrO (PMKCAPOBAHHOI'O KOHEYHOI'O
MHOXECTBA. JTO MHOXKECTBO HABBIBACTCA GAPABUMOM, €r0 DIEMEHTHl —
oyxeamu. Eciu or6pocuTh HECKOIBKO OYKB C KOHIIA CJIOBA, OCTAHETCS APY-
roe CJIOBO, HA3LIBAEMOE HAUA.AO0M HEpBOro. JIo6oe CIOBO TakikKe CIMTAET-
CsA CBOMM HadalIoM. Kowey CIOBa — TO, ITO OCTAHETCA, €CIU OTOPOCUTH
HECKOIBKO NepBhiX OykB. JIto6oe cI0BO cuuTaeTcs cBouM KOHIOM. [Todcao-
60 — TO, IYTO OCTAHETCA, ecau OTOPOCUTHL OYKBHI M C HAaYaja, U C KOHIIA.
(Ipyrumu ciroBaMu, IOCI0BA — DTO KOHIBL HAYA, WU, YTO TO XKe, HAdal1a
KOHIIOB. )

B TepMmunax nHAYKTUBHBLIX QyHKIUE (CM. pa3aet 1.3) CUTyanun MOXKHO
OIUCATh TAK: PACCMOTPUM (PYHKIIUIO HA CJIOBAX, KOTOPAs MNPUHUMAET IBA
3HAYEHUS «UCTUHA» U «IOXKb» U UCTUHHA HA CJIOBAX, UMeMmX abcd cBouM
MOACTOBOM. DTa (PYHKIUS HE ABJIACTCI UHIYKTUBHOU, HO UMEET UHIyKTUB-
HOE paclIupeHue

T — IJINHA MAaKCHMaJbHOI'O Ha4daJa CJOBa abcd, ABJAOIIETIOCA KOHIIOM T.
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10.2. lNoBTopeHus B obpasle — UCTOYHUK
npobnem

10.2.1. MoxHO U B IPEIBIAYIIAX PACCY XK ACHUAX 3aMEHUTH CJIOBO abcd
Ha, IPOU3BOJBHOE CJIOBO?

Pemenne. Het, u mpo6meMbL CBA3aHEI ¢ TEM, UTO B 00pa3iie MOI'yT OBITH
moBTOpsitonmecs OykBbl. llyCcTh, Hanmpumep, MBI UIIEM BXOXIEHUS CIOBA
ababc. Bor noseunace 6ykBa a, 3a Hell ©AET b, 32 HEX UIET a, 3aTeM CHOBA b.
B sToT MOMEHT MBI ¢ HeTeprenueMm kK aéMm OykBel c. QOIHAKO — K HAIEMy
Pa30vapOBAHNI0 — BMECTO He€ MOABIAETCA Apyras OykBa, W Haml oOpasern
ababc me obHapyx)eH. OIHAKO HAC MOXKET OXUIATH yTEIUTEeIbHBIN TPU3:
€CJIM BMECTO € TOABUJIACH OYKBa a, TO HE BCE MOTEPSHO: 33 HEU MOTYT IO0-
crenoBaTh OyKBEL b 1 ¢, 1 oOpasen-Taku OygeT HauIeH. O

Bor xapTunka, noscCHAIOmAS CKa3aHHOE:

Xy z a b a b a b c ... < BXOZHOE CIOBO
a b a b c < MBI X gaau o0paslia 31ech
a b a b c <~ a OH OKa3aJcsa 37eChb
Taxum 06pa3oM, K MOMEHTY
X y z a b a b <~ BXO/JIHOE CJIOBO
a b a bjc < MBI X aaau 06pasna 31ech
a bla b c {— a OH 0OKAa3aJCA 31IeChb

€CThb IBa BO3MOXKHBIX MONOXKEHUA 00pa3na, KaXI0e U3 KOTOPHIX MOLIeXKUT
mpoBepke. TeMm He MeHEe MO-TIPEKHEMY BO3MOXKEH KOHEUHBIN aBTOMAT, UU-
TAIOUMY BXOTHOE CJIOBO OYKBA 33 OYKBOU ¥ IEPEXOIALMA U3 COCTOSHUA
B COCTOSHUE B 3aBUCUMOCTU OT IPOYUTAHHLIX OYKB.

10.2.2. Ykaxure COCTOSHUA COOTBETCTBYIOIIEr'O aBTOMATAa M TalJM-
ny mepexoga (HOBOE COCTOsHHE B 3aBUCUMOCTH OT CTAPOr0 U TATAEMOU
OYKBHI).

Pemrenne. Ilo-npexsaeMy cocTosHuA GyIyT COOTBETCTBOBATEH HAMOOIb-
mIeMy Hadaxy 00paslia, SABSIOMEMYCs KOHIOM NPOYUTAHHOM YaCTH CIOBA.
Nx 6yger mects: 0, 1 (a), 2 (ab), 3 (aba), 4 (abab), 5 (ababc). Tabmuna
[epexofa MOKa3aHa Ha CJAeAYIOMIEN CTPAHUIIE.
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Tekyuee Ouepennas | Hosoe
cocTosinue | OykBa COCTOSTHUE
0 a 1 (a)

0 KpoMe a 0

1 (a) b 2 (ab)

1 (a) a 1 (a)

1 (a) kpome a,b | 0

2 (ab) a 3 (aba)

2 (ab) KpoMe a 0

3 (aba) b 4 (abab)
3 (aba) a 1 (a)

3 (aba) kpome a,b | 0

4 (abab) c 5 (ababc)
4 (abab) a 3 (aba)

4 (abab) kpome a,c | 0

[ mpoBepKu MOCMOTPHUM, K IPUMEDPY, HA BTOPYIO CHU3Y CTPOKY. Ec-
JU MPOYATAHHAS YaCTh KOHYAJACh Ha abab, a 3aTem mosBuiachk OykBa a,
TO TeNepb MPOUYMTAHHAA IaCTh KOHUYAeTCA HA ababa. Hambouabimee Hawgamo
obpasna (ababc), ABdOmEeCa €€ KOHIIOM — 3TO aba. O

Durocop ckuir BOIPOC: MBI TOBOPWIN, ITO TPYAHOCTH COCTOUT B TOM,
9TO €CTh HECKOJIBKO BO3MOXKHBIX HOJOXKEHUU 00Pa3Ia, Kak10€ U3 KOTOPBIX
MOXET OKa3aThCA UCTUHHBIM. M COOTBETCTBYIOT HECKOIHKO HaYaI 0Opa3-
118, ABIAIOIINXCA KOHIIAMU BXOLHOTO CI0Ba. HO KOHEYHBIN ABTOMAT TTOMHUT
JIUIIb CAaMOe IIVHHOE u3 HuX. Kax xke ocranbuble?

Dunocopckun orser. [lemo B TOM, YTO camMoe IIMHHOE U3 HUX OIpe-
[eJsieT BCe OCTAJIBHBIE — DTO €r'0 KOHIIBI, OJHOBPEMEHHO SBJSIOIIMECS ero
HaYaIaMU.

He cocrasaser Tpyga nis 106000 KOHKPETHOTO 00Pa3ia HAMKUCATH TPO-
rpaMMy, OCYIIECTBJSIOIIYIO MOUCK 3TOr0 06PA3IA OMUCAHHBIM CIOCOOOM.
Oguako X0Tenoch OBl HAIKMCATH MPOrPAMMY, KOTODAs HINET IIPOU3BOJIb-
HBIM 00pasell B MPOM3BOMLHOM CJOBE. DTO MOXKHO Ae1aTh B IBa DTAma:
CHaYaIa MO 00pasiy CTPOUTCA TabIMIIA TIEPEXOI0B KOHEYHOrO aBTOMAaTa,
a 3aTeM YUTALTCA BXOMHOE CJIOBO U COCTOSHME MPeoOpasyeTcs B COOTBET-
cTBUK C 3TOoU Tabmunen. [JogoOHLIM METOJ 9acTO HUCIONL3YeTCs s 6o-
Jiee CJIOXKHBIX 3a1ad IOUCKa (CM. Jajee), HO AJs IIOUCKA IOACIOBA, CyIIe-
cTByeT 6osee TPOCTON U 3PHEKTUBHBIN ATTOPUTM, HA3LIBAEMBIN AJTOPUT-
mom Kuyra—Moppuca—IlparTa. (Paree cxoaubie uen GbLIN MpeII0KEHBI
1O.B. Marusacesuuem.) Ho npex e HaM mOHATOGATCA HEKOTOPHIE BCIOMO-
TaTeNbHLIE YTBEPXK ICHU;.
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10.3. BcnomoraTenbHble yTBEpXAEHUS

[ mMpOM3BOIBLHOrO C10Ba X PACCMOTDPHM BCE €U0 HAYANA, OLHOBDE-
MEHHO SIB/SIOIINECS ero KOHIIAMH, U BhiOepeM u3 Hux camoe gnuuHoe. (He
cumTas, KOHEIHO, caMoro cioBa X .) Byzem obosnadars ero [(X).

IIpumeper: [(aba) = a, [(abab) = ab, [(ababa) = aba, l(abc) = mycroe
CJIOBO.

10.3.1. [Jokaxwure, aro Bce caosa [(X), [(I(X)), I(I(I(X))) u T. . auas-

I0TCS HadaJaMu CIoBa X .

Pemrenne. Kaxnoe u3 Hux (COrIacHO ONpPEIENEHUIO) ABIACTCA HAIAIOM
MIPEIBIIYIIEroO. O
ITo Tou ke MpUYMHE BCE OHU ABIAIOTCA KOHIIAMU CJIOBa, X .

10.3.2. [loxaxkuTe, 9TO MOCACIOBATENLHOCTE TPEILIAYINEN 3a1a9u 06-
pBIBaeTCA (HA IIyCTOM CJIOBE).

Pemenue. Kaxnoe cioBo KopoUe MpeaBIIYIIETO. [l

10.3.3. [lokaxwure, 9TO 11060€ CJIOBO, OMHOBPEMEHHO ABJIAIOIIEECT HAMA-
JIOM ¥ KOHIOM ¢0Ba X (kpome camoro X ) BXOAUT B MOCJEIOBATEIHLHOCTD

1(X),1(1(X)),. ..

Peurenne. [IycTs cioBo Y ecTb oqHOBpeMenHO Ha4Uamo u kKouel X . Ci1oBo
[(X) — camoe gIUHHOE U3 TaKUX CJIOB, Tak 4T0 Y He giunHee [(X). O6a sTu
CJIOBa ABJIOTCS HadanamMu X, IO3TOMY 60Jee KOPOTKOE U3 HUX ABJAETC
HadauoM Gosee giuHHOrO: Y ectb Havaduo [(X). Anasoruuauo, Y ects koHen
[(X). Paccyxgas mo mHAyKOuyu, MOXKHO IIPEANOJATATh, YTO yTBEPXK ICHUE
3aa9U BEPHO IJIA BCEX CJIOB KOpodue X, B dacTHOCTH, 1ia caosa [(X). Tak
9TO CI0BO Y, ABJAOmEeca KoHuoM u HadamoM (X)), mbo pasuo (X ), mubo
Bxogut B nociaegoBarensHocts [(1(X)),1(1(1(X))),. .., 9T0 1 Tpe6GoBamoch
MOKA3aTh. O

10.4. Anroputm KHyTa—Moppuca—IlpaTTa
Auaropurm Kuyra—Moppuca —[Iparra (KMII) moryuaer Ha Bx0x CJI0BO

X=x[11x[2]...x[n]

U TIPOCMATPUBALT €0 CJIEBA HAMPABO OYKBa 33 OYKBOU, 3AMOMHAA TIPU DTOM
MaccuB HaTypaibHbix ducen 1[1] ...1[n], rae

1[i] = gmmma caosa [(x[1] ...x[i])
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(dyukuus | onpenenena B npeasiaymem nyakre). Crosamu: 1[i] ects mmm-
Ha HambosbIero Havamta ciaoBa x[1]...x[1i], ogHOBpEMEHHO ABIAIOMIErOCA
€ro KOHIIOM.

10.4.1. Kaxkoe oTHOIIEHrE BCE 3TO MMEET K MOUCKY mojacaoBa’ [Ipyru-
MM CJOBaMH, KaK UCIOAb30BaTh aaroputm KMII mia ompemenenus Toro,
ABJIACTCA JU CJIOBO A moxcaoBoM ciosa B?

Pemenne. [Ipumennm amroputm KMII k cioBy A#B, rae # — croennanib-
Has OykBa, He BeTpedaromasacs H B A, Hu B B. C10BO A ABJIS€TCA MOACIOBOM
€10Ba B TOrga u TOIBKO TOra, KOr'a CPeIu YUCel B MaccuBe 1 OyeT 9ucio,
pPaBHOE IJIUHE CI0Ba, A. [l

10.4.2. Onwummre aaroputMm 3amnoadedus tadmuusr 1[1] ... 1[n].

Pemenme. Ilpenmonoxum, 4ro nepsuie i sadenun 1[1]...1[1i] yxe
Hangensl. Mbl unraem odepeguyio O6ykBy caosa (T.e. x[i+1]) u gomxubr
BuIYCIUTL 1[i+1].

1 i i+l
] YK€ MPOYNTAHHAA JaCTh X \ \

VA Z

[pyrumu ciroBaMm, HAC MHTEpeCyloT Hadama Z caosBa x[1]...x[i+1],
OJIHOBPEMEHHO SBJSIOIIUECSA €r0 KOHIAMM — U3 HUX HAM HAJ0 BHIOPATH
camoe mmmuuoe. Orkyna Gepyrcs sru Hadana? Kaxpgoe us Hux (He cau-
Tas IMyCTOr0) MOTYyIAeTCA U3 HEKOTOPOrO CJOBA Z' MPUIUCHIBAHAEM OyKBLI
x[i+1]. CmoBo Z' aBnserca HadanoM u KoHOoM ciaosa x[1]...x[i]. OxHa-
KO He JI000€ CJIOBO, ABJIAIIIEECT HAYaJIoM W KOHIOM cuaoBa x[1]...x[i],
TOMUTCA — HAI0, 9YTOOBI 3a HUM cjaenoBasa Oyksa x[i+1].

ITony4yaem Takon pement OTBICKAHWA CIOBa Z. PaccMoTpum Bce Hada-
aa caoBa x[1] ...x[1], aBasarommecs ogHOBpeMeHHO ero xoumamu. W3 Hux
BBIOEpPEM MOAXOMAIINE — T€, 33 KOTOpHIMU uaét OyxBa x [i+1]. W3 moxxo-
oAmux BeibepeM camoe aimuaHOE. [Ipunucas B ero kower x [i+1], momy4dum
HMCKOMOE CJIOBO Z.

Tenepb mopa BOCHOMB30OBATHCA CAEJAHHBIMU HAMU [IPUTOTOBJICHUSMA
¥ BCIIOMHUTB, 9TO BCE (JIOBA, SBJOIIAECS OJHOBPEMEHHO HAYATAMY U KOH-
LIaMU JaHHOT'O CJOBA, MOXKHO MOJYYUTh TIOBTOPHLIMYU TPUMEHEHUAMU K HEMY
dyukuu | u3 npeabaymero pasjieina. Bor 4To noaydaercs:

i:=1; 1[1]:= 0;

{rabmuua 1[1]..1[i] 3amomHena mpaBumabHO}
while i <> n do begin

‘ len := 1[i]
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{len - pgmuna mavama cmoma x[1]..x[i], xoTopoe aBmgercsa
ero KOHIOM; BCe 6ollee NIMHHHE HayYajla OKa3aluCh
HEeIIO X O LAIMMY }

while (x[len+1] <> x[i+1]) and (len > 0) do begin

{navamo He momxomuT, mpuMeHAeM K HeMy ¢yHKumo 1}

len := 1[len];

end;

{Hawnu mogxopAmee unM y6emMINCE B OTCYTCTBHUU}

if x[len+1] = x[i+1] do begin

{x[1]..x[len] - caMoe mIMHHOe NHOLXOIAllee HAYaJO}

1[i+1] := len+i;

end else begin

{momxomaumx HeT}

1[i+1] := 0;
end;
i = i+1;
end; O

10.4.3. [lokaxyuTe, 9TO YNUCIO JEUCTBUU B IPUBEIEHHOM TOJBKO UTO
anroputme He npeBocxoauT Cn ais HeKOTOpou KoHcTaHTh C.

Pemrenne. JTO He BIOJIHE OYEBUIHO: OOPA0OTKA KaXK JOU OYepeTHOU Oy-
KBBLI MOXKET MOTPEOOBATL MHOTHX UTEPAIMA BO BHyTpeHHeM nukie. O 1HaKo
KaX[Iad TaKas UTEPAIA yMEHBIIAET len no KPauHen Mepe Ha 1, 1 B 5TOM
caydae 1[1+1] oxaxercs 3ameTHo menbine 1[i]. C apyrou cTopoHsBL, mpu
yBeqWueHUn i Ha equHuUIy BemamHa 1[i] MoxeT BospacTu He Gomee UeMm
Ha 1, TAK 9TO 9aCTO W CWIBHO yORIBATH OHA HE MOXET — MHAYE yORIBAHME
He OyIeT CKOMIEHCUPOBAHO BO3PACTAHUEM.

Bonee ToIHO, MOXKHO 3anMCATHL HEPABEHCTBO

1[i+1] <1[i] — (umcno nrepanui Ha i-M mare) + 1

I
(aucao wrepanuy Ha i-m mare) < 1[1] — 1[i+1] + 1.

OcTaéres CI0XKNTEL 9TU HEPABEHCTBA II0 BCEM 1 U MOIYYUTDH OLEHKY CBEPXY
[J1 OOIIEro 1Caa UTEPALNN. O

10.4.4. Byaem mcmonp30BaTh 3TOT aITOPUTM, IYTOOBI BHIACHUTD, SABJA-
ercs U CJI0BO X IJIMHBL I HMOACHOBOM cjaoBa Y mamuel m. (Kax sTo gerars
C HOMOIIBIO CHENUATILHOIO pasjeauTess #, onucano Boie.) [Ipu sToM 4u-
ciao geuctBun 6ymer He 6onee C(n + m), U UCHONB3yeMas MAMATHL TOXKE.
MpuaymanTe, Kak 060UTUCH TaMATHIO He Gosee Cn (4TO MOXKET OBITH Cy-
[IECTBEHHO MEHBIIE, €CJIU UCKOMBIN 00pa3elr] KODOTKUY, a CJIOBO, B KOTOPOM
€ro MILyT — IJIWHHOE).
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Pemenne. [Ipumensem aaroputm KMII x crmoBy A#B. Ilpu 5TOM BBIUEB-
crenve 3Hadenun 1[1],...,1[n] mpoBoaumM misA ciaoBa X IIMHBI N U 3aI0-
MUHAEM STHU 3Ha4YeHusa. [lanbire MbI MOMHUM TONBKO 3HadeHume 1[i] ama
TeKyIero i — kpome Hero u kpome Tabdaunsr 1[1] ...1[n], Ham o1 BeI-
YUCIEHUN HUYErO HE HYXKHO. g

Ha npaxTuke c1oBa X u Y MOryT He HAXOAUTHCA MOAPA, TOITOMY IPO-
cMOTp c10Ba X 1 3aTeM c10Ba Y yIOOHO OPOPMUTE B BHU€ PA3HBIX IINKJIOB.
D10 U36ABIAET TAKKE OT XJIOMOT C PA3IeTUTEIEM.

10.4.5. Hamumure COOTBETCTBYIOIIMN ATMOPUTM (TIPOBEPSAIONINAN, ABJIA-
erca au caoBo X = x[1] ...x[n] moxcnosom caosa Y =y[1] ...y[m]).

Pemenue. Cuavana seraucisiem tabmuiry 1[1] ... 1[n] kak pasbme. 3a-
TeM IWIIeM TaKyIO IPOrPaMMYy:
j:=0; len:=0;
{len - mmmHa MakCUMalbHOIO Hayama ClIoBa X, ONHOBPEMEHHO
ABIApMErocA KoHmoM cmosa y[1]..y[jl}
while (len <> n) and (j <> m) do begin
while (x[len+1] <> y[j+1]) and (len > 0) do begin
{mavamo He momxomWT, mpuMeHAeM K HeMy GyHKumo 1}
len := 1[len];
end;
{Hawnn nomxogmsmee uaM y6enMIMCH B OTCYTCTBUM}
if x[len+1] = y[j+1] do begin
{x[1]..x[1len] - camoe mnuHHOe HOIXOIAWEee HAYaIO}
len := lent+l;
end else begin
{momxopmumx meT}
len := 0;
end;
j o= 3
end;
{ecmu len=n, cmoBo X BCTpPETUIOCH; MHa4Ye MH LOWIKX IO KOHIA

cmoBa Y, Tak ¥ He BCTpeTuB X} O

10.5. Anroputm Bbonepa—Mypa

ODTOT AICOPUTM JAEIAET TO, YTO HA IMEPBBIA B3IV KAXKETCs HEBO3MOK-
HBIM: B TUMUYHOW CUTYAIIUU OH YUTAET JUIIL HeGOMBIIYIO YaCTh BCEX OYKB
CJI0Ba, B KOTOPOM WINETCA 3adaHHBN oOpaser. Kak Tak moxeT 6uiTh? U nes
npocrta. [lycts, Hanpumep, MuI umeM o6pasern abed. [locMoTpum Ha YeTBED-
Ty10 OYKBY CJIOBa: €CJIM, K IPUMEPY, 9TO OyKBa €, TO HET HUKAKOU HeoOXO-
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IUMOCTY YUTATh TepBhie Tpu OykBel. (B camom nerne, B 06pasie GYKBHI e
HET, MOSTOMY OH MOXKET HAYaThCA HE PAHBIIE HATON OyKBHI.)

Mger npuBeqéM CaMbIl IPOCTOU BAPUAHT DTOrO AJITOPUTMA, KOTOPBIN HE
rapanTupyeTr OBICTPON pabOTHI BO BCex caydasx. Ilycrs x[1]...x[n] —
obpa3ser, KOTOPBIA HANO UCKATh. [ KaXoOoro CUMBOJA S HAWAEM CaMOe
IpaBoe ero BXOXJAeHWe B CIOBO X, TO eCTh Hambo/ablree kK, Ipu KOTOPOM
x[k] = s. OTu cBenenus Oygem XpaHuTh B Maccuse pos[s]; ecau cumBoTI S
BOBCE HE BCTPEYAETCS, TO HaM OyneT yAOoOHO MOJOXKUTH pos[s] =0 (Mb
YBUAUM JaJblIe, IOYeMY ).

10.5.1. Kak samoaruThs MaccuB pos?

Pemrenne.

nomoXuTh Bce pos[s] paBmrmm 0
for i:=1 to n do begin
pos[x[il]:=1i;
end; O

B npornecce noucka mMbl 6yjeM XpaHUTH B HepeMeHHOU last momep Oy-
KBHI B CJOBE, IPOTUB KOTOPOU CTOUT TOCACIHAA OyKBa OOpasma. Buauane
last =n (gauHa 06pasua), 3aTeM last NOCTENEHHO YBEIXIUBACTCA.

last:=n;

{Bce mpegmpyume momoxeHua obpasua yXe IpPOBEpEHH}

while last <= m do begin {cmoBo He kKoHuMIOCH}

if x[n] <> y[last] then begin {mocmemuue 6ykBu pas3HHe}

last := last + (n - posl[yl[lastll);

{n - pos[yl[last]] - »To vumMManbHEM cZBMT o6pasua,
mpu koTopoM HampoTuB y[last] BcTamer Takas xe
6ykBa B o6pasue. Eciam Taxoi 6YKBH HeT Boobue,

TO CHBUTrAaeM Ha BCH IOIUHY obpasmal

end else begin

eCIM HHHellHee IIOMIOXeHUe MOLXONUT, T.e. €CIH

x[1]..x[n] = y[last-n+1]..y[last],

TO COO6UMTH O COBIALEHUN;

last := last+1;

end;

end;

SHATOKU PEKOMEHIYIOT IPOBEPKY COBIANEHUS IPOBOJIUTH CIIPABA HAJEBO,
T. €. HAYUHAA C TOCTeqHEN OYKBhI 00pasna (B KOTOPOU COBIAICHUE 3aBEI0MO
ecTb). MOXHO Takke HEMHOT'O COKOHOMUTD, TPOU3BEA BEITUTAHIE 3aPAHEE
u xpass He pos[s], a n-pos[s], T.e. yncio 6yxkB B 00pasie COpaBa OT
MOCJETHETO BXOXK A€HUA OYKBHI S.
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Bo3MOXHBI pasHble MO IU(MDUKAIINYT 3TOT0 aaroputMa. Hanpumep, MOXHO
CcTpoOKy last:=last+1 3ameHuThb Ha last:=last+(n-u), rae u — KOOpIU-
HaTa BTOPOr'O CIpaBa BXOXIeHus OyKBHI x [n] B o6paserr.

10.5.2. Kaxk mpore Bcero y4ects 3T0O B mporpaMmme?
Pemenne. [Ipu mocTpoeHun Tabiunbl pos HAMKACATD

for i:=1 to n-1 do...

(manee kak paHble), a B OCHOBHOU MpOrpaMMe BMECTO last:=last+1 Ha-
mucaTh

last:= last+n-pos[y[last]]; O

IIpuBenéuunin HaMK YIPOIIEHHLIN BapuaHT aaropurMa Bbounepa—Mypa
B HEKOTOPBIX CIy4asX TpeOyeT CYILECTBEHHO OOJbILIe N AeUCTBUU (YUCIO
[QENCTBUN MOPsAKA mn), IpourpeBast aaropurmy Kuayra—Moppuca—IIpar-
Ta.

10.5.3. TlpuseguTe mpuMep CATyaluu, B KOTOPOU OOpa3el He BXOIUT
B CJIOBO, HO AJITOPUTMY TPEOyeTCs MOPAIKA MmN IeUCTBUU, ITOOBI DTO yCTa-
HOBUTbD.

Pemenne. IlycTs o6pa3en umeeT By baaa. . .aa, a CaMO CIOBO COCTOUT
TONBKO m3 OykB a. Torga Ha KaXAOM IIare HECOOTBETCTBUE BBLICHAETCA
JIIIIb B MOCJEJHAN MOMEHT. g

Hacrosmun (me yupowgénnsi) anropurm Bonepa—Mypa rapanrupy-
er, 9To yucao gerctBuin He mpesocxomut C(m + n) B xymmem caydae. On
HUCNIONB3YeT uaen, ouuskue K upeam arropurMma Kmyra—Moppuca—Ilpar-
Ta. IlpegcraBuM cebe, ITO MBI CpaBHUBATIA OOpa3er; CO BXOJTHBIM CIOBOM,
U5 CupaBa HaueBo. IIpu 5TOM HEKOTOPHIN KyCOK Z (ABJIAIOIMUCT KOHIIOM
ofpa3sua) coBIAL, a 3aTeM OOHAPYXKWIOCH pasiudue: nepes Z B o0pasue
CTOUT HE TO, ITO BO BXOJHOM CIOBE. ITO MOXHO CKA3aTh B DTOT MOMEHT
0 BXOAHOM caoBe? B HéM OOHapyX)eH GpparMeHT, PABHLIN 7, a TEPeI HUM
crouT He Ta OykBa, 4TO B 0oOpasie. JTa MHPOPMAIUSI MOXKET IO3BOJIUTH
COBUHYTH 0Opa3eln Ha HECKOAbKO MO3UIUU BIPABO 0€3 PUCKA MPOIYCTUTh
€ro BXOXK[IEHWE. DTHU CABUTU CJELyeT BLIYUCIUTH 3apaHee N KaXKIOro
KOHUA Z Hawmero obpasua. Kak rosopsr suatoku, BCE 510 (BBIMUCIEHHE Ta-
GIULBI CABUTOB U €€ UCIOMb30BAHNE) MOXKHO yI0KUTH B C'(m + n) neicTBHiL.

10.6. Anroputm PabuHa

DTOT aIrOPUTM OCHOBAH HA pocTon ujee. Ilpencrasum cebe, 9TO B CIO-
Be [UVIMHBI M MBI UIIEeM 0Opasell IINHLI 7. BEIpexeM OKOIIeYKO pasMepa n
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u OymeM ABUTATH €ro M0 BXOAHOMY ciaoBy. Hac mHTepecyeT, He COBHaIaeT
JIU CJIOBO B OKOIIEYKE C 33 JaHHBIM 00pa3noM. CpaBHUBATE 110 OyKBAM JOJITO.
BwmecTo aTOro dpukcupyeMm HEKOTOPYIO (DYHKIINIO, ONPEIEIEHHYIO Ha CJA0OBAX
nuuEbl . Ecau 3HaveHns 5Ton GyHKIUKA HA CIOBE B OKOIIEYKe U HA 00pa3Ie
PAa3JIUYHLI, TO COBIAIEHUS HeT. TONbKO €C/Iu 3HAYEHUs OAWHAKOBEL, HYKHO
TIPOBEPATH COBMAIEHUE O OYKBaM.

Yo mbr BeIMrpeIBaeM mpu TakoMm moxxone? Kasamoce Obl, HUYEro —
BeIb YTOOBI BEIYUCIUTE 3HAUEHNE (DYHKIINN HA CJIOBE B OKOIIEYIKE, BCE PAB-
HO HYKHO IIPOYECTh BCe OYKBHI 3TOr0 CJIOBa. TaK yXK JIydIle uX cpasy Cpas-
HUATH ¢ 00pa3noM. TeM He MeHee BHLIUI'DHIII BO3MOXKEH, U BOT 33 CIET Jero.
[Ipu caBure okorredka CJIOBO HE MEHSIETCS [OJHOCTBIO, & JIUIIb J0OABIIETCA
OyKBa B KOHIIE U yOUPAETCA B HAYAIE. XOPOUIO ObI, ITOOBI IO 3TUM JaHHBIM
MOXKHO OBLTO PACCUUTATh, KAK MEHAETCA PYHKIIU.

10.6.1. IIpuBegure mpumep ya00HOU NJIA BLIYUCIEHUSA (PYHKIINML.

Pemtenne. 3amenum Bce GyKBBI B CJIOBE U OOpa3le UX HOMEPAMU, MPE/-
CTABIAIIIUMEI COOOU Ileable uncaa. Torma yaoOHOU (DYHKIUEN ABJIAETCA
cymma tudp. (Ilpu casure okommedKka HYXKHO JOOABUTH HOBOE UUCJO U BbI-
9eCThb IPOIAaBIIee. ) O

[na kaxgon QyHKIUWM CyIECTBYIOT CIOBA, K KOTOPBIM OHA IIPMMEHH-
Ma ILIOXO. 3aTO Apyras GYHKIUA B DTOM CIy4ae MOXET PAGOTATH XOPOLIO.
BosHukaeT naes: HaIO 3amacTH MHOIO (DYHKIMI U B HAUATe PAGOTHI aaro-
puTMa BHIOMpATh U3 Hux crydansyio. (Torga Bpar, xkemaromuy moArajuTh
HAIIEMY AJIrOPUTMY, HE OyIeT 3HATBH, ¢ KAKOU UMEHHO (QyHKIMEH emy 00-
pOThCsL.)

10.6.2. IIpuBegure mpumep ceMeUCTBa yIOOHBIX (hyHKIUN.

Pewrenune. Bribepem HEKOTOpOE YUCIO p (KEJIATEILHO IPOCTOE, CM. Ja-
Jiee) U HEKOTOPBLIM BhIUET & 10 MOAyaw p. Kaxnoe cioBo gauubr 1 Gynem
PacCMaTpPUBATH KAK MOCAEI0BATEILHOCTD LEIbIX YUCE (3aMeHUB Oy KBBL KO-
gaMu). DTU 9UCaa OyaeM PacCMaTPUBATH KAK KOD(MQUIMEHTH MHOIOYIe-
Ha CTemeHu N — 1 ¥ BBEIYUCAUM 3HAMEHUE S>TOT0 MHOTOWICHA, MO MOIYIIO P
B TOYKE . DTO U OyAeT OJHA U3 PYHKIUN CEMEUCTBA (1 KaxKJOU Haphl P
U & TOIy9aeTCs, TakuM 00pasoM, cBos (pyrkuus). Casur oxomka Ha 1 co-
OTBETCTBYeT BEIYMTAHWIO CTAPIIEro wieHa (r™ ! cregyeT BLIMMCIATH 3a-
paHee), YMHOXKEHUIO HA T U TOOABJICHUIO CBOOOLHOIO “IEHA. O

Canenyroliee coo6pakeHre FOBOPUT B MOMB3Y TOIO, ITO COBIAIEHUs HE
canmKoM BeposATHEL. [lycTh wmeno p pukcupoBaHO M K TOMY Ke IPOCTOe,
a X nY — 71Ba pasawvHLIX CIOBA INHLL 1. TOrga MM COOTBETCTBYIOT pPas3-
JIMYHBIE MHOTOWIEHE! (MBI IPEANIOIAraeM, ITO KOJBL BCeX OYKB PA3IuIHbL —
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5TO BO3MOXKHO, ecau p Goabine uucaa Oyks aadasuta). CoBnagenue 3Haxde-
HUU QPYHKIUU O3HAYAET, 9TO B TOYKE & DTHU IBA PA3IUIHBIX MHOTOUICHA
COBIAJAAIOT, TO €CTh UX Pa3HOCTH obpamaerca B 0. PaznocTh ecTh MHOTO-
wieH creneHn 7 — 1 u umeet He Gomee n — 1 kopuen. Takum o6paszom, ecin
7 MHOT'O MEHBIIE P, TO CIYIAUHOMY & MAJO IIAHCOB [ONACTb B HEYIAIHYIO
TOUKY.

10.7. bonee cnoxHble 06pa3ubl U aBTOMAThI

Msr MmOXKeM MCKATb He KOHKPETHOE CJIOBO, a IOCIOBA 3aJaHHOI'O BUA.
Hampumep, M0X)HO MCKATHL CAOBa BUAa aTh, Tae BMECTO 7 MOXET CTOATH
a06an OykBa (MHBIME CJIOBAMU, HAC MHTEpECyeT OyKBa b HA paccToAHUM 2
noce GYKBHI a).

10.7.1. YxaxxuTe KOHEYHBLIN aBTOMAT, TPOBEPSAIONINN, €CTh JU BO BXOI-
HOM CJIOBE (pparMeHT BHJa a7hb.

Pemenne. YuTas c10BO, CIeiyeT MOMHUTD, €CTh J1 OyKBa a Ha MOCTE-
HEM MECTe U Ha MPEeANOCJIeTHEM — MOKA HEe BCTPETUM UCKOMBIN (PPATMEHT.
Asromar umeer cocrosuusa 00, 01, 10, 11, ux cMbICT TaKOB:

00 ma mpexmociegHEM U MOCAETHEM MECTax HET a
01 =Ha mpeamocieHEM HET, HA MOCJAEIHEM €CTh
10 =e mpexmocreqHEM €CThb, HA MOCTEIHEM HET

11  ecTb u TaMm, 1 TaMm

Tabauiia mepexogoB aBTOMATA:

Texymee | Ouepenuas Hosoe
COCTOSIHUE OykBa COCTOSTHUE
00 a 01
00 He a 00
01 a 11
01 He a 10
10 a 01
10 b HaUIEHO
10 He a 1 HE b 00
11 a 11
11 b HAMJEHO
11 HeamHED 10 0
[pyrou CTaHZapTHBIA 3HAK B O0pasue — dTO 3BE3H0YKA (*), HA Me-

CTO KOTOPOHU MOXKET OBITH IIOACTABJIEHO JII000e ¢10B0. Hampumep, oGpasern
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abxcd osHa4aeT, YTO MBI UIEM IOACJAOBO ab, 3a KOTOPBIM CJIEAYET YTO
YyrOaHO, a 3aTeM (Ha J60M paccToAHNM) UAET cd.

10.7.2. YxaxuTe KOHEUYHBLI aBTOMAT, MPOBEPAIOIINN, €CTh JU BO BXOI-

HOM CJOBe O6pa3en ab*cd (B ONMCAHHOM TOJBKO 9TO CMBICTE).

Permrenne.

Tekymee | Ouepennas Hosoe
COCTOSIHUE OykBa COCTOSIHUE
HaYaJIbHOE a a
HaYAIBHOE HE a HAYAJIBHOE

a b ab
a a a
a He a 1 He b | HaYaJIbHOE
ab c abc
ab HE C ab
abc d HaleHO
abc c abc
abc He c 1 He d ab 0

Emé onua Bug moncka — 3TO HOUCK JTI0O0T0 U3 CJIOB HEKOTOPOI'O CIUCKA.

10.7.3. [lau crucox ciaoB Xq,..., Xy u cioBo Y. Kax onpenenuts, BXo-
OWUT JU XOTs OBl OAHO u3 caoB X; B caoBo Y (kax mogcaoro)? KomuaecTso
OEUCTBUU He MO/KHO IPEBOCXOAUTH KOHCTAHTEI, YMHOXKEHHON Ha CyMMap-
HYIO JUIMHY BCEX CJIOB (M3 CHUCKA U TOO, B KOTOPOM HPOMCXOQUT [IOUCK).

Pemrenme. O4eBUAHBIN CIOCOO COCTOMT B TOM, YTOOBI KAaXKI0€ CJIOBO
U3 CIUCKA MPOBEPATH OTAEALHO (C MOMOLIBI OJHOTO U3 PACCMOTPEHHBIX
anropurMoB). OIHAKO IpPHU 3TOM MBI HE YKIAABIBAEMCA B 3aJaHHOE TUCJIO
nencTBUl (M3-3a yMHOXKeHUs k Ha njauHy caoBa Y).

IMocmoTpum Ha gemo ¢ aApyron cTOpoHbl. Kaxmomy oOpasily M3 CIMCKA
COOTBETCTBYET KOHEYHBIA aBTOMAT C HEKOTOPBIM MHOXKECTBOM COCTOSHUI.
OTHU aBTOMATH MOXHO OOBEIVUHUTL B ONUH, MHOXKECTBOM COCTOAHUU KO-
TOpPOro OyJeT MPOM3BENEHNE MHOXKECTB COCTOAHUHN BCEX TEX aBTOMATOB.
D10 — o¥eHb O0bIIOe MHOXKECTBO. O THAKO HA CAMOM Jeje OOJBIIMHCTBO
€ro DIEMEHTOB HeJOCTYIHBI (He MOI'YT IOSBUTHCS [MPU YTEHUM BXOLHOIO
CJOBa) U 3a CYET DTOrO HOLydYaeTcs dKOHoMus. llpumepno sty upewo (HO
B U3MEHEHHOM BUJE) MBI U OyI€M UCIOML30BATh.

BcenmomuuMm anroputm Kuyra—Moppuca—IIparTa. B HéM, uuTas Bxo-
HO€ CJIOBO, MBI XPAHWJIN HAmMOOJbIIEe HAYAJI0 O00paslia, ABIAIOIIEECS KOH-
[IOM TPOYUTAHHOU YACTU. Temepb HaM CIeAyeT XPAaHUTh A KAXIOTO U3
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00pasIoB HaUOOIBIIEE er0 HAYAO0, ABIAIIICECS KOHIIOM MPOYUTAHHON da-
CTH. Pemafoan OKa3BbIBACTCA TaKOE 3aMeYTaHue: TOCTATOYHO XPAHUTH Ca-
MO€ OINHHOE U3 HUX — BCE OCTAJBHBIC II0 HEMY BOCCTAHABJIUBAIOTCS (KaK
HaubosbIIue Hadana 06pasloB, ABSIOMINEC er0 KOHIIAMN).

Cxulenm Bce 06pa3ibl B [€PEBO, 0OBEIUHUB UX COBIALAIONINE HAYAILHBIE
yuaactku. Hampumep, rabopy o6pasmnos

{aaa, aab, abab}

COOTBETCTBYeT IEPEBO

b

a b

dopmanbHO rOBOPsI, BEPIIKHAMY IEPEBA ABIAIOTCSI BCE HAYaIa BCeX 00pas-
LIOB, & CHIHOBbSI BEPIIUHEL IOy IaI0TCS IPUIUCEIBAHAEM OyKBHI.

YuTas BXOIHOE CJIOBO, MBI ABUCAEMCS MO 3TOMY IEPEBY: TEKYIIAA BEp-
muHa — 3TO HaubOJIbIIasA (CaMas IpaBast) U3 BEPIINH, ABIAKIIAXCA KOHIIOM
IPOYUTAHHON YacTu ( = HAMGOJBIIMA KOHEIN MPOYUTAHHOU IaCTH, SBJIIIO-
[IUNCs HAYAJIOM OJHOrO U3 00pasLoB).

Onpenemum GyHKIMIO [, ApLyMEHTAMEI U 3HAYEHUSMUA KOTOPOU SBIIAIOT-
ca BepumHEL nepesa. Umenno, [(P) = Hauboabinas BEpUIVHA, I€PEBa, ABJ-
omaaca kounoMm P. (HamoMmuuM, BepmmHbl nepesa — >TO0 caoBa.) Ham mo-
HaJOOUTCA TaKOe YTBEpPXK IEHUeE:

10.7.4. Ilycts P — BepumHa nepeBa. /JlokaxuTe, YTO MHOXECTBO BCEX
BepIINH, ABIAIMXCA KoHnamu P, pasuo {I(P),[l(I(P)),...}

Pemerme. CM. 10KA3aTEABCTBO AHAJOIMYHOIO YTBEDKACHUS [ AJIrO-
putMma Kuyra—Moppuca—Ilparra. 0

Temeps ACHO, 9TO HyXKHO AEIATH, HAXOAACHL B BepmuHe P m wmras Oy-
KBy z BXOTHOTO CJOBa. Hamo mpocMarpmBaTh HOCIENOBATEIBHO BEPIIW-
uwt P, I(P), I(I(P)),. .., moKa He OGHAPYKUTCA TAKasd, U3 KOTOPOU BEIXOIUT
cTpeska ¢ OykBou z. Ta BepliuHaA, B KOTOPYIO 3Ta CTPEJKa BeAET, u OyaeT
HAIAM CJIEIYIOIAM TIOJOKEHUEM.

OcTaéTca MOHATD, KAK IJIA KAXKIOU BEPIIUHEL 1€PEBA BLITUCAATD yKA3a-
TeJab HA 3HAYeHne PYHKIuU | B 3TOU BEpPIIMHE. JTO JEIAeTCA KAK PAHBIIE,
TIpY 5TOM 3HAYEHUA | 171 60Jee KOPOTKUX CIOB UCTIOML3YIOTCS TP BEIMHACTC-
HUY O9€PEeNHOrO 3HAYEHUA (PYHKIMA [. ITO 03HAYAET, 9TO BEPIINHLI 1€PEBa
CJeIyeT IPOCMATPUBATE B MOPATKE BO3PACTAHMA WX AMuHEL. HeTpymHO mo-
HATH, YTO BCE DTO MOXKHO YJOXUTH B TpeOyeMoe 9YuUCaI0 IeUCTBUR (XOTs
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KOHCTaHTa 3aBUCAT OT 4ucia Oyks B andasure). OTHOCAIMECT K DTOMY
oApOOHOCTHU CM. B rviaBe 9. U

MOXHO TOMHTEPECOBATHCA, KAKUE CBOUCTBA CIOB PACTIO3HAITCA C IO-
MOIIbI0 KOHEIHBIX aBTOMATOB. OKa3BIBAETCS, UTO CYMIECTBYET IPOCTO OIHU-
CBIBAEMBIN KJIACC OOPA3I0B, 3aJA0IIUN BCE TAKNE CBOMCTBA — KJIACC PEry-
JIAPHBIX BBEIPAXKEHUH.

Ompegenenne. Ilycrs QpukcupoBan KOHeYHBIN aadaBuT I, He comepxa-
st cuMBosoB A, g, (, ), * u | (oHE Oy Ay T HCHOIB30BATHCA 4JIS TOCTPOECHUS
PEryJApHBEIX BLIPAKEHWA U HE JOKHBI [IEPEMEIIUBATHLCA ¢ OykBamu). Pe-
DYJAPHBIE BEIPAXKEHUA CTPOATCA TIO TAKUM MPABUIAM:

(a) 6yxea andasura I' — perysapHOe BEIDAXKEHUE;
(6) cumBosBI A, € — peryaapHbIE BHIDAKEHNUT;

(8) ecim A, B,C,...,E — perynspHbe BLIDAXKEHUA, TO
(ABC' ... E) — peryJsapHOe BHIPaXKEHUE;

(r) ecim A, B,C,...,E — peryispHble BHIDAXKEHUA, TO
(AIBIC]|...|E) — peryaapHoe BLIpAXKEHUE;

(m) ecim A — peryJsapHoe BhIpaxeHnue, TO A* — DeryJspHOE BBIPAXKEHUE.

Kax noe peryispuoe BhIpakeHue 3a1a6T MHOXKECTBO CI0B B andasure [’ mo
TaKAM IIDABUJIAM:

(a) 6yxBe cooTBeTCTBYET OQHODIEMEHTHOE MHOXKECTBO, COCTOSILIEE U3 Of-
HOOYKBEHHOI'O CJIOBA, COCTOAIIETO U3 3TOU OYKBHI;

(6) cumBoay € COOTBETCTBYET ILyCTOE MHOXKECTBO, 8 CUMBOLY A — OfHODIE-
MEHTHOE MHOXEeCTBO, €JUHCTBEHHBIM 2JEeMEHTOM KOTOPOI'O ABIAETCA
IIyCTOE CJIOBO;

(8) perymsapuomy Beipaxkenuio (ABC'...E) COOTBETCTBYET MHOXECTBO
BCEX CJOB, KOTOPBIE MOXHO TIONY9IUTh, €CIU K CJIOBY U3 A mpunmcaThb
caoBo u3 B, zarem u3 C,. .., 3arem u3 E (Kowkamenayus MHOXKECTB);

(r) perymsapuomy Beipaxenuio (A|B|C|...|E) coorBercTByeT 00bequ-
HEHMEe MHOXKECTB, COOTBeTCTByonmx Beipaxenuam A, B,C, ..., E;

(m) peryaspHOMY BBIpaXeHUIO A* COOTBETCTBYET UMEPGUUAL MHOKECTBA,
COOTBETCTBYIOIIETO BLIPAXKEHUIO A, TO €CTh MHOXKECTBO BCEX CJOB,
KOTOPBIE MOXKHO TaK Pa3pe3aTh HA KYCKM, YTO KAXKILIM KYCOK IpU-
HAVIEKUT MHOXKECTBY, COOTBETCTBYIomeMy Brpaxkeruio A. (B gact-
HOCTH, IIyCTOE CJIOBO BCEA COAEPKUTCA B Ax*.)
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MuoxkecTBa, COOTBETCTBYIOIINE PETYIIPHBIM BEIDAXKEHUAM, HA3BIBAIOT-
cA pe2ysapruimy. BOT HECKOTBKO IPUMEPOB!

Bripaxenue MuoxecTBO
(alb)* BCe ciaoBa u3 OykB a u b
(aa) * CJI0Ba U3 IETHOrO 4mcaa OYyKB a

(Alalblaalablbalbb) Bce croBa mauHBl He Gomee 2 U3 OYyKB a, b

10.7.5. HammmmmTe peryasapHoOe BBIpaKeHUe, KOTOPOMY COOTBETCTBYET
MHOXKECTBO BCEX CJIOB 13 OYKB a U b, B KOTOPHIX YUCJI0 OYKB a YE€THO.

Pemenne. Bripaxxenue b* 3a1a€T Bce ¢I0Ba 6€3 OYKBHI @, & BEIPAXKEHUE
(b*ab*xab*) — Bce c10Ba pOBHO ¢ AByMs OykBamu a. Ocrtaércsa obobenau-
HUATH 3TA MHOXKECTBA, & MOTOM IPUMEHUTH UTEPALUIO:

((b*xab*xabx) |bx)*

[pyrou BapuaHT OTBETA!
(bx ab* a)* bx* 0

10.7.6. HammimmTe pery/iaspHOE BBIPAXKEHUE, KOTOPOE 3aTaéT MHOMXKE-
CTBO BCEX CJIOB U3 OyKB a,b, C, B KOTOPHIX (JIOBO bac SBJISETCs HOLCIAOBOM.

Pemenwme. ((alblc)*bac (alblc)*) O

10.7.7. Hammimmre peryJispHOE BBIPAKEHUE, KOTOPOE 3aTaET MHOMKE-
CTBO BCeX CJOB m3 OyKB a,b,c, B KOTODBIX CJIOBO bac He SBIAETCSA MOMI-
CJIOBOM.

[Ykazauue. Dra 3a5ada CIOKHee IPEIBLIYIIeN; BUIUMO, CAMBIN IPOCTON
€roco6 €€ PeIruTb — MEPENTH K KOHEIHBIM aBTOMATaM U BEPHYThCA 00paT-
HO (cM. Huxe 3agady 10.7.14).] O

Teneps 3axady o moucke o6pasia B CJIOBE MOXKHO IHepedOpMyInpOBATH
TaK: IPOBEPUTDH, IPUHALIECKUT JU CIOBO MHOKECTBY, COOTBETCTBYIOLIEMY
JAHHOMY DEryJAPHOMY BBIPAKEHUIO.

10.7.8. Kaxkwue BbIpaXKeHUs COOTBETCTBYIOT oOpa3maMm a?b u abxcd, pac-
cMoTpenubiM panee? (B o06pasiie CUMBOM * UCIOJIB3YETCA HE B TOM CMBICIE,
9YTO B peryJapHbBIX Bhipaxenusx!) Ilpegmosaraercs, 9To andgaBaT coxep-
xuT OyKBHI a, b, c,d, e.

Perrenme.

((alblcldle)*a (alblcldle) b (alblcldle)*)
((alblcldle)*ab (alblcldle)*cd (alblcldle)*) O
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10.7.9. ToxaxuTe, YTO AJIA BCAKOTO PETYJAPHOTO BHIPAXKEHUSA MOXKHO
MOCTPOUTH KOHEUHLIN aBTOMAT, KOTODPHIM PACHO3HAET COOTBETCTBYIOIIEE
DTOMY BBIPAKEHUIO MHOXKECTBO CJIOB.

Pemrenne. Ham morpefyeTcsa HOBOE HOHATHE — IOHATHE UCTMOUHU-
Ka, WIL HeJeMEPMURHUPOBARHO20 KOHEUH020 asmomama. Ilpexcrasum ce-
6€ OPUEHTUPOBAHHBLIN I'pad) — KAPTUHKY U3 HECKOJIBKUX TOYEK (BEPIIVH)
U HEKOTOPBIX CTPEJOK, coefuusomux >t Touku (pédep). [Iycrs Ha mexo-
TOpbIX pEOpax HamucaHbl OyKBbL (He 00s3aTeabHO Ha Beex). Ilycrs Takxe
cpeau BepIIMH BBIOpaHBI aBe — HadadbHasd H u xomewynasa K. Taxas xap-
TUHKA HA3LIBAETCS UCTOYHUKOM.

Bygem mBurarbcsa pasmuunbiMu criocobamu u3 H B K| uurTas OykBbI 11O
popore (Ha Tex cTpenkax, rae onu ects). Kaxgomy nyru us H B K, Trakum
06pa3oM, COOTBETCTBYET HEKOTOPOE CJIOBO. A HCTOYHUKY B IEJOM COOTBET-
CTBYET MHOXECTBO CJIOB — TEX CJIOB, KOTOPBIE MOXHO IPOYECTh HA MYTAX
u3 H B K.

3amevanue. Ecianm HAprcoBaTh COCTOAHWUSI KOHEYHOI'O ABTOMATa B BU-
o€ TOYeK, & MePEeXOAbl IPU YTEHUU OyKB M300pa3UTh B BHUIE CTPEIOK, TO
CTAHET SICHO, 9TO KOHEYHBLIA ABTOMAT — 3TO YACTHBIA CJOyYall UCTOIHUKA.
(C pomonHuTenbHEIME TPeOOBaHUAMY: (a) Ha BCEX CTPEIKAX, 34 UCKIIOYe-
HueMm Beaymwx B K, ecTs 6ykeer; (6) 1A M060U TOYKYM HA BBIXOIAIMX U3
Heé cTpenkax Kaxkaas OyKBa BCTPEYAeTCA POBHO OJUH Pas.)

Mer 6ygeM CTPOUTH KOHEYHBIU ABTOMAT IO PEryJAPHOMY BBIPAKEHUIO
B nBa npuéma. CHadama MBI MOCTPOUM UCTOYHUK, KOTOPOMY COOTBETCTBY-
€T TO KE CaMO€ MHOXECTBO CJOB. 3AaTEM sl IIPOU3BOJILHOIO MCTOYHUKA
MOCTPOUM ABTOMAT, KOTOPBIA MPOBEPSET, NMPUHAIIEKAT JU CJIOBO COOT-
BETCTBYIOIIEMY MHOXECTBY.

10.7.10. Ilo pery/iaspHOMY BBLIPAKEHMIO IIOCTPOUTE UCTOYHUK, 3a1aF0-
IIIA TO K€ MHOXKECTBO.

Pemenue. Nuaykiums mo MOCTPOEHUIO PEryJsIpPHOTO BHIPAXKEHUA. DBy-
KBaM COOTBETCTBYIOT rpadbl U3 OgHOU cTpeiku. OOnequHeHre peatnsy-
€TCs TaK:

K

—P'Hg KQO—

™ H, K; ¢
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HapucoBana xkapTunka A1 0ObeIMHEHUA TPEX MHOXKECTB, TPAMOYTOJLHU-

KN — DTO UCTOYHUKM, MM COOTBETCTBYIOIINE; YKA3aHbI HaYAJbHEIE U KO-

Heunsle BepmHbl. Ha HOBBIX cTpeakax (ux 6) OyKB He HAIUCAHO.
Koukarenanuu cooTBeTCTByeT KAPTUHKA

H’——»Hl K1 >vH2 K2 >vH3 KgO——NK

HaKOHeH, uTepanum COOTBETCTBYET KapTUHKA

H K

AN

O

10.7.11. Man ucrounuk. IlocTpoMTe KOHEYHBIM ABTOMAT, IIPOBEPSIO-
AT, TPUHALIEKAT JU BXOIHOE CIOBO COOTBETCTBYIOMIEMY MHOXKECTBY (TO
€CTb MOXKHO JHU MPOYeCTh TO ca0Bo, uid u3 H B K).

Pemenme. CocTosiHuaMu aBTOMaTa OyAyT MHOXKECTBA BEPIIUH UCTOY-
HuKa. VIMEHHO, MpOYTA HEKOTOpOe Hadalo X BXOJHOI'O CIOBA, MBI OyxeMm
MOMHUTH MHOXKECTBO BCEX BEPUINH UCTOYHUKA, B KOTOPHIE MOXHO MPOUTH
13 HAYAJILHOH, IPOYUTAB HA IIyTH CJIOBO X . O

Tem cameim 3azada 10.7.9 permena. g

OKa3bIBAETCs, YTO PEryJsApPHbIE BBIPAKEHUs, ABTOMATHI U UCTOYHUKHA
PaCHO3HAIOT ONHU W TE KEe MHOXECTBA. 1TOOBl yOeZuThCs B DTOM, HAM
OCTAJOCh PEUINTH TAKYIO 3a1a4y:

10.7.12. [Taum uctounuk. IlocTpouTe peryaapHOe BHIPAKEHUE, 3a1aI0-
1Iee TO XK€ MHOXKECTBO, ITO U 3TOT UCTOYHUK.

Pewenue. Ilycts uctoynuk mmeer Bepmuusl 1, ..., k. Bymem caurars,
4T0 1 — 2TO Hadal0, a k — kowren. Yepes D; ; ; 0003HATIM MHOXKECTBO BCEX
CJIOB, KOTOPBIE MOXKHO IPOYECTh HA IIYTU U3 ¢ B J, €CJAU B KA9€CTBE [POMe-
JKYTOYHBIX IIyHKTOB Pa3PeIIaeTcs UCIOIb30BATH TOJBKO BEPIIUHEL 1,. .., S.
CormacHo ompeneneHuio, NICTOTHUKY COOTBETCTBYET MHOXKECTBO Di j j.

Wuyxnueit mo s Oy geM JOKa3BIBATEH PETYIAPHOCTH BCEX MHOKECTB D; ;
mpu Beex i u j. [Ipu s = 0 370 049eBUAHO (MPOMEKYTOUHBIE BEPIIUHLL 3a-
[IPEIIEHE], O3TOMY KaXKJ0€ U3 MHOXKECTB COCTOUT TOJBKO U3 OYKB).
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N3 =ero cocrout MHOXKECTBO D j 17 OTMETHM Ha IyTH MOMEHTHL,
B KOTOPBIX OH 3ax0uT B (s + 1)-10 Bepmuny. [Ipu 5ToM myTh pastusaeTcs
Ha YaCTH, Kaxk[Iasd U3 KOTOPHIX yxke He 3axoiuT B Heé. IlopToMy mgerko
co006pa3uTh, ITO

Di,j,s-i-l = Di,j,s | (Di,s+1,s Ds+1,s+178* Ds+1,j78)

(BOMBHOCTD 3alUCU: MBI UCIONB3YEM I ONEPALUY HAZ MHOXKECTBAMU 000~
3HAYEHUs KAK A PEryJspHBIX Belpaxenunl). OcTaéTcsa BOCIOIB30BATHCS
IIPEeIOIOXKEHNEeM WHIYKIUN. (]

10.7.13. Tme emé ucmoap3yeTcs TO XKe CaMOe paccyxkaenue?

Otser. B anmropurme djonga BLIYUCIEHNA LEHLI KPATJIANIIEro IyTH,
cM. riaBy 9 (Pasuble anropurMbl Ha rpadax). O

10.7.14. [loxaxuTe, UTO KIACC MHOXKECTB, 3a1aBAEMBIX PErYIAPHLIMU
BBIDAXKEHUAMY, HE U3MEHWICA ObI, eCJau ObI MBI Pa3pelInIn UCIONb30BATh HEe
TOMBKO OOBEIUHEHNE, HO ¥ OTPULIAHKE (8 CIeJOBATEIBHO, U IEPECETCHNE —
OHO BHIPAXKAETCs Yepe3 0ObeJUHEHNE U OTPULIAHIE).

Pemenne. /[ aBTOMaTOB IEPEX0Oq K OTPUIAHUIO OIE€BUIEH. O

3ameuanue. Ha npakTuke BaxKHYO POJIb UI'PAET IUCIO COCTOSAHUU ABTO-
maTa. OKa3pIBAETCS, YTO TYT BCE HE TaK IPOCTO, U IEPEXO] OT UCTOIHUKA,
K aBTOMATY TPEOYeT SKCIOHEHINATBLHOTO POCTA, IUCIa COCTOAHUN. [101p06-
HO€ PAaCCMOTPEHUE CBA3AHHBIX C OTUM TEOPETUYIECKUX N IMIPAKTUICCKUX BO-
IPOCOB — feJ10 0co60e (cM. kuury Axo, Yapmana u CeTu 0 KOMOWIATOPAX).

10.8. CyddpukcHble nepeBbs

[lo cux PO HAIM TPOrpaMMBI CHAYAIA TTOLYIaIn 00pa3ell, KOTOPLIA Ha-
IO UCKATh, & IOTOM TEKCT, B KOTOPOM HaI0 UCKaTh. B cregyrommx 3amagax
BCE HA0OOPOT.

10.8.1. IIporpamma moiy4daeT Ha BXO[ CJIOBO Y MJIMHBI M M MOXKET €ro
o6pabaThiBaTh (MOKa 6€3 OrpaHUYEHUN HA BPEMA U MAMATH). 3aTEM OHA
TIOIy4aeT CJI0OBO X JJIWHBI N U JOIKHA COOOIINTD, ABIIETCSA U OHO IO ICTIO0-
BoM caoBa Y. Ilpu 5ToM 4Ymcio omepamnui npu 00paboTKe CI0Ba X TOIKHO
OLITH NOPsAKA N (HE MPEBOCXOAUTH CN, TAe KOHCTAHTA C MOXKET 3aBUCETH
ot pasmepa andasura). Kak mHanucars Takyio nporpammy?

Pemenne. Iloka He HAKIAIBIBACTCA HUKAKAX OTPAHUYCHUN HA, BPEM
7 naMATH opu o6paboTke Y, 5TO He mpenacTasiaseT Tpyga. UMenHo, HATO
CKJIEUTH BCE MOJCJAOBA CJIOBa Y B I€PEBO, OOBEIUHUB CIOBA C OOIIUMN HAMA-
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JaMu (KaK MBI DTO IETATH, PACTIO3HABAA BXOXK I€HIA HECKOJILKAX OOPA3IIOB).
Hanpumep, mia Y = ababe nony4aurca Takoe gepeBo moicios (Ha pedpe Ha-
nucana OykBa, KOTOpas q00aBIAETCA IPU IBUXKEHUU 110 DTOMY peOpy; Bep-
IIINHBI HAXOO4ATCA BO B3aMMHO OJHO3HAYTHOM COOTBETCTBUU C IIOOCJIOBAMMN
caosa Y):

IIycts Taxoe mepeBo moctpoeno. Ilocme sToro, wuTas croBo X craeBa Ha-
TIPpaBo, MBI IpocaexuBaeM X B IepeBe, HAUAB ¢ KOPHA; ¢I0BO X OyxeT moa-
CJIOBOM (JIOBA Y, €CJIM TIPU DTOM MBI HE BBIUEM 33 MPENeIbl 1ePEeBa. 0

3aMeTuM, YTO AHAJOIMIHAS KOHCTPYKIUA TOAUTCSA A JH0O0T0 MHOMXKE-
ctBa caoB U, a He TOJBKO JJIsi MHOXKECTBA BCEX HOACIOB JAHHOI'O CJIOBA: IO-
CJle TOr0 KaK COOTBETCTBYIOIIEE NEPEBO IOCTPOEHO, MBI MOXKEM IIPO J000e
cmoBo X OmpenenuThb ero IPUHALIEKHOCTE K U 3a BpeMs, IPOIOPIUOHAIb-
wmoe mauue X. (Hago TOABKO NOMOMHUTEIBHO XPAHUTH B BEPIINHE NEPEBA
UH(OPMAINIO, IPUHAIICKUT JU COOTBETCTBYIOIIEE €U CI0BO MHOXKECTBY U
WU JULIb ABJISAETCA HAYAIOM APYTOro CJIOBA, IpuHasIexamero U.)

10.8.2. Pemmre npeabiaymyo 3a1ady ¢ JOMOJHATEILHEIM Or'DaHNICHN-
eM: 00BEM KUCIONB3YEMOU MAMATHU NPOIOPIUOHAIEH [INHE CJIOBA Y .

Pemenme. IIpexuun cnoco6 He rOgUTCA: IUCJAO BEPIIMH IEPEBa PABHO
9HCIy MOJC/IOB CJOBA Y, a y CJIOBA [IUIMHEL M YUCJIO IOCJIOB MOXKET OBITH
nopagxa m?2, a He m. OJHAKO MBI MOXKEM «CKATb» HAIle IEPEBO, OCTABUB
BEPIIMHAMY JUIIb TOYKA BeTBIeHUA (rae Gosbiie 0qHOro chiHa). Torma Ha
pébpax mepeBa HAIO HAMKUCATDL yKe He OYKBHI, a KyCKM CJIOBA Y .

BOT 9TO MOIYYMTCA IPH CXKATHH HAIIETO IPHIMEPA:
¢
b abc

ab
abe

Bynem cuntats (31ech u gasee), 9To mocaeqHsas OyKBa, cIoBa Y Gosbine
B HEM HE BCTpedaeTca. (DTOrO BCErAa MOXKHO JOCTUYbL, NOMUCAB JOMOJ-
HUTEILHBIN (PUKTUBHBIM CUMBOJ.) TOrga JUCThA CKATOTO NepeBa COOTBET-
CTBYIOT KOHUAM CJIOBA Y, a BHYTPEHHUE BEPUIMHBI (TOYKM BETBJIEHUS) —
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TaKUM MOACIOBAM S CIOBA Y, KOTOPHIE BCTPEIAIOTCA B Y HECKONBLKO pas,
U MIPATOM C PA3HBIMU OyKBAME TOCTE S.

Y KaxkJoU BHYTPEHHEN BEPUIVHBL (HE JHUCTA) CXKATOTO IEPEBa €CTh HE
MeHee IBYX CHIHOBeH. B nepeBbax ¢ TaKuMy CBOMCTBAMHU IUCJIO BHYTDEHHUX
BEPIIVH He MPEBOCXOINT IuCIa JuCTheB. (B camom mene, npu nBuxkeHwnn cie-
Ba HATIPABO B KAXKJOU TOYKE BETBICHUA [OOABIAETCA HOBHIA MY Th K JUCTY. )
[ToCKOMBKY MUCTHLEB M, BCETO BEPIINH HE 6osee 2m, U MbI yJIOKAMCA B JIH-
HEWHYIO IO 1M MaMATh, eciu Oy1eM SKOHOMHO XPaHWUTh MOMETKM Ha pébpax.
Kaxgaa Takasa mOMeTKa ABIACTCA IOACAOBOM CIOBA Y, M TOTOMY QOCTa-
TOYHO YKA3BIBATH KOOPIMHATY €€ HAYAIA U KOHIA B Y. DTO HE MOMEIIAET
BIOCJIEICTBAN IPOCIEKUBATE IIPOU3BOMBHOE CIOBO X B 3TOM AepeBe OyKBa
3a 6YKBOU, TPOCTO B HEKOTOPBEIE MOMEHTHI MBI OyA€M HAXOMATHLCA BHYTPH
pébep (1 IOMKHBI IOMHATH, BHYTPU KAKOrO PeOpa ¥ B KAKOU MO3UIUY MBI
mHaxoguMcs). [py MOABICHUM HOBOU GYKBEI COBa X €€ HyXKHO CPABHUTD
C COOTBETCTBYIOMmEN GyKBOU IIOMETKH STOr0 Pebpa (ITO MOKHO CAETATH 34
O(1) gemcrBull, Tak KaK KOOPAMHATY DTOU OyKBBL MbI 3HAEM. ) O

IlocTpoeHHOE HAME C2KATOE N€PEBO HABLIBAIOT CHCAMbIM CYPHUKCHbIM
depesom cnoBa Y (KOHLBI CIOBA HA3BIBAIOT «CydduKcamm ).

10.8.3. Ilokaxure, 49TO MOCTpOEHHE CKATOIO CYy(HEPUKCHOTO NEPEBA
MOKHO BHIIOTHUTD 3a BpeMsa O(m?) ¢ ucnomszosannem O(m) naMaTu.

Pemenne. Bygem 106aBaaTs B CypPUKCHOE 1ePEBO CyDOUKCEHL IO 0Iepe-
nu. [JobapreHue o4epesHoro cyd@ukca neraeTcs Tak xKe, KaK U IPOBEPKa
[MPUHAIEXKHOCTU: MBI YATAEM €ro OyKBa 3a OYKBOU U MPOKJIAIBIBAEM IIyTh
B gepeBe. B HEKOTOPBIM MOMEHT NOOABIAEMBIN Cy(h(PUKC BHIAAET 33 TpPe-
IeTbl nepeBa (HAIOMHUM, YTO MBI CIATAEM, UTO MOCACIHUN CUMBOJ CJIOBA
YHUKAJEH).

Ecau sTo mpousougét nocepenune pebpa, To pe6po OpuaéTcsa B 3TOM
mecTe paspesarb. Pe6po npeBparuTcs B qBa, €ro IOMETKA PAa3PEXKETCS HA
[Be, HMOABUTCS HOBas BepUuHA (TOYKA BETBICHWs) U €€ HOBBIU CHIH-JIUCT.
Ecniu Touxa BeTBIECHUA COBMAJET C YK€ UMEBIICUCA B AEPEBE, TO y HEE
MOABUTCA HOBHIU CHIH-IUCT. B 11060M ClIydae mOcie OOHAPYIKEHUA MECTa
BerBaeHusa Tpedyerca O(1) onepanuil 1js nepecTpouKu gepesa (B 9aCTHO-
CTH, pa3pe3aHue MOMETKM HA [BE BHIIOJHAETCS JErKO, TAK KAK IOMETKU
XPAHATCA B BUJE KOOPAMHAT HAYAIA M KOHLIA B ciaoBe Y). O

Topazgo Gonee CIOXKHOW 3aJa9€l ABIAETCA MOCTPOEHUE CKATOrO Cy(d-
(DUKCHOrO [epeBa 3a JIUHEMHOEe BpeMs (BMECTO KBaAPATUIHOIO, KAK B IIpe-
OBLAyIIen 3a1a4de). To0b U3I0KUTE arropuT™M MakkpenTa, KOTOPHIA pe-
mIaeT STy 3a4a4dy, HaM MOHALOOATCSI HEKOTOPBIE IIPUTOTOBIEHU.

[ Hagasa onuiieM 6osee IOAPOOHO CTPYKTYPY A€peBa, KOTOPOE MBI
HCIIOAB3YEM, U ONEPAIMN C HUM.
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Mger paccmMaTpuBaeM IepeBbs C KOpHEM, Ha PE6paxX KOTOPHIX HATIMCAHBI
cJ0Ba (MOMETKM); BCE MOMETKY ABJIAITCA MONCIOBAMEI HEKOTOPOr'O 3apaHee
dukcupoBarHOro ciosa Y. IIpu 5TOM BBIMOIHEHBI TaKUe CBOUCTBA!

e KaXk[as BHYTDEHHA] BEPIINHA UMEET XOTSA ObI IBYX CHIHOBEN;

e TIOMETKM HA PEOPAX, BLIXOAANIMX U3 JAHHOU BEPIIWHBLI, HATMHAIOTCS
Ha Pa3Hble OyKBHI.

Kaxnoil BepmmHe v TAKOTO AEpeBa COOTBETCTBYET CJIOBO, KOTOPOE 34~
MIICAHO HA Iy T OT KOPHA I K BepmmHe v. Bynem 0603Ha49aTh 3T0 €I10BO $(v).
O6o3ravnM noMeTKy Ha pebpe, BeymeMm K v, depe3 [(v), a oTua Bepm-
uel v — depes f(v). Torga s(r) = A (mycroe cioBo), a

s(v) = s(f(v)) +1(v)

UL IEOGOU BEPIIUHBL U # 7 (3HAK «+» 0003HAMAET COEIUHEHUE CTPOK).
IMoMuMo BepIIMH AepeBa, MBI OyJeM PACCMATPUBATDL MO3UYUL B HEM, KO-

TOpBLIE MOTYT OBITH PACIIONOXKEHLI B BEPIIMHAX, & TAKXKE «BHYTPHU PEGEp»

(pasgensan momeTKy »TOro pebpa Ha ABe dacTu). POPMAIBLHO T'OBOPA, MO~

3unus npegcrasisier cobou mapy (v, k), roge v — BepumHa (OTAMYHAS OT
KopHs), a k — nenoe uucao B upomexytke [0,]l(v)|), ykasbiBarowee, Ha
CKOJIBKO OYKB HAI0 BEPHYTHCA OT ¥ K KOPHIO. 37aech |l(v)| — mmmHa mo-

meTkH [(v); 3HadeHue k = [(v) COOTBETCTBOBATO ObI MPEABIAYIIEN BEPIINHE
u moToMy He gomyckaercda. K dmciay mosuuun Mbl 106ABIAEM TAKXKE IIa-
py (r,0), coorBercrByiouyio kopuio aepesa. Kaxgon mosuuuu p = (v, k)
COOTBETCTBYET CJIOBO S(p), KOTOPOE MONYydaeTCs yAaleHueM k IOC/IegHuX
cuMBOJIOB u3 S(v).

IlycTs p — OPOM3BOJMBLHAA TO3WIUA B JepeBe, a w — CJI0BO. IIpouTu
BJOJb W, HAYWHAA C P, 03HAYAET HAUTHU APYTYIO MO3UIUIO ¢, AJIA KOTOPOU
s(q) = s(p) + w. Ecim Takas nosunmsa ects, TO (OpU ONUCAHHOM CrOcoGe
XPaHEHUA IIOMETOK, KOT/la YKA3BIBAIOTCA KOOPAUHATEI NX HAMANA U KOHIA
BHYTpU Y') €€ MOXKHO HAITHU 33 BPEMsi, IPOMOPLUOHAILHOE IJIMHE CJIOBA W.
Ecau Takou mosumum HET, TO B KAKOU-TO MOMEHT MBI «CBEPHEM C IIyTH»;
B DTOT MOMEHT MOXKHO TONOJHAUTH JEPEBO, CAEJAB OTCYTCTBYIOIIYIO B Ie-
peBe 9acTh CJI0OBA W MOMETKOM Ha IyTH K HOBOMY JucTy. Hamo Toabko,
9TOOHI 5Ta IOMeTKa OBLIA MOICIOBOM CJI0Ba Y (Ipu HameM cnocobe XpaHe-
HUSI [IOMETOK); DT0 OyJeT IrapaHTUPOBAHO, EC/IH IPOCICKUBAEMOE CJIOBO W
ABJIAETCA MOICIOBOM CJIOBA Y .

3aMeTuM, UTO IpHU DTOM MOXKET OOpa30BATHCA HOBAA BEPIIMHA (eCau
Pa3BWIKA OKA3aIaCh BHYTPU peOpa), a MOXKET U He 00pa30BaThCA (ecau pas-
BUJIKA OKa3ajach B BepummHe). Jucio IedcTBUM IpU TAKOW MOAUDUKALIMA
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IPOMOPIMOHAIBHO [IJIUHE MPOUIEHHON YaCTU CIOBA ([IJMHA HEMpOUIeHHON
He BaJKHA).

Oxa3BIBAETCs, YTO HABUTALMIO B T€PEBE MOXKHO YCKOPUTH, €CJIX 3apaHEee
M3BECTHO, 9TO OHA OyAeT yCIENIHON.

10.8.4. IlycTep mis maHHOW MHO3UIMU P U CJIOBA W 3apaHee M3BECTHO,
9YTO B AepeBe ecTb nosuuus ¢, gt koropou s(q) = s(p) + w. Hokaxure,
YTO MO3WINIO ¢ MOXKHO HAUTHU 33 BPEMs, MPOMOPIUOHATLHOE IUCTY PEGep
IepeBa Ha IMyTH OT P K ¢. (DTO UUCIO0 MOXKET OBITH 3HAUYUTEILHO MEHBINE
[JIMHBL CJIOBA W, €CIU IOMETKU HA PEOpax [IJIMHHBIE. )

Pemenue. B camom nese, mpu HaBUTrauy Hy KHO OPUEHTUPOBATHCA JIHIIH
B BepmuHax (BHOMpATH MCXOAsmee peOpo B 3aBUCUMOCTH OT OYEPEIHOU
6yKBbI); B OCTAJBHBIX MeCTaX NyTh O,I[HO3H8HHI:>Iﬁ n TIOTOMY MOXHO CIOIBU-
raTbCa cpa3y K KOHITY pebpa. O

IMoxseném nroru. PaccMOTpEHHBIN CIOCOO XPAHEHUS I€PEBLEB MO3BOJA-
er (11 PUKCUPOBAHHOIO CIOBA Y')

e co31aTh nepeBo u3 oxHoro kopus [O(1)];
e HanTu oTua J06ou BepmmHL (kpoMe kopHa) [O(1)];

® y3HATH [OMETKY JIO00N BEPUIMHBLL (KPOME KODHs), TO €CTh IOMETKY
Beaymero x Hen pe6pa [O(1)];

e npouTy u3 JHOOU MO3ULIMK P BAOJL JHOOOIO CIOBA W, €CAU 3apaHee
M3BECTHO, 9TO MBI HE BHLIIAEM W3 [IEPEBA; PE3yabTAT — MO3WINA ¢
B JepeBe, 1 koTopon s(q) = s(p) + w [O(uucno pébep Ha myTH)];

e 106aBUTH CIOBO W (HEKOTOPOE MOACTORO CIoBa Y ), HAMaR C MO3UIAH P;
ecu TIpY DTOM B [€PEBE HET MO3WIUM ¢, Iaa KoTopou s(q) = s(p) +
+ w, TO IEpeBO MEHAETCA W TaKasd MO3WIHAA g CO3maéTca (oHa OyaeT
sucroMm) [O(aucno 6yks B w, He Bomexmux B 1(q)];

® HAKOHEI, [IJd JIOO0ro ¢ioBa X MOXHO BLIACHUTL, HAUAETCA U B Je-
peee mosuuus ¢, 11 xkoropou s(q) = X [O(]X])].

B kBaapaTHBEIX CKOOKAX YKA3aHO YUCIO NEUCTBUU TPU BHITOJHEHUU CO-
OTBETCTBYIOIIUX ONEPALIUN.

Emé mbr Oymem XpaHuTb B BepHIMHAX AepeBa «Cy(PPUKCHBIE CCHLIKIY
(B kaxgou Bepruune OygeT He GoJee OLHOU CCHUIKU HA APYT'YIO BEPILIKHY ),
HO CHAYAIA HAJO OOBACHUTE, YTO 3TO TAKOE.

Hauném ¢ moanoro (e cxarToro) cyd@UKCHOTO AepeBa MJd CJAOBa, Y .
Kaxgou ero Bepumsae (KpoMe KOPHA) OTBEYAET HEKOTOPOE HEMyCTOe MOJ-
c10BO ciaoBa Y. Ecim MBI oTpexeM y 5TOro moAcCjaoBa MOCIEIHIO OyKBY,
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TO B IepeBe CIyCTUMCA Ha OAWH Iar K KopHio. Ho uTo OygeT, ecam MBI
orpexeMm nepByio OykBy? CHOBa MOMYyYIUTCSA MOACIOBO, HO OHO yikKe OyaeT
COBCEM B ADPYI'OM MECTE LEPEBA.

BoT kax BHINIAAAT 5TH IEpEXOABL B HAIIEM IpuMepe (OTpe3aHue IepBou
OyKBBI COOTBETCTBYET IIyHKTUPHOU CTPEIKE):

OTHU CTPEIKU MBI OyIeM HA3BIBATE CYPPUKCHOIMYU CCOIAKAMUY, TIOCKOTb-
Ky OHU COOTBETCTBYIOT MEPEXOLy OT CJIOBA K €ro CydQpukCy Ha €IMHUILY
Menbmen gmHLL. OHEM ONpeneaeHsl A1 BCEX BEpIINH, KPOME KOPHI.

DopMaIbHO MOXKHO CKa3aTh Tak. IlycTh w’ O3Ha9aeT c1oBo w 6e3 mep-
Bou OykBhI (w' ompemeneHo ms MO6OroO HemycToro caosa w). Torga cyd-
(UKCHAA CCHLIKA BEOET U3 BEPIIMHEL p B BepumHy ¢, ecau s(q) = s(p)’ (ua-
TIOMHEM, 9TO $(U%) — CJIOBO, COOTBETCTBYIOIIEE BEPIIVHE U).

10.8.5. Kax cBs3anbl Cy(hpUKCHBIE CCBUIKY ABYX COCEJHUX BepIIMH (OT-
LA U ChlHA)?

OrBer. OHU yKa3LIBAIOT HA COCEIHUE BEPIIWHBI, U OYKBA HA COEIUHSIO-
meM ux pebpe Ta xKe caMmas. O

10.8.6. [loxaxuTe, ITO IPU IEpeXoae K CKATOMY CYPPUKCHOMY TepEBY
CCBLIKHU MO-TIPEKHEMY UIyT U3 BEPIUIVHBLL B BepIIuHy (a He BHYTPb PEGEP).

Pemenme. B camom mene, mo Hamemy IpPeANnoONOXKEHUIO MOCAETHsASI Oy-
KBa CJOBA OOJBINE B HEM HE BCTPEYIAETCS, TOITOMY U3 JUCTA CCHLIKA BEIET
B auCT. A ecau BepmMHA (OTJIAYHAA OT KODHA) ABJIAETCA TOUYKOU BETBJE-
HUs, TO COOTBETCTBYIOIIEE €U CIOBO S BCTPEIACTCA € PABMAIHBEIMU OyKBAMU
nociae "Hero. Ipyrumu ciaoBamu, IJs HEKOTOPHIX OYKB a u b caoBa sa u sb
SIBISAIOTCSA mofAcaoBaMu cjaoBa Y. OTpe3aB OT HUX MEPBYIO OYKBY, IOLY9UM
caoBa s'a u s'b, KOTOpBIE TAKKE ABIAIOTCA MONCAOBAMHU (JIOBA Y , O3TOMY
7 s ABIACTCA TOYKON BETBICHU. O

Bot uro mosydmrTces assa Hamero npuMepa:
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Tenepb MBI ye TOTOBBI K M3J0XKeHUIO aaroputMa Makkpenra. Cxa-
TOe Cy(pPUKCHOE TepeBO CTPOUM IIOCTENEHHO, T00aBIAI K HEMY Cy(DPUKCH
o Mepe yMmeHblueHus ux gauael. Q6o3HadnM vepes Y; cydduke, HaunHAIO-
muics ¢ i-u 6yksel caoBa Y. (Takum o6pasom, Yy =Y, a Y, cocrour us
oguon Oyksel.) Ilocae ¢ mwaros mocTpoeHus: Haiie nepeBo OyaeT XPaHUTH
Yi,....Y,.

10.8.7. Ilokaxwure, 9TO Cy(p(PUKCHBIE CCHLIKA B TaKOM [IEPEBE OIpeie-
JIEHBI KOPPEKTHO (BeIyT B APYTYIO BEPIIMHY TOT'O ¥Ke NePeBa) A1 BCEX BEP-
[IUH, KPOME, BO3MOXKHO, MOCAEIHErO JOOABIEHHOTO JUCTA (COOTBETCTBYIO-
IEro CJAOBY Y;) U €ro OTIa.

Pemenne. B camom pene, cypduUKCHAA CCBUIKA U3 JHUCTa Y; BEAET
B uCT Y41, ¥ IOTOMY €l eCTh KyAa BecTH. PaccMOTpuUM Tenepb BHYTpeH-
HIOIO BEPIIUHY ¥, HE ABJIAIOIIYIOCA OTIOM MOCJAeAHero aucta. IlycTs B Hen
Pa3BETBIAIOTCA IBa IIyTU B JUCThA Y; 1 Yj. Bes orpammvenna o6muOCTH
MOXKHO CYUTATh, 9TO j, k < i (ecau oquH u3 myTen BegeéT B Y;, TO ero MOXKHO
3aMEHUTH APYTUM, BeIb BEPIINHA ¥ IO TPEIMON0KEHUIO He MOCASTHAA Pa3-
BUIKa HA >TOM nyTu). OTpe3aB OT DTUX MyTel MEePBBIU CAMBOI, MOy IAM
IyTH B JUACTbS Yj41 U Yji1; 9T OyTH NPUCYTCTBYIOT B AepeBe (IIOCKOIb-
Ky j+ 1 u k+ 1 He npeBocXOaaT ), a TOYKA UX PA3BUIKHU OyAeT KOHIOM
Ccy(PUKCHON CCHLIKY BEPIIMHBL V. O

CyddukcHble CCBUIKY AJs JUCTHEB HAM He TOHATO0ATCS, U BBIYUCIATH
MEL uX He OyJeM, a IJIA BCEX OCTAJbHBLIX BEPIINH nepeBa MBI X OygeM BbI-
9YUCISATH U XPAHUTH. Bojiee TOYHO, mOCse ¢ MaroB aaropurma

® B JepeBe XPaHATCs CIoBa Y7, ...Y; (1 Bce ux Havama);

® aIpec JUCTa, COOTBETCTBYIOLIET'O MOCTEAHEMY HOOABICHHOMY Cy(h-
¢duxkcy (Y;) xpanurcs B nepemenson last;

® I BCEX BHYTPEHHUX BEPIINH JepeBa, KpoMe, ObITh MOXKET, OTIIA Bep-
wHb [ast, XPAHUTCS TPABUIBHAA Cy(DPUKCHAS CCBLIKA.

Hano momHATH, Kak MOAAEPXKWUBATH DTO TPU AOOABJICHUM OYEDEIHOTO
cyddukca. MoxHO, He MyAPCTBYS JyKaBoO, T0OABIATL Y;y; OykBa 3a Oy-
KBOU, HAIUHAsA C KOPHA fepesa. (IMEHHO Tak MBI DaHbBIIE U IEIAIA, U 3TO
Tpe6OBAIO KBAAPATUIHOIO BPEMEHH. )

Kakue TyT BO3MOXKEHBI onTuMusanum’! [lepeas cBazama ¢ Te€M, 9TO MBI
MOXKEM OBUTATHCA MO JEPeBy OLICTPEE, €CAM 3HAEM, UTO 3aBEJOMO U3 HEro
He BLIAgeM. BTopas cBa3aHa ¢ UCTIOMB30BAHUEM CY(DPUKCHBIX CCHLIOK.

Ob6a BapmaHTa IPEANOIAralT, 9TO OTEN U JUCTa last He coBHATAET
c xopueM. (Ecau coBnagaer, Ham npugérca no6aBaiATb Yjii OT KODH.)
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Iycts tail — nomerka aucra last, a head = s(u); ApyruMu cIoBaMu, CJIOBO
head cooTBeTcTBYEeT BepmumHe 4. Torga
Y; = head + tail.
Orpesas nepByio OyKBY, HOLYIaeM
Y11 = head’ + tail.

3ameTuM, 9T0 head’ 3aBefOMO He BLIXOAWUT 34 Mpeleasl gepesa. B ca-
MOM fefe, ¢ OBUI0 TOYKOW BETBJEHUsA, MODTOMY MOMHUMO JUCTA Y; depe3
TOYKY v mpoxoamt u aucT Y; ¢ j <i. Torga Y; maunsaerca Ha head, a Y,
HaumHaeTca Ha head’ u yxe ecTb B gepese.

TosTOMY MBI MOXKEM CHAYATA TPOCICAUTD head’ (HAWNTH TO3UIUIO U, I/
xoropon s(v) = head’), a moToMm yxe n06aBUTH tail, HAIMHAA C V.

il
head % last [Y;

\[Yj]

IlepBoiit cnoco6 onTuMm3anuu: head’ 3aBefoMO €CTh B AEpeBe.

OTa ONTUMU3ALUS HUKAK HE UCIOAb3YeT CyhPUKCHBIX CCHLUIOK. BTOpon
croco6 ONTUMU3ANUYA UX WUCIOJIB3YyeT W TO3BOIACT (B TOM CAydae, KOraa
IpUMEeHuM) OGOUTUCH (€3 MPOCHEKUBAHUA Y11 OT KOPHA (KAK yCKODEH-
HOro, Tak u 00BI9HOrO). IlycTs Ha myTH K Jucty last, IpeICTaABIAIOMIEMY
cypdukc Y;, nMeerca BepiMHA v, Y KOTOPOHU Cy(PPUKCHAA CCBLIKA yKa3bI-
BaeT Ha BepmmHy W, Tak 910 $(w) = $(v)’. IlycTs p — ca0BO HA myTH OT ¥
K last. Torga

Yi=s(v) +p, Yipr = =s(v) +p=s(w) +p,

un 1A gobasieHusa Y4; B I€PEBO JOCTATOYHO JOOABUTH CIOBO P, HAIMHAA
C BEPIIUHEL W.

Bropou crnoco6 onTuMusanuu co9eTaeTCs ¢ HePBBIM: OTPE30K CJIOBA P
OT v [0 OTIA JuCTa last MOXKHO TPOXOAUTL C YBEPEHHOCTBHIO, ITO MBI HE
BRIAIEM 34 TIPEAEIHI JepeBa.

Urax, MBI MOXEM OMUCAThL AEUCTBUsA, BHIIOJIHAEMBIE TPU N[OOABICHUN
odepensoro cydduxca Y; 11 B gepeso, caeqyommm 06pasoM.
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p

W= [Yin]
‘\L‘ last [V;]

v

Bropou cnoco6 onTuMu3anun: noab3yeMcs Cy(pEGUKCHON CCBLIKON
BEPINUHLL HA My TH K last.

IIycte w — oren aucra last, COOTBETCTBYIOIIErO MOCAETHEMY YKE T0-
6aBieHHOMY cydduxcy Y.

Caygan 1: u ecTs Kopenb gaepesa. Torga HM OQHA U3 ONTUMU3ALUU HE
NPUMEHUMA, U MBI TO0ABAsAEM Y; i1, HAYUHASA OT KODHA.

Caygan 2: u He eCTb KOPEHb [epeBa, HO OTell U €CTh KODEHb Jepe-
Ba (muct last maxogurca ua Beicore 2). Torma Y; = head + tail, roe head
u tail — nomerku BepmuH u u [ast. MbI TpUMeHsIeM MepBY ONTUMU3AIINIO
u mpociexuBaeM head’ ¢ rapaETHEd 4O HEKOTOPOU MO3UIMU Z, & TOTOM
pobasasem tail oT z.

Caygan 3: v He eCThb KOPEHb [EpPeBA U €ro OTEIl ¥ TAKXKEe HE eCTh
KOpeHb gepeBa. Torga mis v mMmeeTca Cy(p@UKCHAA CCHLLIKA Ha HEKOTO-
pyto Bepumny w, u s(w) = s(v)’. lycts pretail — moMeTKa BepIIUHEL W,
a tail — nmomerka aucra last, upu arom Y; = s(v) + pretail + tail u moTomy
Yiv1 =Y/ = s(w) + pretail + tail. Ocraérea npocaeauts pretail or Bepn-
HBI W C TapPAHTUEN, IOy IUB HEKOTOPYIO MO3UIUIO 2, & TOTOM JA00aBUTH tail
OT BEPIIUHEI Z.

Ocraérca emé MoHATH, KaK MOAAEPXKUBATH CTPYKTYPY CY(POUKCHBEIX
CCBLIOK (apec HOBOrO JIUCTA Y HAC MOIYyIaeTCA Ipu JOOABIEHUA CaM cO60H,
TaK 9TO C HUM IPOOJEM HET) U OLUEHUTDb YUC/IO JEVCTBUU IPU BLIIOJIHEHUN
9TUX NPOUENYP HOCAELOBATENBHO MJIA BCeX Cy(dP(PUKCOB.

Hauuém ¢ cydpukcubx cebuiok. 1o npaBuiam OHE AOKHBL OBITH ¥ BCEX
BHYTPEHHUX BEPIINH, KPOME OTIIA TOJBKO ITO J0OABICHHOrO aucTa. [103T0-
My HaM HaI0 3a00TUTHCA 00 OTLE JUCTa last, COOTBETCTBYIOIIEro Y; (3TOT
JIUCT TepecTal ObITh «TOIBKO 9TO JOOABICHHBIMY; HATTPOTUB, € IUHCTBEHHA
HOBAsI BEPIINHA KAK Pa3 ABIAETCA OTIOM TOJBKO 9TO JOOABICHHOIO JUCTA
U B Hell cy(pPUKCHAS CCBHLIKA HE HyXKHA). DTO aKTYalbHO B CIydasx 2 u 3,
HO B DTUX CIYYaAX 10 XOAY Aena ObLIa HAWIEHA HYXKHAA BEPIINHA, 2, KYIa
u OymeT HampasieHa cyddukcHas ccouika u3 u. CTpoOro roBops, z MOLUIA
OBITH HE BEPIIWHOW, a MO3UIMEN, HO TOTa MOCJae TOOABICHUA OHA CTAHET
BePUIMHON (OTLOM TOMBKO 9TO HOGABIEHHOIO JUCTA) — BEAb B HOBOM [e-
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peBe u yiKe He ABIAETCA OTIOM IOCTeTHEro JUCTA, U IOTOMY CcydduKrcHaA
CCBLIKA W3 U, KaK OBLIO NOKA3aHO, NOMXKHA BecTu B Bepiuuny. (Ipyrumu
CJIOBaMU, B CAyYaaX 2 U 3, eCau mo3unusa z ObLia BHyTpu pebpa, TO B HEU
pebpo paspesaercs.)

Bcé ckazanHOE MOXKHO yCIOBHO 3aIUCATh B BUE TAKOI'O aJIlOPUTMA [O-
6apnenus cydduxca Y;yq:

{ mepeso conepxut cypduxcu Yi,...,Y;
s(last) =Y;
UMEIOTCS KOPPEKTHBIE CY(PPUKCHBIE CCBLIKK IS BCEX
BHYTDEHHUX BEDIIWH, KPOMe OTHa Jucta last }

u := oren Jucta last;

tail := momeTka qucta last;

{Y:=s(u)+ tail }

if u = xkopeHb gepeBa then begin

{Yij1 = tail’ }

no6aBuTh tail’, HAMMHAS ¢ KOPHS,

MOy I€HHBIN JUCT HOMECTUTH B last
end else begin
¥ 1= OT€Il BEPIINHEI 1U;
pretail := noMeTKa BEPUIMHBL U;

{ Y, = s(v) + pretail + tail }

if v = kopeHB fgepeBa then begin

{ Yis1 = pretail’ + tail }

opocaeauTs pretail’ m3 KOpHA B 2

end else begin

W = CyPPUKCHAA CCBLUIKA BEPIIUHEL V;

{ s(w) = s(v), Yis1 = s(w) + pretail + tail }
npocaenuTs pretail u3 w B 2

end;

{ ocramoce n06aBuTh tail U3 z U CCHUIKY U3 U B 2 }
if mosumnus z ABIAETCS BEPIIMHON then begin
IIOMECTUTH B % CCBHLIKY Ha Z;

I06aBUTL tail, HAMUHAA C 2,

[IOJTy YeHHEBIN JUCT TIOMECTUTD B last;
end else begin
m00aBUTL tail, HAMKUHAA C 2,

IOy YIeHHBIN JUCT TTIOMECTUTD B last;
[IOMECTUTH B 4 CCBHLIKY Ha OTHA JUCTA last;
end
end;
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OcTanoch OLEHUTH YUCAO JEUCTBUU, KOTOPHIE BBITOIHAITCS IIPU TOCIe-
IOBaTEeIHLHOM nobaBieHuu cyddurcoB Yi, ..., Y,,. lIpu ro6aBreHnn Kax mo-
ro crepymoomero cyd@ukca BBIIOIHACTCA OrDAHNYEHHOE KOIUIECTBO NeU-
CTBUU, €CJIM HE CUNTATDL NEUCTBUN IPHU «IPOCIEKUBAHUNY U «J0OABICHUANY .
Ham mago ycranoBuTh, 9To obmmee uducao geucrsun ects O(m); nuas sTo-
N0 JOCTATOYHO OTAENBHO JOKA3ATh, UTO CYMMAPHOE YUCJIO NEUCTBUM MDA
BCEX mpocaexuBaHuAX ecTb O(m) u CyMMapHOE YUCJO TEUCTBUN TIPU BCEX
npoGasaenuax ectb O(m). (3aMeTuM, ITO HEKOTOPHIE MPOCAEKUBAHUA UK
100ABIEHUS MOI'YT OBITH JOJCUMY — HO DTO KOMIIEHCUDYETCs ADYTUMI. )

Ipocaexupanusa. [InTeIbHOCTE TPOCIEKABAHAA TPOTOPIUOHATLHA 1~
ciny k 3aIelCTBOBAaHHBLIX B HEM PEGEP, HO NMPU 3TOM BBICOTA IOCJIETHErO
106ABIEHHOrO JucTa (4uciao pébep Ha MyTH K HEMY) YBEAMIUBACTCS HA
k — O(1) (mo cpaBHeHWIO C TPEALIIYIIAM NOOABICHHLIM JUCTOM). ITOGHI
yOeIUTHCA B HTOM, JOCTATOYHO 3aMETUTH, YTO B TPETHEM CIydae BBICOTA
BEPIIMHEL $(w) MOXKET OBITH MEHBIIE BEICOTHI BEPIIMHLL $(v) pasBe 4TO Ha
eIMHUILY, TIOCKOJbKY Cy(QQ)UKCHEIE CCBLIKY U3 BCEX BEPIIVH HA IMyTH K v (He
CIUTas KOPHA, TAe HET Cy((UKCHON CCHUIKA) BEIYT B BEPIIMHBLI HA ILyTH
K w. IIoCKOMBKY BBICOTA MHOGOT0 JIUCTA OMPAHIYEHA TUCIOM 17, 3AKII0TAeM,
9TO OOIAs AINTEILHOCTH BCEX MpocaIekuBanui ectb O(m).

Ho6aBnenma. PaccyxkmaemM aHAJIOTUYIHO, HO CJAEIUM HE 33 BBICOTOU IO-
CJIEHErO JUCTA, a 33 AIuHOK ero nomeTku. [Ipu gobasienun caosa tail (nim
tail’) 9ucmo FEeMCTBUU IPOMOPUMOHANLHO YUCIY NPOCMOTPEHHBIX OYKB, HO
Kax1asg NPOCMOTpPeHHas OykBa (Kpome, OBITh MOXKET, OJHOU) yMEHBIIAET
[UIMHY IOMETKHN XOTs OBl HA €IMHUILY: B IOMETKE OCTAIOTCS JIUIIHb HEIIPOCMO-
TpeHHbIe OyKBHI (He cunmTas mepBon). [10aToMy Ha BCe TOGABICHUA yXOIUT
B 00wl cinoxuHOCTH O(mMm) ZencTBUML.

TeM caMBIM MBI JOKA3aIHW, 9TO OMUCAHHBIA AJTOPUTM CTPOUT CEKATOE
cyddukcuoe gepeso caosa Y mamasl m 3a O(m) geuctsuu. [locae sroro s
moboro caoBa X AIuHBL N MOXKHO 3a O(n) neNCTBUN BLIACHUTD, ABIACTCH
an X IOACJOBOM CJIOBa Y .

10.8.8. Kak mogucpuupoBaTh aIropuTM™ MOCTPOoeHus CyhPUKCHOTO ae-
peBa, 9TOOBI He TOJBKO Y3HABATH, ABIAETCA JIA JaHHOE CJOBO X IOLCIOBOM
caoBa Y, HO u (ecau sAB/SIETCs) YyKa3bIBATH MECTO, IJ€ OHO BCTPEIAETCS
(0mMHO M3 TAKMX MECT, eCid WX HECKOJbKO)? BpeMmsa mocTpoeHumsa MTOSKHO
ocraBatsca O(|Y'|), spems moucka mogcaosa — O(] X|).

Pemenue. Kaxnasa BepmmHa c:kaToro cyd@UKCHOTO TePEBa, COOTBET-
CTBYE€T HEKOTOPOMY IIOACJIOBY CJIOBa Y, B MOMEHT, KOI'/la 3Ta BEPIINHA OBLLIA
nobaByeHa B IePEBO, U3BECTHO, B KAKOM MECTe €CTh TAKOEe IMOICIOBO, M MOXK-
HO 3allICaTh B BEPIIWHE, '€ COOTBETCTBYIOIIEE IIOACI0OBO KOHIAETCA. ‘:l
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10.8.9. Kax mMoamdpuimpoBaTh 3TOT AJCOPUTM, YTOOBI MJIA KaXKIOrO
MO/CI0OBA MOXKHO OBLIO Obl YKA3LIBATH €0 IEPBOE (CaMoe JIeBOe) BXOXKIe-
Hue?

[Ykazanue. IIpu BO3HUKHOBEHMU HOBOU BEPIIUHEL HA PeOPe HYKHO OPaTh
€€ nepBoe BxoxaeHue (mHGOpPMANUI O KOTOPOM €CTh Ha KOHIE pebpa), a He
BTOPOE, TOIBKO U4TO OOHAPYKEHHOE. ] O

10.8.10. Kax MoguduumpoBaTh 3TOT AATOPUTM, ITOOBI IIA KaXKAOrO
[OCI0BA MOXKHO OBLIO ObI YKa3BIBATH €r0 MOCAeHee (CaMoe MpaBoe) BXO-
K gernme’

[Ykazauue. Eciu mpu kax I0M mpoxXofe KOPPEKTUPOBATH NHMDOPMAIINIO
BJOJb Iy TH, 3TO Oy AT JOITO; OBICTPEE MOCTPONUTH AEPEBO, 3ATEM BHOBL €10
OOOUTH U JJIA KAXK O BEPIINHLI BEMUCINTE MOMEHT MOCICTHETO TIOABJICHUA
COOTBETCTBYIOLIErO IMOACJIOBA. | O

10.8.11. Kax ucmoab3oBaTh cxkaroe cypPUKCHOE TEPEBO, ITOOBLI I
naHHOrO c10Ba Y 3a BpeMsa O(|Y|) mantu camMoe IIMHHOE TOACIOBO, KOTOPOE
BXOAUT B Y 6oJee 0qHOrO pasa’?

Pemenme. Taxoe MOACIOBO ABIAETCA BHYTPEHHEU BEPIIUHOU CKATOTO
cyhPUKCHOrO JepeBa, MOITOMY JOCTATOYHO M3 BCEX ero BEPIINH B3ATH
Ty, KOTOPOU COOTBETCTBYET CaMoOe JIUHHOE caoBO. [las sToro mocrarod-
HO OOOUTHU BCE €r0 BEPUIMHEL ([IJMHY MOXHO BBIYUCIATHL MO Mepe 06X0na,

CKJIAIbIBAs IJIVHBI TIOMETOK Ha PEGPax). O
Ha mpaxTuke MOXHO MCIOIB30BATH TAKKE U APYTOM CIOCOO HAXOXKIE-
HIA CAMOrO JQJMHHOI'O IOACJI0BA, BXOIAIIETO IBAXKILI, — TAK HA3LIBAEMBIN

maccus cyddurcos. A nMmenno, OygeM pacCMAaTPUBATL UUCIO | KAK «KOI»
KOHIIA, CJIOBA, HAYMHAIOIIErO C -1 OykBbL. BBenéMm Ha KOmax HOpAIOK, CO-
OTBETCTBYIOIINN JEKCUKOIPAPUIECKOMY (CIOBAPHOMY) MOPAIKY HA CIOBAX:
KO/ { TIPEIIeCTBYeT KOAY j, €CJIU KOHEI[ CJIOBA, HATHHAIOIINUC C 1, B JIEKCH-
KOrpagpuIecKoM MOpsgKe UAET PAHBIIE KOHIA CIOBA, HAYMHAIOIIEIOCS C j.
ITocse sToro orcopTupyeM KOABI B COOTBETCTBUU C STHUM IMOPSILKOM, IIO-
Jy9UB HEKOTODYIO IepecTaHoBky maccusa 1,2,3,...,m (rge m — pauna
ucxonuoro caosa Y). Eciu kaxoe-To cioBo X BXOAUT B CIOBO Y IBAXKIHI,
TO OHO SIBAAETCA HAYAJIOM IBYX KOHIOB ciaoBa Y. Ilpu >ToM »TM KOHIIBI
MOXKHO BBEIOPATH COCEIHUMU B JEKCUKOTDADUIECKOM HOPALKE, MOCKOILKY
BCE IIPOMEXKYTOYHBIE CJIOBA TOXKE HAYMHAIOTCA Ha X. SHAYAT, JOCTATOUHO
[JIST BCEX COCEIHUX KOHIIOB IIOCMOTPETH, CKOJIBKO HAYAJIBHBEIX OYKB y HUX
COBTIAAET, U B3ATH MAKCUMYM.

ITOT €cnoco6 TpeGyeT MEHbIIE MaMATY (HAM HYKEH JWIIb OJUH MACCHUB
U3 LEIbIX YUCEeJ TOU XKe JIUHBI, 9YTO MCXOZHOE CJIOBO), HO MOXET TpebGo-
BaThb OOJBIIOrO BpEMEHU: BO-IEPBBLIX, COPTUPOBKA caMma mo cebe TpebyeT
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mopsaka m log m cpaBHEHUN, BO-BTOPBIX, KAXKI0€ CPABHEHUE MOXKET [INTh-
€A OMT0, €CIN COBMAJAIOIINN KyCOK Oonbimon. Ho B ciayvanx, korga IinH-
HBIX COBIAIAIOIIAX KYCKOB MAJO, TAKOU aJrOPUTM Pa0OTAET HEILIOXO.

10.8.12. IIpumenuTe OAMH M3 TAKUX AITOPUTMOB K JIOOMMOHU KHUI'E
u OOBACHUTE PE3yJabTaT.

[Ykasamwue. [ITHHBIE MOBTOPAOLINEC KYCKH MOTYT OBITD XY 10XKECTBEH-
HBIM OpuéMOM (KaK B M3BECTHOM CTUIIKE MPO AOM, KOTOPBIA IIOCTPOUI
[ex) miu CaefcTBueM 3a0BIBIMBOCTA aBTOPA. [l COBPEMEHHEIX ABTO-
POB BOBMOXKHO TaKXkKe HEyMEPEHHOE HCIOML30BAaHME (PYHKIUY BLIPE3AHUA
U BCTABKU (3aJIMBKU TEKCTA B MBIIIb W BHUIMBAHUA U3 MBIIIN, €CJAY UCIOMb-
30BaTh rpadudecKkuil HTEpQENc) B TEKCTOBOM PEIAKTOpe. ] O



11. AHAIU3 UTP

11.1. Tpumepsbl urp

11.1.1. [TBoe urpaioT B Takyo urpy: Ha crose jgexut 20 cnudek; urpa-
IolIHe IO O9epenu MOI'YT B3ATH OT 1 10 4 cumvek; KTO He MOXKET CIeJIaThb
X012 (CImYeK He OCTAJIOCh) — MPOUrPLIBAET. KTO BEIUTPHLIBAET MpPU Mpa-
BUIBHOU Urpe?

Pemenue. Bropou BuiurpriBaer, ecau OygeT MOMOMHATHL XOI MEPBOTO
10 5 crimdex (ecau nepBbii 6epéT ONHY , BTOPOU TOMKEH B3ATh YeTHIPE U TAK
nanee). Torga mocae 9eTHIPDEX PayHIOB CIUYEK HE OCTAHETCA U IEPBHIN

POUrpaer. O
11.1.2. KT0 BHIUTpaeT — MEpPBBIM WIX BTOPOU — ecau cnuyuek He 20,
a 237

Pemenwe. IlepBrin: €ciu OH BO3BMET TPU COIMYKU, TO CTAHET BTOPBIM
B yXe pa3soOpaHHOU UTPE U MOTOMY CMOXKET BHIUCPATH. g

AHBaTOruvYHO MOTYIAETCA OTBET U [JiA POU3BOILHOTO IUCAY, CIIUIeK [V
ecin N KpaTHO IATH, TO BEIUTPLIBAET BTOPOU, & €CJIU HET, TO MEPBLIN.

11.1.3. U3MeHUM yCJIOBUS UIPHL IYCTHb B3SBIINU TOCTIEIHIOI CINYKY
npourpeiBaeT. KTo Teneps BHIMIPHIBAET IPU IPABUILHON Urpe? 0

11.1.4. IlycTs Temepb UrpokaM paspemnreHo 6paTh 1, 2 mim 4 cnudky,
a KTO HE MOXKET CHeaaTh XOX, IpourpeiBaeT. KTo BeIMIpBIBAET IpHU Npa-
BWIBHOU Ur'pe, ecan BHavaste 0610 20 coudex?

Pemrenme. 31eck yxe He Tak IPOCTO CPA3y YKA3ATh BLIMTPHILIHYIO CTPa-
TEruio Ui NepBOro win BTOporo. HavuéM ¢ HEGOJBIIOTO YUCAa CIUYEK,
u300pa3uB paspeléHble X0Abl B Buge crpeqok (puc. 11.1): Urpok, oka-
sapmmnca B nosunuu (), TpoUrpbiBaeT (TAKOBHI TPABUIA), TOITOMY COOT-
BETCTBYIOIINY KPYXKOK moMerum Oyksou II. Irpok, oxasaBumucsa B mo3u-
nuax 1, 2 wim 4, BHIUTPEIBAET, MOCKOJBKY OH MOXKET 3a0paTh BCE CIUYKU
U EPEeBECTHU MPOTUBHUKA N0 cTpesike B no3unuio 0. [losToMy Mb momeTum
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Puc. 11.1. Urpa co cnuakamu.

o1u nozuruu OykBou B. Temeps ACHO, 9TO MO3UIUA 3 ABAACTCA MTPOUTPHIII-
HOU: 13 Heé MOXKHO IOUTH TOJBKO B 1 M 2, ¥ TOrja NPOTUBHUK (KAK MBI
yxke 3HaeM) Beurpaer. [omerum eé 6yxson II. [lanee samedaem, 4To mo-
sunuu 4, 5 u 7 OyAyT BHIAIPBIUHBIME (HOCKOIBKY M3 HUX MOXKHO HOIACTH
B MIPOUT'PHINTHYIO [JIsA TPOTUBHUKA, MO3UINIO 3; 3aMETUM, ITO u3 nosuiuu 4
MOXKHO BHIUIDATh U ObicTpee, nouga B 0). Temeps BugnO, 9TO mosunusa 6
IPOUTPLIIHAA (BCE CTPEJKHU U3 He€ BeAyT B BEIUIPHIMIHLIE 15 IPOTUBHUKA
HO3UNWHN), 8 — BBIMCPHIMIHASL, 9 — IPOUrPHILIHAL U TAK JAJee C IEPUOLOM 3.

Takum ob6pasom, ecim 9UCIO COMYEK AEIUTCS HA 3, TO HMO3ALIUAS IIPO-
UTPHINTHAA, €CIUu HeT — TO BuIUrpeimHuasg. [looTomy B urpe ¢ 20 cnuuxamu
TIEPBLIN UTPOK BHIUTPLIBAECT. O

11.1.5. Kaxk oH mis 5TOro gOKEH UrpaThb?

Pemenne. CTaBUTh NPOTUBHUKA B MPOUTPHINIHYIO MO3UIUID, TO €CTh
CJEAUTH, ITOOBL OCJE €r0 XOAa YUCIO COMYEK OBLIO KPATHO TPEM (B JacT-
HOCTH, B HAYAJIE UI'PBI B3ATH 2 COIUIKK, 9TOOBI OCTATOCH 18). (]

11.1.6. Ha cTome JexkaT qBe KyUKN COUYEK: B OOQHOU m, B IPYTOU 1. 3a
OIIVH XOJ Pa3PELIaeTCs B3ATh J000€e (HEHYJIEBOE) IUCI0 CIUIEK, HO TOIBKO
U3 OJHOU KydKM (MOXKHO B3fTh BCE CIMYKM B HEl); KTO HE MOXKET CAeIaTh
X011, mpourpeiBaeT. KTO BEIMIPHEIBACT IPK IPABUILHON Urpe’

OrBet: npu m = N BHIUTPBHIBAET BTOPOU, IPU 1M 7 N — NEPBLIN. O

11.1.7. Ha maxMaTHOU JOCKE CTOUT JadbA, KOTOPYIO UTPOKU TIO OUepe-
OV OBUCAIOT, IPU DTOM PA3PEIIEHO CABUTATH €€ BJAEBO W BHU3 (OCTaBIATH
HA MECTE HeJb3s); KTO He MOXET CAEIATh X0, IPOUrPHIBAET. KTO BHIMTDEI-
BAaeT IIPU [IPABUILHON Urpe’

[Ykazanue. Kax sta urpa csasana ¢ npensigymen?] O

11.1.8. (Urpa «unm») Umeerca k Kydek u3 nq,. .., Ny COAIEK; 38 ONUH
XOI[ MOXKHO B3ATh JMH000€ (HEHYJIEBOE) TUCIO CIUYEK, HO TOMBKO U3 OJHOU
Ky4du (MOXKHO B3ATb BCE CIUYKM B HEM); KTO HE MOXKET CAEJATH XOJ, IIPO-
urpeBaeT. KTo BEIMIPEIBAET NIPU OPABUILHON Urpe?
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Pemenwe. 3anuineMm 9Yucaa nq,...,7Ng B IBOUIHOU CUCTEME CIUCICHUA
IPYT TOJ IPYTOM, KaK ecau ObI MBI COOMPAINCh UX CKIAABIBATEL. Eciu B Ka-
2KIOM paspsAje IPU dTOM OKA3aJ0Ch Y€THOE IUCIO €IUHUIl, TO BEIUT'DLIBAET
BTOPOU, B OCTAJIBHBIX CJAydasX — MNEePBBIM. B camoMm geme, ecium BO BCEX
pas3pAzax 4E€THOEe YUCIO €IUHUI], TO MOCTEe YMEHBIIEHUSI OLHOIO U3 TUCE
KaKOU-TO U3 €r0 Pas3pAIOB U3MEHUTCA W B 3TOM Pa3pAle MOJYyIUTCA He-
9€THOE YMCJI0 eauHull. (DTO COOTBETCTBYET TOMY, YTO U3 MPOUTPLIIIHON
no3uIMY JHO0N X0 BEAET B BHIUTPHILHYIO.) Ecau e B HeKOTOPBIX («ILI0-
XUX») Pa3pAgax HEIETHOE YUCIO €IUHUI, BO3bMEM CTAPIIUY ILIOXON Pa3PsL
¥ TO U3 49KCe]I, KOTOPOE COLEPKUT B 3TOM paspsie exununy. Torga, name-
HUB B 3TOM YHUCJE BCe INIOXUE Pa3psAgbl, IOJIYyIUM MEHBIIee IUCI0, KOTOPpOoe
MOCTABUT NPOTUBHUKA B MPOUrPHIIHYIO nodunuio. (CM. mpaBuia 1A Bbl-
UTPHIIHBIX ¥ IPOUTPHIIHEIX TO3UIUN B CIEAYIOUIEM Da3Iele. ) U

11.1.9. B psag sexar N SIIUKOB, B KAXKIOM U3 HUX II0 MOHETE. 33 OIUH
XOJ UT'POK MOXKET B3ATH JI00YI0 MOHETY WM JIOOLIE IBe MOHETHI U3 COCEe-
HUX SIIAKOB; KTO HE MOXET CIeJaTh X0, IpourpeiBaeT. KTo BEIMIPLIBAET
[IpY IPABUILHOU urpe?

Pemenwe. [lepsoiii: OH OKEH B3STH ONHY WIM ABE MOHETHI B LEHTDE,
a TOTOM CHMMETPUIHO MOBTOPATH XOAKI BTOPOTO. O

11.2. LleHa urpsl

Anamm3upys UrphLl B IpeILIIyIeM pa3aene, Mbl UCTIOIB30BAIN CJIETYIO-
mue (OYEeBUIHBIE) IPABUIA:

1. Ec/m 13 HEKOTOPOY TO3UIUY P MOKHO OUTH (IO CTPEIKAM) B HEKOTO-
PYIO IPOMIPHINHYIO (/I HONABIIErO B HEE NIPOKA) MO3ULMIO, TO IIO3ULASL P
SIBISIETCS] BEIMTPBIHON (1J1s1 HOIABLIEro B HEE).

2. Ecnv u3 HEKOTOPOU TO3ULIMU P MOKHO TTIOUTU TOJBKO B BLIUTPHITITHEIE
TIO3UIIAY, TO TO3UIUA P ABIAETCA TPOUTPHIIITHON.

11.2.1. [loxaxuTe, 9TO €CAM UUCAO TMO3UIUA B UTPE KOHEUHO, HET IU-
KIOB (HENb3sA BEPHYTHCA B OJHAXKALI IPOWIEHHYIO IMO3ULUIO) U IIPO BCE
3aKJIOYUTENbHBIE Mo3ULuK (I4e HeJb3s CAEIATh XO4a) M3BECTHO, KTO Bbl-
UT'PBIBAET, TO NpaBuia 1 u 2 ONHO3HAYHO Pa3bUBAIOT BCE MO3ULIMHU HA BHI-
WUTPHINIHLIE U TPOUTPHIITHEIE.

Pemenne. Byaem mpuMeHATH 5TH MPaBUIa, MOKa 3TO BO3MOXKHO. flcHo,
9TO HUKaKas TMO3WIUA He OymeT OOBABICHA OTHOBPEMEHHO BBIUTPLINIHON
u mpourpsiuHOn (s momasmero B Heé). Hamno Jwmb n0ka3ars, 9TO HE
OCTAHETCS «COMHUTENbHBIX) MO3UIUN (He OTHECEHHBIX HU K BHIMTDBIMIHBIM,
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HU K MPOUTPHIIIHLIM). 3aMETUM, YTO U3 KaXKJIOU COMHUTEILHOU TO3ULNA
BEIET CTPEIKA XOTA OBl B ONHY COMHUTENbHYIO mosuuumio. (B camom merne,
€CJU BCe CTPEIKW BeIyT B HECOMHEHHBIE IO3ULNM, TO JUOO BCE OHU BBI-
UTPBIMIHEIE, TUO0 €CTh XOTh OJHA MPOUCPHIIIHAA, U MOXHO OBLIO OBI BOC-
HOIB30BATHCS OJHUM U3 ABYX [IPABUI.) SHAYUT, U 110 CTPEIKAM B COMHU-
TeIbHBIE TIO3UIINN, MBI PAHO WU TIO3THO TTOIYUYUM UK, ITO TPOTUBOPEIUT
IIPEIIIOI0XKEHUIO. U

11.2.2. CoopmyaupyuTe U JOKAKUTE AHAJIOTMIHOE yTBEPKJACHUE NI
Ur'D, MOIMYCKAIOMINX HUIBH. (]

Wrpel ¢ HUYEUHBIM MCXOAOM SABIAKTCA YACTHBEIMU CIYIaAMU KOHEUHbIT
uep ¢ noanot undopmayuet v HYse80l CYyMMOl, PACCMATPUBAEMBIX B TEO-
pun urp. YTobH 334aTh TAKyI0 UIPY, HEOOXOAUMO:

1) ykasaTb KOHEYHOE MHOXKECTBO, JIEMEHTHI KOTOPOI'0 HA3BIBAIOTCA N0~
BUYUAMU;

2) Ana KaXKAOW NO3WIUW YKA3AThb, ABIAETCA JU OHA 30KA0UUMEADHOT
(urpa 3akOHYEHA) WIK HET;

3) [us Kax IOU 3aKI0UIATENbHON IO3UIUY YKA3ATh PE3yabTaT UL (du-
CJI0); DTO YUCJAO HOHUMAETCS KAK CYyMMa [JEeHEr, KOTOPYIO OIUH UI'DOK
IJIATAT APYTOMY;

4) 1A KaxIO0U HE3aKMIUATENLHOU TO3UINU YKA3aTh, KTO U3 UT'POKOB
IOJKEH JeIaTh XO[ B 3TOU MO3ULIAYN U KAKME PA3PEIIEHB XOIHl (B Ka-
KI€ TO3UIUN STOT UI'POK MOXKET HEPEUTH);

5) ykasaTb HAYAIbHYIO MO3UIUI UTDHL

IIpu ToM TpebyeTcs, 9TOOBI He ObLIO UUKJIOB (HEIb3s ObLIO BEPHYTHC
B yKe IPOUJEHHYIO MO3ULUIO MOCHE HECKOIBKIX XOJOB).

[Mo3uuyu urper ygo6HO paccMaTpuBaTh KaK BEPIIUHEL Ipada u u3o0pa-
JKATh TOYKAMU; BO3MOXKHEIE XOABI DU DTOM CTAHOBATCA pébpamu rpada
7 M300paKAIOTCA cTperkaMu. Irpy MOXKHO pacCMaTpUBATL KaK MEPEIBU-
xKeuue puIKu, 0603HATAIONIEN TEKYIIYIO MO3UIINI UTPHI, IO 3TOMY Tpady.
B kax 101 BepUIMHE HAMMCAHO, KTO JOKEH AeJaTh X0 (€Cau Urpa He KOH-
YMIACH) WIM KTO M CKOJIBKO BRIUTpal (ecam urpa KoHumiack). OnHa u3
BEpIINH yKAa3aHA KAK HAYAJbHAS IO3UIUA.

Byaem naseBaTh nrpokoB Makc u MuH u cuuTaTh, YTO PE3yIbTAT UTPHI
ompepnenser, ckoabko Mun mmatur Makcy. (Motusupoeka: Maxc xouer,
9TOOBL DTO YUCJIO OBLTO MAKCUMAJIBLHLIM, a MUH — MUHUMAJIBLHBIM — a JIyd-
e BCEr0 OTPULATEJIBHBIM, IOCKOABKY Torjga oH moxydaer neusru!) Kro
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73 UCPOKOB IETaeT TEePBBIA XOI, ONPENeNACTCA HAYATLHOU TTO3UINEN. 3a-
METHUM, 9TO MBI TENephb He MPEANONaraeM, ITO UCPOKHU XOIAT 110 OYepPeIu:
OJVH U TOT K€ UI'POK MOXKET JeJATh HECKOJHKO XOJOB HOIDSAL.

(Tem caMbIM, HAIPUMED, B UI'PE CO COMYKAMU KaXKABIM KPYKOK Ha PU-
cyuke 11.1 Temeps npeBpamaeTcs B ABe mo3umuu: ¢ xoqom Makca u ¢ Xomom
Musa.)

Wrpa, B KOTOPOU OAWH U3 UTPOKOB BHIUTPHLIBAET, & APYTON TMPOUTPHIBA-
€T, COOTBETCTBYET 3HAYeHUAM +1 B 3akiI09nTeIbHBIX BepmHax (+1 o3Ha-
vaeT Bearpeimn Maxkca, —1 o3HagaeT seurpsin Muna). Urpsr ¢ auaenasivu
HUCXOJAMU TOJLYYATCA, €CJAU NPUIUCATE YUCI0 ) HUMEUHBIM MTO3UIYSIM.

Ounpegemum reneps noustue cmpamezuw. Crparerus pas Makca (wiu
Mumna) onpegenseT, Kak OH TOJKEH XOIUTh B KaXKIOU U3 NO3UIUK (T1e X0
3a HUM); GOPMAIBLHO 3TO QYHKIUA §, ONPENEeIEHHAA Ha MHOXKECTBE MO3UINN,
e XO[ 33 HUM. SHAYEHUAMU dTOU (PYHKIUU SBIAIOTCA TO3UINAA, TIPA DTOM
XOAblL JOJKHBL OBITH DOIYCTUMBIMU, TO €CTb U3 p B S(p) HOMKHA BECTU
CTpeIKa.

Crparernn Takoro TUNA HA3KIBAIOT B TEOPUU UT'D NO3UUUOHHBIMU, TTOI-
9€pPKUBAA, 9TO BHIOOP XOMAa 3aBUCUT JUIIL OT TEKYIIEW MO3WINU, HO HE
OoT wucTopuu Wrphl (Kak MBI B 5Ty nosuuuio momanu). (/[pyrume crpare-
IUM HAM He MOHANOOATCA, TAK YTO CJIOBO «MO3UIUOHHASY MBI OyA€M OILyC-
KaTb.)

Ecnu puxcupoBaTh crparerun ais Makca u Muna, To 1CX01 UTPHI TIpe-
[IOIpPEeneJaéH: 5T CTPATEru OTHO3HAYTHO ONPENeSI0T MOCIeI0BATEIBLHOCTD
TOBUIMN ((IAPTUIOY) U PE3YJIbTAT UCPHL

11.2.3. [oxaxure, 9T0 mis 060U urpbl G MOXKHO HAUTH YUCIO C U
crpateruun M u m mna Makca u Muna, 1pu KOTOPHIX:

(1) Maxkc, moas3ysace crpareruen M, rapaHTUpyeT ce6e BHIUTDLIN HE
MeHee ¢, KaK Obl Hu urpai MuH;

(2) MuH, MoAB3yACH CTPATETWEN 1, TAPAHTUPYET Ce6e MPOUTPHIIT HE
oonee ¢, Kak Obl HU urpata Maxc.

Yucno ¢ wHaswiBaioT yenot urpel G. 3aMeTuM, 9TO LEHa UIPBL OIpe-
IenseTcs ONHO3HA4HO: m3 ycaoui (1) m (2) crenyer, uro y Makca HeT
CTpaTeruu, rapaHTUPYIOIEN €My BBIUTPHII GOJbIIe ¢ (MOCKOJIBKY OHA HE
MOXKET DTO CIeIaTh IPOTUB CTPATErWd M), a y Muna et crpareruu, ra-
PAHTUPYIOWEN €My TPOUTPHII MEHBIIE C.

[ust urp ¢ gBYyMs MCXOZAMM yTBepXKIeHUE 3a4a4u (HA3BIBAEMOE 1Meo-
pemoti Ilepmeno) 03HAIAET, ITO POBHO y OJHOT'O M3 UCPOKOB MMEETCA BHI-
UTPHIIHAA CTpaTerud. ECIM paspemuTs U HUYbU, TO JubO Yy OLHOTO 13
UT'POKOB €CTh BLIUCPHIMIHAA CTPATErUs, 160 y 000UX eCTh CTPATErnsd, ra-
PAHTHUPYIOWAS HUIBIO.
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Peurenme. Ilycte p — npowmsBosnbHas nosuiusa urpel . Paccmorpum
urpy Gp, KoTOpas oTan4aeTcsa oT (G JuIlb HAYAJIbHOU IIO3UINEN, U 3T Ha-
JaJbHas mo3unus ecTh p. (Ecau p — 3akmounTensHas BepmHa, T0 urpa G,
TPUBHAIBHA: UI'PA KOHYAETCS, HE HAYABIINACH, M UT'POKAM COOOLIAETCA pe-
syaprar urpsl.) Kax Mmer cermvac yBugum, neny urpsl G (kak QyHKIuo
OT P) MOXHO ONpPENEIUThH PEKYPCUBHO, HAUMHAA C 3AKIOUATEILHBLIX TO3U-
IUN.

Bonee TouHO, paccMOTpuM creAyIomiee PEKYyPCUBHOE ONpefesieHre HEKO-
TOPON (PYHKLINM C, OIPEIeJEHHON HA BEPIIMHAX Ipada:

e ¢(p) pasHO Berpobiuly Makca (=npourpeuuy Mwuna) B mosuuuu p,
€C/IM TOBWIUA P ABAACTCA 3AKTIOIATETHHOMN;

e ¢(p) =max{c(p')}, ecau B Bepmune p xoguT Makc; MakcuMyM Gepér-
€A O BCeM BepImmHaM p’, B KOTOphe Makc MOXKeT MOUTH U3 P IO
OpaBUIAM UCPHL

e ¢(p) =min{c(p')}, ecrn B Bepumue p xoauT Mun; MuHUMYM GepéTcs
1O BCeM BepumHaM p', B KOTOpbIe MuH MOXET HOUTH U3 P IO IPABU-
JIAM WTPHL.

Jlemma. ODTO ompeneseHHE KOPPEKTHO: CYLECTBYET U €QUHCTBEHHA
dyHKIMA ¢ (APTYMEHTHE — BEPUIMHEL rpada, 3HAYEHUA — UUCIA), YIOBIe-
TBOPAKOIIAA YKA3AHHBIM TPEOOBAHMAM.

HoxazareabcTso JeMMbl. Ha3zoBéM paneom BEPIIMHBEI MAKCUMAILHOE U~
CJIO XOZI0B, KOTOPOE MOXKHO CA€MATh U3 HTOU BepIunHbL. [locKonbKy mo npea-
[OJIOKEHWIO B UI'PE HET LUKJOB, TO PAHI JIOOOU BEPIIUHEL He (OJIBLIE TUCIA
Bepus. [Jokaxem uHAyKIuen 10 k, 9T0 CyLEeCTBYeT U eAUHCTBEHHA (DYHK-
WA ¢, ONPENEeJEHHAA Ha BEPUIMHAX PAHTa HE 6OJbIIe k U yI0BJIC TBOPAIOIIAL
pekypcuBaomy onpexpeieruto. las k = 0 »To oueBuauo. llar ungykiunm uc-
nonb3yeT Takoe (OYEBUIHOE) 3aMeYaHue: eCIU U3 BEPIIUHBL P MOXKHO Cle-
JaTh XOJ B BEPIIWHY D', TO PAHT BEPUIMHEI ) MEHBINE DAHTA BEPIIAHEL ].
[MosTomy pekypcuBHOE OnpeeieHre OLHO3HATHO 32428 T 3HAYECHUs HA Bep-
MIMHAX PAHTa k, €CIU U3BECTHBI 3HAYEHUs HA BEPUIMHAX MEHBIINX PAHTOB.
Jlemma, mokasaHa.

Ocranock n0Ka3aThb, ITO 3HadeHUe ¢(p) ABIAeTCA HmeHou urpsl G. Pac-
cMOTpUM cieayioulyio (Mo3uuuoHHy0) crpareruio A1i Makca: u3 Bepum-
HEI ) XOWTH B Ty BepmuHy p’, MIs KOTOPOU 3HadeHue ¢(p') MakCuMaIbHO
(n pasnO ¢(p)). Ecim Makc caegyer 5TOM CTpaTeru, TO HE3ABUCUMO OT
xomoB Muna 3Hadenue c(q) 0JA TEKyIeW BEPIIUHLI ¢ HE YOBIBAET B XOJ€
urpsl (mpu xogax MunHa 0OHO yORIBATH BOOOIIE HE MOXKET, npu Xoxax Max-
ca OHO He yOBIBAeT IO IOCTPOEHUIO CTpaTeruu). TeM caMbIM B BEDILUHE P
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Maxcy rapaHTHpPOBaH BHIUTDHIIT HE MeHbIIE ¢(p). AHAIOrUIHBIM 00pa3oM,
ecau Mun xoguT B Ty BepumHy p’, rae gocturaercsa MuaumyM c(p’) (pas-
ez ¢(p)), TO 3HadeHUE ¢(g) He BO3PACTAET B XOe UCPHL U HOTOMY Mun
IpourpeBaeT He 6oaee c(p).

Teopema lepmeno mokasana. O

11.2.4. Urpa B KPeCTUKU-HOJUKU COCTOUT B CJAEAYIOUIEM: HA OOJBIIOM
KBaIPATHOM IIOJIE JBA UT'POKA IO OYepeTy CTABAT KPECTUKY U HOJUKY B €IIe
He 3aHATHIEe KIeTKY (HAIMHAIOT KPECTUKH). BEIUIPEIBAET TOT, KTO IEPBBIM
TMOCTABUAT TATH CBOMX 3HAKOB MOAPAN (MO BEPTUKAIN, TOPU3OHTAIA WU
nuaronaiu). Ecam BCE TmoJe 3amofHEHO, a TaKoro He CAYIWIOChH, MapTHsd
CUMTaeTCA HuIenHou. [[okaxkuTe, 9TO y KPECTUKOB €CTh CTPATErusd, Ta-
PAHTUPYIOIIAA UM HUYBHIO UIN BHIATDHIII.

Pemenue. Cornacuo Teopeme llepmeno, B IPOTUBHOM CIyYae ¥ HOJIUKOB
€CTh CTpATEerus, FapAHTUPYIOMAas UM BHIMCPHIIIL IlokaxkeM, 4TO KpecTn-
KM MOLYT HCIOJIB30BATH IO CYLIECTBY TY K€ CTPATEruio, 3a0BIB O CBOEM
[epBOM Xoge. A KMMeHHO, mpencTaBuM cebe, 9TO KPECTUKH IEIAI0T MIPO-
U3BOJBHBIM IEPBBI X04 (KapaHiamoM), a 3aTeM OTBEYaoT (YepHUIAMH)
Ha XOIBI HOMUKOB MO BLIUTPLIIHON CTPATErNN [/ HOMNKOB (CIMTAas XOMIBI
HOJIMKOB KPECTUKAMHU U 3a0BIB O CBOEM IIEPBOM XOJ€).

MozxeT 1 Ipy 5TOM IEPBLIM XOJ moMermarh! MoxkeT, eciu cTpaTerus
YKa3BIBAeT KaK a3 Ha Ty KJIETKY, [e YK€ CTOUT KapaHIAIIHBN KPECTHK.
B srom caydae HanoO KapaHIAIIHEIN KPECTUK 0OBECTH YePHUIAMYU, & KapaH-
[aIIoOM CAeJaTh X0 B MO0y CBOOOIHYIO KAETKY. Ecam cBOOOTHBIX KIeTOK
HET, TO MO3ULIUSI COOTBETCTBYET (C TOYHOCTBHIO JO 3aMEHBI KDPECTUKOB HA
HOJIMKY) 3aKIIOYUTENBHON MO3UINY B BHIUIDLIIHON HAPTUX /I HOJIMKOB,
U HOTOMY SBJSAETCA BHIUTPHILIHOM.

Kpowme Toro, urpa MoxeT KOHIUTHCA PAHBIIE BDEMEHH, €CII KAPAH JAlll-
HEBIN KPECTUK 00pa3yeT BBHIMIDBILIHBIN DAL C YePHUIBHBIMEA — HO 9TO HAM
TOJIBKO JTydIIe.

TaxuMm 06pa3oM, MBI JOKA3aTU, YTO €CIM Y HOIUKOB €CTh BBIUIDHIII-
Has CTPATErus, TO U Y KPECTUKOB €CTh BBIATPHIIHASL CTPATErUI — U €CJIK
JaTh 9TUM CTPATEruaM UIPATH APYT IPOTUB APYTa, HOJIYHIATCA IPOTUBO-
petne. O

11.2.5. [loxaxuTe, 9TO [EHA JHOOOU WPl PABHA BLIUT'PHIINLY B OJHOU
U3 3aKIIOYUTETHLHEIX BEPIINH. g

11.2.6. Iloxkaxkwute, uTo Teopema llepmeno BHITEKAET U3 CBOEr'O YaCT-
HOI'O CJIydas UI'D € ABYMs MCXOZAMHU (BBIUTDLILI IEPBOI'O U BTOPOrO).

[Ykazanue. [lnsa kaxgoro ¢ OyfeM CIMTATh BHIUCDHINI MEHbBIIE ¢ IPO-
urpsimeM, a GoJblle ¢ — BBIUTPHILIEM. | 0
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11.2.7. Ilycts nama mexoropas urpa (G. Beibepem omHy m3 3akmto4n-
TEMbLHLIX BEPIIWH U Oy1€M MEHATH BEIUTDHIII B 3TOU BEPIIUHE: TIOJOKUB €T0
paBHBIM ¢, noay4um urpy G[c]. PaccMoTpum 11eHy 2TO1 UIpHL KAk (QyHKINO
oT ¢. YTo 570 MOXKeT OBITh 38 PYyHKIUA?!

Otser. Ilena urpn Gc] paBHa Gamkanmen K ¢ TOYKe HEKOTOPOT'O OT-
peska [a, D] (3aBucsmero ot urps G). O

Bor emé omwm mpumep wurpel, rae Teopema llepmeno mosBosseT mo-
Ka3aTh CYLIECTBOBAHUE BBIAIPHIIIHON CTPATErwM [ IEPBOrO UCPOKA.
Ora urpa HasBana B xHurax M.[apamepa («Maremaruaeckue gocyrmy,
M.: Mup, 1972; <MaTemaTuieckue TOTOBOJIOMKHI U pa3BaedeHuss, M.: Mup,
1971) wrpon Tenna wim «6pugx-uTy. PaccMOTpuM IpAMOYTOJIBHYIO CEThb
U3 MYHKTUPHBIX JUHAW BHICOTHL N ¥ mupuHsl 1 + 1 (puc. 11.2); Bepruunb

e e et SIS SR S
| | | | |

| | | | |
e e et SIS SR S

| | | | |

| | | | |
e e et SIS SR S

| | | | |

| | | | |
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| | | | |

| | | | |
e e T SIS SR S

Puc. 11.2. Urpa Tenna.

CeTH COEIWHEHBI MyHKTUPHBIMU OTpeskamu aaudbl 1. IlepBein urpok ka-
K IBIM CBOAM XOJZOM OOGBOAWUT (CILUIOLIHOU JMHUEN) OJAUH U3 OTPEe3KoB. Ero
3a/1ava — COEIUHUTH CILIONIHBIMY JUHUAMHA JIEBYIO U TPABYIO CTOPOHKI MPA-
MOYTOJBHUKA. 3312493 BTOPOrO UI'PDOKA — €My IOMEIIATD; KAXKIBIM CBOUM
XOZOM OH CTHPAET OQWH U3 OTPE3KOB (JIUIIad MEPBOrO BO3ZMOKHOCTH BIIO-
caepcTBuu ero oosectu). Urpa 3sakanauBaeTcs, KOrjaa BCe OTPE3KU o0Bee-
HBI WX CTEPTHI; IEPBBIA BEIUTDAJ, €CIY IPU DTOM JEBas U MPABAsS CTOPOHBI
IIPAMOYT OJIbHUKA COCJUHEHBL.

11.2.8. Hcnoawssys Teopemy llepmeno, mokaxmTe, 9TO IEPBLII UI'POK
MMEET BBIAIDBIIIHYIO CTPATErUIO.

[Yxazanue. Urpy MOxHO npencTaBuTh B 60J€€ CUMMETPUIHOM BUAE, €C-
Ju 106ABUTH CETKY LA BTOPOro urpoka (puc. 11.3) u caurars, 4T0 BTOPOU
X0YeT COEQUHUTL BEPXHIOK W HUXKHIOK CTOPOHBLI CBOEWM CETKW, 3 JUHUAM
[EePBOr0 U BTOPOI'0 UI'POKOB 3AlIPEIIEHO MePeceKaThCA (TeM CaMBbIM IpPOBe-
Is1 CBOIO JIMHUIO, BTOPOU UTPOK KAK ObI CTUPAET MEPECEKAILYI0 €€ TUHUIO
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nepBoro). Eciu urpa sakoHumiack (B Kax I0U BO3MOXKHOU TOUKE Mepecede-
HUA MPOBEJEHA BEPTUKAILHAA UIN NOPU3OHTAILHAA JUHUAA), TO POBHO OIWH
73 WTCPOKOB BEIUTPAT: MOXKHO IPOUTH IO JUHWUAM WA CJAEBA HAIPABO, WU
CBEpXY BHU3, HO HE O THOBPEMEHHO. AKKypaTHOE NTOKa3aTeIbCTBO 3TOr0 UH-
TYUTHUBHO ACHOTO TOMOJOTHIECKOrO (paKTa, BIPOIEM, HE TaK mpocTo.] [
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Puc. 11.3. Urpa Teina, CHMMETPUIHEIN BAPUAHT.

Kak numer Tapauep, Knon llennon (cozzarens Teopuu undopmanmn)
OPUAYMAI [1Jis DTOU UTPHL JIOOONBITHYIO «PU3UIECKYIO» CTPATErNI0, KOTO-
pas Jerko 0600maeTca Ha, Mo0yw ceTh auuauu. [pengcraBum cede, 9TO BCE
CTOPOHBI BCEX KJIETOK CeTU ([Jid TMEepBOr0 UT'POKA) MPENCTABIAIOT COOOU
PE3UCTOPBI OAUHAKOBOI'O CONPOTUBICHUA, KPOME JEBOW U MPABOU CTOPOH
NPAMOYTOJIBHUKA, KOTOPBIE CIEJAHBI U3 TPOBOAA HYJEBOI'O COMPOTUBICHUS.
[lepBBit UTPOK CBOMM XOJ0OM 3aKOPAYUBAET DTU COMPOTUBICHUS, & BTOPOU
Urpok paspoiBaeT ux (gemaer 6eckoHednbiMu). CTpaTerus nepBoro Urpoka
COCTOUT B TOM, UTO HAIO TIOIKIIOYATE HAIPAKEHUE MEXK Iy JEBOU U TPABOU
CTOPOHAMU TPAMOYTOJBHUAKA, 1 3aKOPAIUBATL (06BOAUTE) TO COIPOTUBJIE-
HUE, 9epe3 KOTOPOe UAET MAKCUMAIbHBIN TOK (WM, 9TO TO XKe caMmoe, Ha
KOTOPOM NaJaeT HaubOJIbIIas PA3HOCTh NOTEHNUAN0B). Eciu Takux conpo-
TUBJICHUN OKA3aJ0Ch HECKOJIBKO, MOXKHO 3aKOPAYUBATD JI000€ U3 HUX.

W3 xuur Tapaumepa He sCHO, SBIAAETCSA JU 3TA CTPATErUsS BBLIUTDHIII-
HOU. 3aTO TaM MPUBEIEHA SABHASA BLIUTPHIMHAA CTPATErusa (CO CCHUIKOU
ua O.Ipocca). UT06BI 06BACHUTE €6, OyIeM CIUTATh, YTO LEIbI IEPBOrO
UI'POKa ABJIETCS HE JaTh BTOPOMY COeAuHUTH Bepx u Hu3. (Mbl yxe ymo-
MUHAIU, ITO DTA LIeIb PABHOCHIbHA ucxogHou.) Havaupubim xox mepeoro
UTPOKA TOKa3aH Ha puc. 11.4; >TOT X0 3ampelaeT oaH0 13 pEOGep BTOPOro
urpoka. Pasgeaum ocranbHbie pEOPa BTOPOr0 UI'POKA HA MAPHI COCEIHUX,
KaK TIOKA3aHO HA TOM e PUCYHKe. [IepBBIM UTPOK MPENATCTBYET BTOPO-
My mpopecTu 00a pebpa KakOu-aubO Maphl: eCIU BTOPOU MPOBEI OLHO U3
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péGep maphl, MEPBLI HE NAET MPOBECTH BTOPOE Pe6PO 3TOu maphl (IpoBe-
I TepeceKarlnee ero cBoé pe6po). Crenymomas 3a1ada MOKA3EBAET, ITO

11
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Puc. 11.4. rpa T'esia: BHIMTPHIIHAS CTPATETUA.

dTa CTPATErus ABIACTCA BHIUTPLINHON (MEPBLIM UTPOK HE HAET BTOPOMY
COENVIHAUTH BEPX W HU3 U IOTOMY COEJUHAET JEBYIO U IPABY CTOPOHHI).

11.2.9. [loxaxkuTe, 9TO J0OOOU MyTh MO JUHUAM MTYHKTUPHOU CETKH,
COEMHAIOIINY BepX U Hu3 pUCYHKa 11.4, 0013aTeIbHO TOKPHIBAET IBa pPedpa
OIHOU IapPHL.

Pemenne. /[ ACHOCTU OCTAaBUM Ha PUCYHKE TOJBKO MYHKTUPHBIE JIU-
HUM ¥ COOTBETCTBYomue BepmmHsl (puc. 11.5). Ormerum cepyio 06aacTs,
KaK TMOKA3aHO HA PUCYHKE; TeM CaMbIM pEOpa meadaTcs Ha cepbie u Genble.
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Puc. 11.5. Urpa l'enna: aHaiu3 BEIMCPHIIIHON CTPATETMH.

[TpeamosoxKuM, 9TO UMEETCA Ty Th CHU3Y BBEPX, KOTOPLIN HE MOKPLIBACT HU
omHOU mapkl pébep. MOXHO CIUTATH, YTO DTOT IMYTh HE MPOXOAUT TBAK-
OBL 9epe3 OfHy BepmuHy (BhIOpocuM uukinl). Kaxapm mar Ha 5T0oM myTn
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MOXKET OTHOCUTHLCA K OJHOU M3 BOCBMU KATETOPUU: YETHIPE HATPABICHUI
(ceBep, BOCTOK, 1O U 3amaj]) KOMOMHUPYIOTCA C AByMs UBeTaMu (CEpbIM
u GenbiM). Kak BUAHO U3 PUCYHKA, My Th NOMKEH HAYUHATHCA C CEPOrO Ia-
ra Ha CeBep, a 3aKAHIMBATHCA OEIbIM MIArOM Ha, CEeBep.

Iokaxem, 9TO 5TO HEBO3MOXKHO B CUIY HAIIUX OIPAHUICHUN (HEAB3s
UCTIONB30BAThL ABA peOpa OMIHOU MAPhl U HEAb3SA ABAXKILI TPOXOAUTEL Yepes
onHy BepimHy). UTO0, K IpuMepy, MOXET CJAEI0BATH 33 CEPHIM IIATOM Ha
cesep? Emé oamn cepwin mar Ha CEBEp, CEPHIA MIAr Ha 3amaf Win OeJIbIn
n1ar Ha BOCTOK. 3& CEPBIM IIar'OM Ha 3allad MOXKeT CJI€OOBATHb Cepblﬁ mar
HA 3amIaj] WK CepPHIU mar Ha cesep. Pazbupas mOOvIepEIHO BCE BAPUAHTHL,
JErKO yOenuThCsi, YTO IIyTh, HAYABIINCH CEPBIM IIAIOM HA CEeBep, HUKOI'AA
He BBIAIET (€CJAM HE HAPYIIUT MPABUI) 38 MPEIETbl MHOXKECTBA

{cepwiit mar Ha ceBep, CepHIN LAl HA 3amaf,
GeNBIN 1Iar Ha BOCTOK, OEMBIN IMar Ha, T }.

IMosToMmy Genbilt mar Ha ceBep (KOTOPBIU T0KEH OBITH HOCACIHIM B IIYTH )
HEBO3MOXKEH, U MBI JOKA3aJIU, UTO BePX M HU3 PUCYHKA HEIb3sd COeIUHUTH
myTéM, He NPOXOAAIIMM IO ABYM pEOpaM OTHOU HAapHL. O

11.2.10. [Ipoe urparoT Ha GECKOHEIHON KJIETIATON OyMare, o odepenn
00BOIS KPACHBIM U CUHUM CTOPOHHI KJIETOK (38 ONUH XOI MOXKHO OOBECTH
OIIHY CTODPOHY JIO00U KJIETKH, €CJAU OHA eIé He o6Benena). [lokaxure, 9T0
BTOPOU MOXKET BOCIPEMATCTBOBATL MEPBOMY MOCTPOUTH 3aMKHYTHIU My Th
U3 JIMHUU CBOEro IIBeTA.

[Ykazanue. OH MOXeT HOMEIIATH IEPBOMY, HAIIPUMED, [HOBEPHYTH C 3a-
maga Ha ceBep, pa3buB BCE CTOPOHBI KJIETOK HA MAPHI U HE JaBas MOKPHITH
00a 1IeHA MapHL.] O

11.2.11. (/[nsa 3makoMBIX ¢ Teopuen BepoaTHOCTel) Ha mome mis urpst
lemna (puc. 11.2) xaxjgas U3 MYyHKTUPHBIX JUHUKM OOBELEHA C BEPOATHO-
cTbio 1/2 mesaBucumo ot apyrux. [Jokaxure, 9TO yTh OT JEBOH 40 IPABOK
CTOpOHHI (IO 06BENEHHBIM JIMHUAAM) CYIIECTBYET C BepOATHOCTHIO 1/2. [

11.3. Bbluucnenune ueHbl: nonHbin obxon,

Kax Bugmo m3 mokasaTenbcTBa TeopeMbl llepMeno, mas HaXOXIEHUS
ONTUMAJBLHON CTPATErUU JOCTATOYHO YMETh BEIUUCIATL LEHBI BCEX BEp-
mH. B 5TOM pasmesne Mbl paCCMOTPUM CJIyYdan, KOTIa MO3UIUKA UTPEI 00pa-
3YIOT AepeBo (Beaylime BBepX PEOpa jgepeBa COOTBETCTBYIOT BO3MOMXKHBIM
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B IQHHOU TIO3UIVU XOaM) U MOKAXKEM, KAK TIPUMEHUTD IPOrpaMMy 06X0aa
nepeBa (rmasa 3).

HamomuuM, 9T0 MBI paccMarpuBain Po6oTa, KOTOPHIM B KAXKIBIU MO-
MEHT HaXOOUTCA B O,ELHOﬁ U3 BEPIINH OEPE€Ba U YMEET BBIIIOJHATDb KOMaHIbL
BBEpX_HAIEBO, BIpaBo X BHEU3. PoOOT HavumHaeT paboTy B KODHE IepeBa
(POJIB KOTOPOTO Temepb UTpaeT HAYATBLHAA TIO3ULUA Urphl). Panbie PoboT
yMel emé o6pabaThIBATh BEPIIMHLI; TeIepb MBI IPEAIONIaraeM, ITO OH MO-
KET ONPEJENUTh TUI TEKYyIIel BepIiuHbl (0AuH U3 Tpéx: max, min u final,
9TO0 cooTBeTCTByeT BepmunaaM Makca, MuHa 1 3aKII09ATENBHBIM) 1 MOXKET
OIIpene/JinTb CTONMOCTDH TeKyH.[eﬂ BEPIIVHBI, €CJIN OHA ABJIACTCA 3aKJJIOIU-
TEIbHOU.

11.3.1. Hanummre mporpaMmmy, KOTOpas ympasiaseT Po60TOM u BbIMu-
CASET TEHY UTPHI.

Pemrenne. Hamumem pexypcuBHYO TPOIEIYPY, KOTOpas, HAYAB C HEKO-
TOPOU BEPIIUHLI, OOXOAUT TTOIAEPEBO DTOU BEPIIWHEI, BO3BpammaeT Pobora
HA MECTO U COOOIAET IeHy BEPIIMHBL (Ie OHA HAYala U KOHYIWIA):

procedure find_cost (var c: integer)

‘ var x: integer;

begin

if tunm = final then begin

‘ C:= CTOMMOCTS;

end else if Tum = max then begin

BBEpX_HaJIeBO;

find_cost (c);

{c = MakcUMyM LeH TeKyllel BepUMHH ¥ 6paTheB CcleBal}
while ecThb_cmpaBa do begin

BIIPaBo;
find_cost (x);
c := max (c,x);
end;

{c=uena BepumHm mom Texymeu}
BHU3;
end else begin {Tum = mun}

‘ . ..aHAJTOTMYHO C 3aMeHol max(c,x) Ha min(c,x)
end;
end;

Mgbl moab3yeMcsa TeM, YTO y BEpUIMH TUIMA Max ¥ min ecTb XOTA OBI
OIVH CBIH (BEpIIUHBI 6€3 CHIHOBEU NONKHBI OBITh 3aKII0IUTEIbHBIMA, U MBI
IpeanoJaraeM, ITO OHU OTHECEeHHl K Tuiy final). O
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11.3.2. HanmmmmTe HEPEKYPCUBHYIO MPOTPAMMY IJIs BBEIMUCICHUS IIE€HbBI
urpsl (3a0aHHOU OEPEBOM, TI0 KOTOPOMY XoauT Po6or).

Pemenne. Kak 0ObIYHO, PEKYPCHIO MOXHO YCTPAHUTD, UCIOAL3YS CTEK.
B ganHOM Cciyvae KaxkKIbIU DJEMEHT CTeKa OylIeT XPaHUTh UH(POPMALNIO
06 OJHOM U3 MPEIKOB TEKYIIe BEPIIUHLI (YeM JajbIle, TeM MIybxke — Ha
oHE cTeka OyneT mHpopMmanua O KopHe). Korga MBI HAXOQMMCS B KODHE,
CTeK IIyCT, IPU JBUKEHUU BBEPX IO IEPEBY OH YIIWHAETCA, IPU [BUKEHUN
BHU3 — YKOPAIUBAETCA.

Kax bl aiieMeHT CTeKa IpeqcTaBIsieT COOOU mapy; MePBLIA SJEMEHT —
THUI COOTBETCTBYIONIEN BEPIINHBI (min/max), a BTOPOU DJIEMEHT — MUHA-
MyM/MaKCIMyM 3HAUEHUN BCEX €€ CHIHOBEN JeBee Tekymero. B mporpamme
U3 TVIABBI 3 CYIIECTBEHHYIO POJb urpaiu nsa yreepxkgenus: OJI ozmagamno,
4T0 00pabOTaHBl BCE BEPIIUHLI JeBee TeKyllen (Te, MyTb B KOTODLIE OT-
KJOHsIeTCs HaJaeBo oT myTu B Tekyuyio); OJIH osnauano, 1ro oGpaboranst
BCE BEPIIMHEL JIEBEE U HAJ TEKyIIer (dTO OBIBATO, KOTa MbI ITPOXOIUIN
BEPIIUHY BTOPOU Pas).

ITomumo cTexa (KOTOpBIU BCerga OyAeT XPAHUTH JAHHBIE, YKA3aHHBIE
BhILIE) POrpaMMa UCHOAb3yeT emé mepeMenHyio c. B curyamuu OJI sta
nepemMenHas He ucnoabdyercs, a B curyauuu OJIH oma xpanur neny re-
Kymen Bepummsbl. [lokaxeMm, KAK MOXHO LOJIEPXKUBATD 3TO, OIUCAB NEH-
CTBUA C MIEPEMEHHON W CTEKOM [ KaXKIOTO BapuaHTa ABukeHusa Pobora
(cp. c. 64):

e {OJI, e ecTs_cBepxy} ob6padorars {OJIH}:
B MEPEMEHHYIO C 3ANUCHLIBAEM IIEHY TEKYIIETO JUCTA;

e {OJI, ecTe_cBepxy} BBepx_Hameso {OJI}:
mepes TeM, KaK UATH BBEPX, OOABIAEM B CTEK TUI TEKYIIEH BEPITTHEL
(max/min) u 3HaueHME —00/+00 COOTBETCTBEHHO, UM B BUIY, UTO
MaKCHMYM IIyCTOTO MHOXKECTBa PaBeH —00, 8 MUHUMYM PaBeH —+00;

e {ecTn_cmpasa, OJIH} Bnpaso {OJI}:
OOCHOBJISIEM 3HAYEHUE B BEPUIVHE CTEKA, 6epA MAKCUMYM WIA MUHU-
MyM (B 3aBUCMMOCTH OT THWIIA BEDIIUHLI CTEKA) CO 3HAYEHUEM Mepe-
MEHHOH C;

e {He ecTn_cnpasa, ects_cuuzy, OJIH} s {OJIH}:
B IIEPEMEHHYIO C IOMEIIAeM MaKCUMYM/MUHUMYM (B 3aBUCUMOCTH OT
TUIIA BEPUIVHBL CTEKA) €€ IPEKHEr0 3HAYCHNU U 3HAYECHU HA BEPIIUHE
creka (OHO 3a0MPAETCs U3 CTEKA, U CTEK YKOPAIUBAETCA).
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Jlerxo BUAETH, YTO IPU DTOM YTBEPKICHUA O CONEPKAHNY CTEKA U 3HA-
YEHUY TIEPEMEHHOU C HE HAPYIIAITCSA, U IO OKOHIAHUIO PAOOTHI TP OrPAMMEI
cTex OygeT mycT, a 3HAYEHUE TMePEMEHHOU ¢ OyIeT PaBHO IeHe Urpbl. [

11.4. Anbda-6eTa-npouesypa

Mgl Bugenu, Kak MOXKHO BBIMUCAUTD IEHY UPHI, 000U 151 BCE BEPIIUHLI €6
nepesa. OIHAKO MHOT'IA MOXKHO COKOHOMUTH U YaCTh NEPEBA, HE MOCEIIATD.
[IycTs, HanpuMep, Urpa UMEET ABA UCXOAa (BBIATPHILL U IPOUTDHIII) U MBI
obHapy)uiu (MOCJAe IPOCMOTPA YaCTU AEPEBA), UTO HEKOTOPHIA X0 ABJ-
€TCs [JIS1 HAC BEIUCPHIIIHEIM. 10r1a HET CMBICJIA PACCMATPUBATE OCTAIBHEIE
xoaeL. Bosee 061110, eciu MBI HAIIUIM X0, TAPAHTUPY IOIIUN HAM MAKCUMAJb-
HBEII BLIATPHIN ([OMYCKAEMbIM MPABUJIAMA UTPHI), TO HET CMBICIA UCKATH
JaJIbIIIe.

I[Topo6Has onTmMm3anusa BO3MOXKHA HE TOJBLKO B Te€X CJAyYaaxX, KOI'Ia
MBI 3HAEM MAaKCHUMAJIBHO BO3MOXKHBIN BuIUTPHIIL. [lycTh, HAmpumep, gepe-
BO UI'PHI UMEET TAKOU BU, Kak Ha puc. 11.6, npuuém a > b u Mbl 06X01UM
BEpLINHLL IePeBa CJIeBa HAIPaBo. 1Torga mocie mpocMOTPA BEPIIUHBL G MBI

max

Puc. 11.6. OnTuMusanusa BO3MOXKHA TIpH a = b.

3HAEM, UTO [I€HA KOPHEBOU BEPIIIMHELI HE MEHBIIE a. [lepenisa K min-sepinune
7 IPOCMOTPEB €€ MEPBOr0 CHIHA b, MBI OMpEIeNseM, 9TO [EHA Min-BePIINHEL
He Goubie b u (mpu b < a) OHA HE MOXKET NOBJIUATH HA LIEHY KOPH:A. [loaToMy
cjefyiomue BepmuHbL (cepas 00IacTh HA PUCYHKE) U UX MO LEePEBbsI HAM
IIPOCMATPUBATL HE HYKHO.

HpI/IMeHeHHyIO B 000ux CIy4vadaX ONTUMHU3AIWI0 MOXKHO ONUCATH TakK.
[Ipuctynas K OIEHKE HEKOTOPOU BEPIIVHLI, MBI 3HAEM HEKOTOPBIM TIPO-
MeXyTOK [m, M], B mpegerax KOTOPOIO HAC MHTEPECYET LIE€HA 3TOM Bep-
UIMHLl — Ju00 MOTOMY, YTO OHA 3aBEIOMO HE MOXKET BLIATH 33 MPeIe/bl
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IpOMexXyTKa (KaK B TIEPBOM CIAydae, KOTJa Jydlle BHIUCDLIIA HUYIErO HE
ObIBAET), GO IIOTOMY, ITO 3TO HAM HUYErO HE 1aéT (KaK BO BTOPOM CIy-
Jae, KOr4a BCe LIEHBI MEHBIIE ¢ 1Jid HAC HEOTIUIUMEL OT &).

Bosee popmanbao, BBEIEM 0603HAMEHNE T[4 5], TIE T — TUCIO, a [a, b] —
IPOMEKYTOK:

a, ecau T < q;
Tfap) =T, ecmma<z<b
b, ecmu b< .
Npyrumu cropamu, T, 5 — OMmKalas K T TOUYKa IPOMEXKyTKa [a, b], Ko-

TOPYI0 MOXKHO HA3BaTh (IPUBEIEHHBIM K [a, b] 3HaYeHMeM ». Terneps MOXKHO
CKa3aTh, UTO MOCJIEe TPOCMOTPA BePIIMHLI ¢ HA pucyHke 11.6 Hac mHTEpECy-
eT npuBeféHHAA K [a, +00]| ueHa min-epiuHsbl (Bce 3HAYEHUs, MEHBILINE «,
6€3Pa3InvHbL), a IOCIe IPOCMOTPA BepIIUHLL b 5Ta npuBejEHHAs LIeHA yKe
u3BecTHA (paBHA a). AHAIOIMYHBIM 00PA30M LIEHA UI'PBL C ABYMs UCXOLaMU
+1 paBHa eé npuseéHHON K 0Tpe3Ky [—1, +1] mene, u mocae o6HAPYKEHUA
BBEIUTPEINIHONO XOJa CTAHOBUTCA ACHBIM, ITO DT IeHa paBHa +1.

Ncnoas3ysa 5T0 cOOOpaKeHme, HAMIIEM ONITUMUI3APOBAHHLIA AT OPATM,
B KOTOPOM DPEKYDPCHUBHO ONPEIEIAeTCs IPUBENEHHAs K IIPOMEXKYTKY [a,b]
[IEHA UT'PBI B TEKYIIEH BEPIIMHE:

procedure find_reduced_cost (a,b: integer; var c: integer)
‘ var x: integer;
begin
if Tum = final then begin
‘ C:= CTOMMOCTBL, IpUBeLEHHad K [a,b]
end else if Tum = max then begin
BBepX_HalleBo;
find_reduced_cost (a,b,c);
{c = makcuMyM ueHH BepumHH X 6paTBeB CleBa,
npuBenéHHEM K [a,b]
while ecrs_cmpaBa and (c<b) do begin
BIIPaBoO;
find_reduced_cost (c,b,x);
c = x;
end;
{c=uena Bepumun nox Texyme¥, npuBenéHHaZ X [a,bl}

BHU3;

end else begin {rum = mun}
‘ .. . CHMMETDPHMYHO

end;

end;
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EcTecTBeHHBIN BOMPOC: HACKOIBLKO TAKOTO POLA ONTUMU3AIMUA TOMOTa~
eT yMeHbIIUTH mepebop? Mbl paccMoTpuMm mpocTeummnuu mnpumep. IlycTs
urpa uMeeT (PUKCUPOBAHHYIO [IWHY, U3 KaXKJIOU MO3UIUU BO3MOXKHBI IBA
X018, UTPOKU XOJAT MO OYePeIu, KAXKALIU IeJaeT 1 XOJ0B U IIEHbI JUCTHEB
paBubl 0 mwiu 1. [lepeBo TAkOW UIpPHI — IMOJHOE JBOMYHOE JI€PEBO, Mmin-
¥ MaxX-yYPOBHU YEPEAYIOTCS, B IUCTHAX HANCAHLI HYJIN U €TUHUIILI, U HYKHO
BLIUUCJAUTE 3HadeHue B KopHe. (Ecau caurars, uro 1 = uctuna, 0 = J0Xb,
TO MaKCHUMyM W MUHUMYM cooTBeTcTByIOT onepamuaMm OR (UJIN) u AND
(M), nosromy unorga rosopar 06 AND-OR-zepese.)

CKOJIBKO JIUCTHEB HYKHO MOCETUTD, YTOOBI BEIYUCAUTE 3HAYEHUE B KO-
me? HammomunM, 910 Beero muctbes 227 nyia nepesa ¢ 2n ypOBHAMY (Kaz IbIi
U3 UTPOKOB JI€JIAET 7, XOIOB).

11.4.1. [loxaxuTe, 9TO A JIOOLIX 3HAYEHUNA B JUCTHLAX OMUCAHHLIN
HAMU ONITAMU3UPOBAHHBIN AITOPUTM MTPOCMATPUBAET HE MeHee 2" TUCTHEB.

Pemenue. Ha ypoBHe 2 HAXOMATCA Ue€THIpE BEPHIMHLI. B Xome pabOTHI
QICOPUTM [MOKEH Y3HATH IIeHy UTPHI XOTs OBl B ABYX u3 HuX. B camom
[ese, MyCTh HUXKHAA BEPIIMHA €CTh min-BepmuHa. Eciu B HEW HyJab, TO
B OJHOM U3 €€ CHIHOBEU TOXKe HyJb. A pa3 5TO max-BepIinHa, TO [T yCTa-
HOBJICHUS 3TOr0 (DAKTa Hy»KHO 3HATH LeHy 000X CHIHOBEeU (PaBHYIO HYJIIO).
Bropou cayuan: B xopue equauna. Torga B 06eux ero CHIHOBBSX [TOJKHA,
OBLITH €IUHUIIA, U YTOOBI OBITH B 9TOM YBEDEHHBIM, HYKHO B KaXXIOM U3 HUX
IIOCMOTPETh KaK MUHUMYM OJHOT'O CHIHA.

AnamormvHo pagu Kaxmoro 3HAYEHWS HA YPOBHE 2 HYXKHBI IBA 3HAYE-
Hus HA ypoBHEe 4 m Tak jgasee — B KOHIE KOHIIOB HA YPOBHE 21 HYXKHO
3HATDH 2" 3HAYMEHUN. O

[l HATVIAAHOCTU MBI FOBOPUIX O KOHKPETHOM AICOPUTME, OMUCAHHOM
Boie. Ho cnpaseniue u 60see o0mun pakT: 0001 HAOOD 3HAYECHUN B JIU-
CTBAX, KOTOPBIM OJHO3HAYHO ONPEIENACT 3HAUEHUE B KOPHE, COIEPKUT HE
MeHee 2" 3HAYMeHUN.

11.4.2. IlpoBemuTe akKypaTHOE TOKA3aTEILCTBO DTOT'O YTBEPK ACHUSI.

[Yxazanue. Ilo cymecTBy yxe BCE IOKAa3aHO, HALO TOIBKO TO O(Op-
MUTh.] O

TonpKO ITO MOIYyYEHHAS OIEHKA OTHOCUIACH K CAMOMY OJIArOIPUAATHOMY
CIydaro. YTBEPXKICHUE CICIVIOIIeN 3a1a91, HATTPOTUB, TOBOPUT O HAWXYI-
meM CIydae.

11.4.3. Ilycts y Hac cupammBaioT 3Hadenus B ucTbax AND-OR-zepesa
B 3apaHee HEM3BECTHOM HAM IOPSIKE, U MBI MOXKEM HA3LIBATH STU 3HATEHUS
0 COOCTBEHHOMY ycMOTpeHuo. [JokaxkuTe, 9TO MBI MOXEM J€HCTBOBATH
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Tak, 9TO0Bl 4O MOCIEIHEr0 MOMEHTa (MIOKa €CTh XOTh OJHO He HA3BAHHOE
3Haqune) II€HA KOPHS OCTABAJIOCH Obl HEM3BECTHOU (To eCTh MOIIa OBITH
U HYJEM, U e[UHUIEN B 3aBUCUMOCTH OT €IIE HE HA3BAHHBIX 3HaquI/II71).

JTa 3a1a9a MOKA3BIBAET, YTO JIOOOU AITOPUTM OTHICKAHUS IEHBI KO-
HA B HanOosnee HeOIATONPUATHOM CJIydae BHIHYXKIEH 0OXOIUTH BCE JUCTHA
(B 9aCTHOCTH, HAII O TUMU3UPOBAHHBIN AITOPUTM HUKAKOTO BEIUTDHIIIA He
aéT).

Pemenue. ByneMm nqokasniBaTh 3TO MHIYKIMEN IO BEICOTE Aepesa. [lycTs
xopens sasusiercss AND-sepmunon. Torga 6ygem orrarusars (0 mpeanoso-
JKEHUIO MHAYKIMNU) OLPELENCHUE BHAYCHUN B 1€TIX KODHs, & KOIAa AAJIbLIE
OTTATUBATEL Oy IeT HEMb3s (MOCAeIHUY JUCT MO JEPEBA CTAHOBUTCS U3BECT-
HBIM), CAEMAEM TAaK, YTOOBI 3TO MOIAEPEBO OBLIO UCTUHHBIM. TeM cambiM
3HAYEHUE B KOPHE COBIAJAET CO 3HAYEHUEM B IPYTI'OM MO IEPEBE U MOXKET
OCTABATHCS HEOMPEIENEHHBIM [0 [IOCAEIHEr0 MOMEHTA. g

Bonee nuaTEepecHON ABAACTCS OLEHKA CPEIHETO YUCIA ONPOIIEHHBIX JIU-
cTheB. Bymem cumrarh, uTo amroputMm find reduced_cost mpuMmeHsAET-
ca x HekoTopoMy dukcupoBanHomy AND-OR-nepesy (¢ dukcupoBaHHBI-
MU 3HAYEHUSAMHU B JUCTBSX), HO I KaXK IO BEPIIUHEL IOPALOK IIPOCMOTPA
IBYX €€ neren BeIOMpaeTcsa ciydanHo. Torma oblnee Iucao IpOoCMOTPEHHBIX
JIICTHEB CTAHOBUTCA CIYIAUHON BEJIUIUMHON.

11.4.4. [loxaxuTe, 9TO MATEMATUIECKOE OXWUIAHUE DTOU CJIYIANHOU
BEIWYWHEL (CpeHee Mo BCEeM TMOPAIKAM TPOCMOTPOB) mia moboro AND-
OR-zepesa BeicoTsL 2n (¢ 4" BepmMHAMEU) HE IPEBOCXOAUT 3.

Pemenwme. PaccmoTpum cuadana ciaydanm n = 1, TO eCTh OepeBO ruayOu-
uol 2. [lycts ero xopens apisgerca AND-sepumson. Ecau B KOpHE HAXOIUT-
cs 0, To Ha mepsom yposte 0,0 wiu 0, 1. B mepBom ciryuae HaM 10CTATOYHO
IPOCMOTPETH ABE BEPUIMHBL (HAWAs IEPBHIN HYJb, MBL HE WIIEM BTODPOMN).
Bo BTopom ciyuae ¢ BeposTHOCTBIO 1/2 HAM XBATUT IBYX, & C BEPOATHO-
cToio 1/2 monano6urcsa Tpu min detwsipe. Ecin ke 8 AND-kopHe HaxoquT-
ca 1, To B o6eux OR-Bepmmuax mepBoro ypoBHS HAXOOUTCS eIUHULA, U HA
KaXAyI0 U3 HUX HYXKHO B CpeIHeM He Gosbine 3/2 mpoCMOTPOB JHCTHEB
(c BepoaTHOCTBIO He MeHee 1/2 MBI cpasy momajaeM B JUCT C €IUHULEN
4 BTOPOU JIUCT HE CMOTPUM).

[amnueniee paccyX)IeHUE Jerko MPOUCXOAUT MO WHAyKIuUU. IlycTh
cpeqHee 3HAMEHUE YUCIA 3ATPAIINBAEMBIX JUCTHEB [ JI0O0T0 JepeBa IIy-
6unbr 2k He mperocxoauT 3¥. PaccmoTpum gepeBo rybuubL 2k + 2 ¢ (uk-
CUPOBAHHBIMU 3HAYEHIWSIMA B JUCTHAX. [[J KaxXA0ro BEIOOPA MOPSAIKA HA
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TIEPBBLIX ABYX YPOBHAX M3BECTHO, KAKUE U3 IETHIPEX BEPIIUH BHICOTHI 2 Oy-
IyT paccMOoTpeHHL. 110 mpeanoIokeHno CpefHee IUCI0 UCIOJIb30BAHHBIX JIN-
CTBEB [IPU PACCMOTPEHUN KaxK JOU BEPIIMHEI BEICOTH 2 (yCPEIHEHNE 110 BCEM
nopsakam 06xona) He GoJIbIIe 3*. JlOHOJIHUTEILHO YCPEIHACM IO IOPAIKAM
HA IBYX IEPBBIX YPOBHAX U 3aMEYAEM, UTO B CPEIHEM PACCMATPUBACTCS HE
OOJIbIIIE TPEX BEPIINH BHICOTHI 2. (I

11.4.5. IlonyumTe Gojee TOYHYIO OLEHKY [IJIA THCIA MTPOCMOTPEHHBIX
JMCTBEB B Hpeblaylnen 3anade. [Ykaszanue. VcnonbsyiTe pa3Hble OLEHKN
B 3aBUCHMOCTH OT 3HAMEHMA B KOPHE; STO MO3BOIAT 3aMEHUTE \/3 B OIEHKe
Ha Menbmee wucao (1 + 1/33)/4.] O

11.5. PeTpocnekTuBHbIN aHanus

CyIecTBEeHHO iU OMUCAHHOE B MPOILIOM Da3eie yIydlleHne aarOpuT-
Ma (mepexon oT mosiHoro mepebopa k a-S-npouenype)? C 0gHOU CTOPOHHL,
na: B HameM npumepe nepexon or 4" k 3" maér Bemrpeuun B (4/3)" pas,
a (4/3)" skcuoneHumaabHO pacTér ¢ pocroMm n. C APYroM CTOPOHEL, DKC-
MIOHEHTA OCTAETCA DKCIOHEHTOU, JAXKE €CJIU €€ MOKA3ATeIb YMEHBIIAeTCS
¢ 4 1o 3, mo>TOMY HA,A€XK IBI IOJHOCTBHIO IPOAHATN3NPOBATE NaXKe He OUeHb
CJAOXKHYIO U NOJTYI0 UTPY TAKAM CIIOCOOOM MOYTH HET.

IlosTOMYy Ha MpakTWKE OOBIYHO BLIOMPAIOT HEKOTOPYIO OUEHKY NO3uU-
YUY — JErKO BBIMUCIMMYI (PYHKIUIO, KOTOPas IO MHEHUIO MPAKTHKOB
KAK-TO OTPaXkaeT MPEUMYIIECTBO TOMO WM MHOrO UIPOKA (CKaXkKeM, MaTe-
PUAJBHBIA IEPEBEC B IIAXMATAX). 3aTE€M BMECTO HACTOAIIEN UIPLI PACCMa-
TPUBAIOT OTPAHUIEHHYIO UT'PY, B KOTOPOU NEIAETCA CPABHUTEILHO HEGOMb-
moe Iucao k XOMOB, & 3aTeM PE3yJIbTATOM UT'PLI CIMTACTCA OIEHKA TIOJIY-
YEeHHOU NO3ULWH, X B 3TOU UI'PE BLIIOIHAT nepe6op (IpumeHss q-F-onru-
mu3anuio). KoHedno, 3TO HUYero He rapaHTUPYeT B HACTOAMEH UI'PE, HO
9TO MOAEMAEIIT.

BriBaioT, 0HAKO, U CATYAIUK, KOT A yIAETCA ONPENENUTh IEHY TaHHOU
MO3UINU TOYHO. JTO YIAETCA CHEJATH A MIAXMATHBEIX DHINNWICA C He-
60MBIIAM IUCIOM (PUTYP — HADPUMEP, MOXKHO PACCIMTATD, 33 KAKOE M-
HUMAJIBHOE YHCJAO0 XOJ0B MOXKHO IOCTABUTH MAT KOPOJEM, CJIOHOM KM KOHEM
MPOTUB OOUHOKOTO KOPOJSA B 3aJAHHBIX HAYATBLHBIX YCIOBUAX. 3aMETHM,
YTO TPU DTOM UUCIO XOA0B MOXKET U3MEPATHCA JECATKAMU, 8 KAXKIBIUA X0
UMeeT JEeCATKYM BAPUAHTOB, IOXTOMY O MOJHOM mepeGope (wium gaxke O He-
CKOIBKO COKDAIUEHHOM) HE MOXKET UATY U DEdU.

11.5.1. TlpugymanTe Apyrou MOAXO, UCIOMB3YIOUINN OTPAHUIEHHOCTh
OO0LIEero ucjaa BOBMOXKHBIX IMO3ULUY (CKaXeM, A IeTHIPEX YIIOMSHYTHIX
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uUryp Ha mMAaXMaTHOH JOCKe T0 64* = 224 = 16 «meramosunuiy; ¢ yIéTOM
0UYepPEIHOCTH X043 OymeT 32 Meramo3wuilny; MaCCUB TAKOI'O pa3Mepa MoMe-

[IAETCA B HAaMATH COBPEMEHHBIX KOMIIBIOTEPOB 0€3 TPYAA).

Pemenme. 3aBeném MmaccuB, OTBesA AYEUKY IJIA KaxK o mosuuuu. IIpo-
CMOTDPHUM €ro OIVWH Pa3 ¥ OTMETVUM BCEé MATOBLIE TO3WINM (3aINCaB TyAA
uceao 0 B 3HAK TOTO, YTO MO3WIMS MPOUTPAHA U GOMBIIE XOAUTH HEIb3S).
3aTeM MpoCMOTPUM MACCHUB €IIE Pa3 U IOMETHM KAaK BEIUIDHIIIHLIE BCE II0-
3UIMH, U3 KOTOPLIX MOXKHO IIOUTHX B MATOBLIE (HamuIeM TaMm 1 B 3HaK TOrO,
YTO MOXKHO BHIUIDATh 3a 1 X01). 3aTeM oTMeTHM Bee (elé He OTME4eHHELE)
[O3WIMY, U3 KOTOPBIX BCE XOIBI BEIyT B IO3WIMK C METKOR 1, HammcaB
TaM —2; OHM NPOUTPHIBAIOTCS B JBA XOIA. 3aTEM — [O3UIUY, U3 KOTOPBIX
€CTh XO[ B IIO3UIMY C METKOU —2 (Hamucas TaM 3), IOCIe DTOr0 — MO3ULAHY,
73 KOTOPBIX BCE XOABI BeayT B 1- win 3-nosunuu (Hanucas TaMm —4) 1 T. 1.
Tak Oymem genaTb 4O TeX IOP, MOKA OyIyT HOABIATHCSI HOBBIE IOMETKU.
Kak TOIBKO 3TO KOHYNTCA, LIS KAXKIOW HO3UNUK OyJeT M3BECTHO, MOXHO
JII B HEU BHEINI'DATH U CKOIBKO XOJOB [/ DTOCO HYXKHO. O

dakTuiecku 5Ta IpoleIypa MOBTOPAET JOKA3aTEILCTBO TeopeMtl Llep-
MeJ10 (HO TOIOJHUTEILHO MBI HOLYIaeM NHMOPMALUIO O TOM, CKOJIBKO XOIO0B
[0 BBIMIDBIMIA WK [IPOUrPHILIA [IPYU HAULY IIIEd Urpe).

11.5.2. MoryT nu npu 3TOM OCTATHCSA HEOTMEUEHHBIE TTO3UINU U IEMY
OHU COOTBETCTBYIOT?

OTBeT. JTO MO3UIUN, B KOTOPBIX 004 UI'POKA MOT'YT apaHTUPOBATH
CKOJIb YIOAHO [IWHHYI0 urpy 6e3 mpowrpsima. Bupodem, mpasuio Tpo-
€KPATHOI'O0 MOBTOPEHWsA MO3UINM B MIAXMAaTaX B 3TOM CAyYae MO3BOIAET
cunrarh mapTuo Huuennou. (Ha camom mene y4éT »TOro mpasumia Cylue-
CTBEHHO OCJOXHAET CUTYALWIO, TOCKOIbKY Telephb B MOHATHUE IO3UINYN Ha-
IO BKJIOYATh MHGPOPMALNIO O TOM, Kakue KOHUurypauuu uryp Ha JOCKe
YK€ BCTPEYaINCh. ) O

A.JI. BpygHo 3aMeTmI, 9TO €CTh CUTYallUsA, B KOTOPOU TAKOU «PETPO-
CTIEKTUBHBINY aHAIU3 TpeOyeT COBCeM HEeGOIBIINX PECYPCOB U MOXKET ObITh
peaaum30BaH HA OUEHBb HEOOJIBIION MAMATH, XOTS /I 9eI0BEKa COOTBETCTBY-
IOIIASA 33,4a8a He IPOCTa: MyCTh OeIble UMEIOT KOPOJIA Ha IOJe €3, KOTOPOro
UM 3AlPELIEHO ABUraTh, 1 Gep3s (Ha KAKOM-TO APYIOM IOJe) U XOTAT II0-
CTaBUThL MAT OJMHOKOMY YEPHOMY KOpo.. Orpanndenue (HEMOIBUKHOCTD
KODOJIA), 3aTPY JHAKIIEE KU3Hb IeJI0BEKY-IIAXMATUCTY, 0OIerdaeT aHaI3
(YMeHBIIasA KOIUIECTBO MO3ULUK OoYTH 9TO B 64 pasa 3a c46éT TOro, 4To
He HaJ0 PACCMATPUBATH PA3HBIE MOJOKEHUs KOPOJs!)
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I/ICHOJII)E\OB&HI/IG Ta6JII/II_[BI ONMUCAaHHOI'O TUIIAa MOXKHO CYUUTATh IPpUMEHE-
HIEM MEeTOJa JUHAMUYECKOr'0 IPOrPAMMUPOBAHUA (MBI HE BHIUUCJAAEM LIEHY
WUCPBL 4JIA OJHOM WM TOU K€ MO3WLMK CHOBA U CHOBA, OOXOAA NEpPEeBO, a 3a-
MOJAHAEM TaOJUIy IEeH CMCTeMaTquCKH).



12. ONTUMANBHOE
KOAMPOBAHUE

12.1. Kogbl

Nmes 2™ cuMBOJIOB, MBI MOXKEM KOAWPOBATL KaXKILIM U3 HuUX 7 OuTa-
MU, IOCKOJIBKY CymecTByeT 2" xoMOuHauuy u3 1 6uros. Hampumep, Mox-
HO 3axogmporath 4 = 2% cumpona A, T', T, II (ucmomssyemele mpu 3amu-
cu reHoMoB) AByxOuToBbiMu KoMOuHanmaMu 00, 01, 10 u 11. /Ipyrou mpu-
Mep: MOCJIeNOBATEILHOCTAMY 13 8 OuToB (6anTaMu) MOXKHO 3aKOAUDPOBATH
256 cuMBOIOB (M 3TOr0O XBaTaeT HA JATUHCKUE W PYCCKUE OYKBBLI, 3HAKH
[IPENUuHAHUSL U AP.).

Bonee ¢popmanbHO: mycTh HAM 1aH a4gaéum, TO €CTh KOHEIHOE MHO-
JKEeCTBO, DIEMEHTHI KOTOPOr'O HA3LIBAIOTCA CUMBOAAMU UIU OYKEaMU DTOTO
andasura. Kodom gia andasura A HaseiBaeTca GyHKuus (Tabauna) o, KO-
TOpas 14 KaxkJIO0rO CUMBOJA @ U3 A yKasblBaeT JBOUIHOE CIOBO a(a), Ha-
3BIBAEMOE K0J0BbLM CA0B0M, WA IPOCTO K0Jom dTOro cuMmBoaa. ([Isouanoe
CJIOBO — KOHEYHAs [OCAEL0BATEIbHOCTE HyJaell u egunui.) He Tpebyercs,
9TOOBI KOABI BCEX CUMBOJIOB MMEJIU PABHBIE JJIUHHI.

Mzur gonyckaeMm, 9TOOBI PA3HBIE CUMBOJBL UMEJIN OAMHAKOBEIE KOAbl. Co-
TJIACHO HAIIEMY OIPEeIeJeHUI0, PA3PeIaeTCsa Bce OYKBBI apaBUTa 3aKOU-
posath c10BoM () (1 JazKe IyCTHIM CJIOBOM ) — HO, KOHETHO, TAKOU KO Oy 1eT
6ecroneser. Xopowmuil KO AO/KEH MO3BOMATh AEKOAUPOBAHUE (BOCCTAHO-
BJICHUE TOCJIEIOBATEILHOCTA CUMBOJIOB TI0 €€ KOIY).

DopmatbHO 3TO ompeaenseTca Tax. llycts gukcuposan aapasur A u
KO « s »Toro anbasura. s kaxgoro ciosa P B andasure A (To ecTh
[JLSL IIOOOU KOHEYHOU MOCJeI0BaTenIbHOCTU OyKB andasura A) paccMoTpum
aBordHOe c10BO aP), KOTOpOe HOLyYaeTCs, eCld 3alUCaTh MOAPSLI KOLBL
Bcex Oyks u3 P (6e3 kaxux-am60 pasneautenern). Kox a Ha3BIBAETCA 00#O-
3HAUHBIM, €CJU KOIbI PA3JUIHEIX CJ0B pasaudsss: a(P) # a(P’) npu P# P’.

12.1.1. Paccmorpum TpéxOykBeHHBIN aidaBut {a,b,c} u xox a(a) =0,
a(b) =01 u a(c) = 00. Byget /um 5TOT KOX OAHO3HAIHBIM?
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Pemenue. HeT, mocKkonbKy CI0BA aa U ¢ KOTUPYIOTCSI OIUMHAKOBO. ]

12.1.2. [lna Toro xke aiapasuta paccMorpuMm xon «fa) = 0, a(b) =10
u a(c) =11. Byger au 5TOT k01 OLHO3HAYHBEIM?

Pemenune. Byger. YTo06bI 10Ka3aTh 2TO, JOCTATOYHO OOBACHUTDL, KaK
MOXKHO BOCCTaHOBUTH ci0BO P mo ero xony a(P). Ecan a(P) nadunaercs
C HyJs1, TO sCHO, 9TO ci0BO P maumnaercs ¢ a. Eciu a(P) nadunaercs
C eIMHULEL, TO CJIOBO P HaduHaeTcs ¢ b wam ¢ ¢ — 9100l y3HATDH, C 9€ro0
UMEHHO, TOCTATOYHO IOCMOTPETH Ha BTOpou 6uT caosa aP). Boccranosus
nepByw OyKBY C10Ba P, MBI 3a0bIBa€M O HEW M O €€ KOfe, W MPOLOIKAEM
BCE CHAJAJIA. O

Bepuo u 6osee obmee yreepxgenune. HazopéMm kon npegdurcubim, ecan
KOAbl OyKB He fABAIOTCA HAadagaMu APYr apyra (CJaoBo a(p) He sABIsSETCs
HadaIoM caoBa a(q), eciu OyKBBL P U ¢ PA3JIATHBL).

12.1.3. [loxaxuTe, 9TO J000U MPEGUKCHBIN KO ABIACTCA OJHO3HAY-
HBIM.

Pemenne. /[exoqupoBaHre MOXHO BeCTU cJeBa HamnpaBo. llepas Oyksa
BOCCTAHABIMBAETCA OJHO3HAYHO: €CJAM AT ABYX OYKB p u ¢ cioBa «(p)
u a(q) ABIAIOTCSA HaYaIAMU KO, TO OAHO U3 CJIOB & (p) u a(q) aBiseTcs Ha-
9AIOM IPYTOro, 9TO HEBO3MOXKHO mis npedukcHoro kona. U rak namee. [

12.1.4. IlpuBeaure mpuMep OJHO3HAYHOIO KOIA, HE SBJAIOIIETOCS MIPe-
(PUKCHBIM.

[Ykasamume. Ilycts aa) =0, a(b) = 01, a(c) = 11. DToT Kox ABIAETCS
«Cy(OPUKCHBIMY , HO HE TPEPUKCHBIM. | (I

12.1.5. Hamgure Tabmuny mua a3byku Mopse. O6biacuuTe, modemy eé
MOXKHO HUCIIOJIB30BATh Ha IIPAKTUKE, XOTs OHa HE ABJIACTCA HU l'Ipe(I)I/IKCHbIM7
HU JaxKe OTHO3HAYHBIM KOJOM. [l

12.2. HepaseHncTro KpadpTa—Makmunnana

3adeM BOOOIIE HYXKHBI KOABI C PA3HOU AJMHOM KOMOBHIX caoB? [lemo B
TOM, YTO HA MPAKTUKE PABHBIE CUMBOJBLI AA(PABUTA BCTPEIAIOTCA C PASHON
YAaCTOTOU, U BHIFOJHO 3aKOIUPOBATH YACTHIE CUMBOJIBI KOPOTKUMY CJIOBA-
Mu. (DTO cOOOpakeHume, KCTATH, YIUTHLIBAJIOCH MPU COCTABICHUU A30yKH
Mopae.)

Ilycts mna xaxkgou OykBeI a aiddasura A duxcupoBaHa €€ uacmoma
p(a) — HOnOKUTEIBHOE YUCIO, IPUIEM CyMMBI 9aCTOT BCEX OYKB DABHBL
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enuuune. Torga masa I060T0 KOAA @ MOXKHO OHNPENEIUTH CPeduion 0Auny
JTOT0 KOJIa KaK CYMMY

E=) p(a)la(a)|

no Bcem GykBam a € A, rae |a(a)| — ammna xkogoBoro caosa a(a) GyKBEL a.
(CMBICK TOTO ONpemeNeHNs: eCIn B CI0Be MMuHBI N GYyKBa G BCTPEUACTCA
¢ qacroron p(a), To Takux 6yks Oyger Np(a) 1 HA UX KOOUPOBAHUE YUIET
Np(a)|a(a)| 6uros; obmas gmuna xoga O6yzet » Np(a)|a(a)| u B cpenuem
HA KOIMPOBaHUE KAaX A0l OykBel yuaéT F 6utos.)

Tenmepr BO3HMKAET 3amada: MIA JAHHBIX 9aCTOT HOCTPOUTH OTHO3HAT-
HBIU KOJ MUHUMATLHOU CPeqHeN IIUHLL. TeopeTudeckn 5T0 MOXKHO CIeJaTh
epe6opoM (ecan B KOJE eCTh XOTA OBl OHO OYE€Hb IJIMHHOE KOJIOBOE CJIOBO,
TO €ro CpeJHsA [INHA BEINKA, TOITOMY TaKUe KOALl MOXKHO HE PAaCCMATpPU-
BaThb; OCTAETCsA KOHEYHOE 4Mca0 BapuaHToB). Ho MOxHO obonTuch u Ge3s
nepebopa, 1 B 3TOM Pa3nese MBI HayIHMCA DTO JEIaTh.

[l Hadana mOUMEM, 9TO MEIIAET HAM BBIOMPATH KOTOBBIE CJIOBA KOPOT-
kuMu. OKa3BIBaeTCA, YTO €CTh POBHO OMHO NPEMATCTBUE: [IUHEL N1, - . . , T
KOJIOBBIX CJIOB JOJKHBI YAIOBJI€TBOPATH HEPABEHCTBY

27ML 492 4 427 L

Ha3BLIBAEMOMY B TEOPHUM KOIUPOBAaHUA nepasewcmseom Kpagma— Maxmua-
AAHA.

12.2.1. IIpoBepbTe, YTO OHO BHINOJIHEHO [JII PACCMOTPEHHBLIX BBIIIE
NPUMEPOB OJHO3HAYHBLIX KOIOB. g

2.2, KaXXUTe, 9TO [IJIs1 BCAKOIO MPeUKCHOrO K BBIIOJIHSIETCSA
12.2.2 OKa, e, ITO CAKOTO TIpe CHOT'O KOJa OJHSAETC
HepaBercTBo Kpapra—Maxkmuirana.

Pewenme. OTpesox [0, 1] moxuO pa3buts Ha ABe mOAOBUHBLL. Hazosém
aeByio Iy, a mpasyio Iy. Kaxayio u3 Hux paszobbém momosam: oTpe3ok Iy
pasmenuTcs Ha JeByo noaoBuHy log um mpaByio gy, anajsormaHo I penwt-
ca Ha [1g n I1;. U Tak nanee: mo60OMy IBOWYHOMY CJIOBY & COOTBETCTBYET
otpesok I,. [mmua sToro orpeska ects 2171 rae |z| — mmma crosa z.
Ecnu cnoBo x sBaseTcs HaYAIOM CIOBA Y, TO OTPE3OK [, COXEPKUT OTpe-
30K I; ecin HM OJHO U3 CJIOB & U Y He SABIIETCA HAYAJOM JPYyIroOro, TO
orpeskn I, u I, He mepexpHIBAIOTCA (HA TOM 3HAKe, I'le T U Y BIEPBLIE
pacxonarcs, I, u I, nomajamoT B pasHEE MOJOBUHEL).

PaccmoTpuM Temepb OTpE3KH, COOTBETCTBYIOIINE CIOBAM MPEMUKCHO-
ro koma. OHU HE MEPEKPBIBAITCA. A 3HAYUT, CyMMa WX [IWH He OOJbIIE
eMUHUILI, 9TO 1 naéT HepaBeHCTBO Kpadra—Makvmiiana. O
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12.2.3. IlycTs mambl k MEABIX TOJIOKUTEABHBIX YUCET Ny, - - . , Thf, VIOBJIE-
TBOpsAwome HepaBeHCTBY KpadTa—Makmuanana. [Jokaxxure, ITO MOXKHO
MOCTPOUTH MPEMPUKCHBIN KO A k-OyKBEHHOTO aI(aBUTA C IIMHAMU KO-
MOBBIX CJOB Ny, ..., Nk.

Pemenue. 11 31ech MONME3HO UCTOMBL30BATH COOTBETCTBUE MEXKIY CJAOBA-
MU U OTPE3KAMU U MPENCTABIATEL ce0e MeM0 Tak: Yy HAC €CTh eIUHUIHBIN
orpesok [0, 1], u MBI BBIe/IsIEM €r0 YaCTH NOIb30BATENAM 0 TPEGOBAHMUIO.
Ecnau nmonp3oBaTens IpuUXOIUT C Y9UCIOM 7;, TO DTO 3HAUUT, 9TO €My HAIO
BBIJATH B IOJb30BAHUE OJUH M3 OTPE3KOB JIUHOU 27" COOTBETCTBYIO-
IUX KOLOBBIM ciioBaM AauHbL 77;. (Tem caMbiM rogsarcs He Jro0ble OTPE3KU
TaKOU [JIWHBI, 8 JHUIIb (IPABIIBHO PACIOIOKeHHBIEY.) Kon nomxen GbITh
TpePUKCHBIM, DTO 3HAYUT, UTO OTPE3KM PABHLIX MOJb30BATENEN HE TOJK-
HBI TIEPEKPHIBATLCA. HaM [aHo, 9TO cyMMapHas QJIUMHA BCEX TPEOOBAHUN HE
6oabme eqununbl. Kak ux ygosrerBopurh? MOXHO OTBOAUTEH MECTO CJle-
Ba HAIIPABO, IIPU DTOM PACCMATPUBATL TPeOOBaHWS B NOPsALKE yOBIBAHUA
nauH (Torga 60mee KOpOTKUE OTPE3KU Oy AyT MPABUILHO PACIOIOKEHBI 10
CJI€ TPEBIIYIINX 60JIee NINHHBIX). O

12.2.4. Tloxaxure, 9TO BBLAEMATH KOLOBBIE CIOBA (MECTO HAa OTPE3Ke)
MOXKHO U B IOPSAKE HOCTYILIEHUsI TPeOOBAHUN (KaK MHOL4a TOBOPAT, B «pe-
xKume on-line»): mOAB30BATENb IPUXOAUT C TUCJAOM 71; U YXOLUT C IPABUILHO
PACIOMOXKEHHBIM OTPE3KOM JAMUHBI 2~ IpUIEM eCIu BHIITOJTHEHO HEPABEH-
crBo Kpadra— Makmuwiiana, TO HUKTO HE yHAET OOUKEHHBIM (BCEM XBATUT
MecTa, U NePePacHpeieNiTh ero He IPUIETC).

[Yxazanue. HyxHo nogaepxusBars CBOGOIHOE IPOCTPAHCTBO KAK 00b-
eIVHEHNE MPABIIBLHO PACITOIOKEHHLIX OTPE3KOB TMOMAPHO PA3IUIHBIX IJINH,
BBIJEMAA KAXK IOMY MOJB30BATENI0 KYCOK U3 KPATIAUIIETO MO [XOIAIIETO OT-
pesKa ¥ Jopa3buBas OCTATOK.] O

12.2.5. Ilokaxwutre, uro HepaBencTBO Kpadra—MakMuiiana BBITOJH-
€TCsA He TOJBKO [JIs1 JI0OOro npeduKCHOrO KOJAa, HO U BOOOIIE M JI60ro
onHo3HauHOro kona. (Mmenno »to mokaszan Maxmwuian; KpadT moxasan
HEPABEHCTBO U MPEPUKCHBIX KOLOB. )

Peurenne. Ecth pasble ciocoOBl pemmTh 3Ty 3a4a€y; MBI IPUBEIEM
[IPOCTOE U KPACUBOE, XOTs U HECKOJIBKO 3arano4dHoe, pemtenue. IlycTs nme-
€TCA OMHO3HAYHBIN KO ¢ k KOmZOBLIMU caoBaMu Py, ..., P,. Ham nano gqoxa-
3aTh, YTO UX IJIMHHEL n; = | P;| yaoereTsopsior HepaseHcTBy Kpadra—Mak-
MuntaHa. llpencraBuM cebe, 9TO BMECTO HyJEW W €IUHUI] UCTIOIB3YIOTCA
cuMBOsIbL @ u b (Kakas pasHUIA, W3 Yero COCTABIATH KOABL?). 3amuiiem
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¢dhopMaTBEHO CYMMY BCEX KOTOBBIX CJOB KaK aareOpandeckoe BhIDAKEHUE
Po+P+...+ P

(MHOTOWIEH OT ¢ U b, B KOTOPOM OHOWIEHBI 3ANUCAHBI KAK MPOU3BEIE-
HUs [EPEMEHHBIX @ U b, 6e3 BO3BeIeHUs B creneHb). Temepn (emé Gomee
CTPAHHOE HA NIEPBHIN B3IVIAJ AEHCTBUE) BO3BEAEM DTO BLIDAKEHWE B CTe-
nesb N (IPOM3BOIBHOE HATYPAIBLHOE YUCIO) U PACKPOEM CKOOKU, COXPAHSLSI
TOPAJOK MEePEMEHHLIX (He COOUpas BMECTE OQUHAKOBBIE IEPEMEHHEBIE) B O/I-
HO'JIEHAX:

(P + Py + ...+ P,)N = cymma ogmowreros.

Hanpumep, mua xopga co cirosamu 0, 10, 11 (koTOpBIe Teneps 3amuChIBAIOTC
Kak a,ba,bb) u gux N = 2 noaygaem

(a + ba + bb)*> = (a + ba + bb)(a + ba + bb) =
= aa + aba + abb + baa + baba + babb + bba + bbba + bbbb.

B »ToM mpuMepe Bce OJHOWIEHBL B IPABOU YaCTH PA3IUYIHLL (€CJAM HE TIepe-
CTABIATH MEPEMEHHEIE), I DTO He CIyYalHO: Tak OyJeT Aias Jo6oro OgHo-
3HAYHOIO Koja. B camoM fene, o OIpeleleHUI0 OJHO3HAYHOCTH HUKAKOE
CJIOBO HE MOXKeT OLITh MOIYYeHO ABYMs CIOCOOAME IPHU COCAMHEHUH KOJO-
BEIX CJIOB.

Teneps mogcTasuM a = b =1/2 B Hame paBeHCTBO (€CAU OHO BEPHO AT
OYKB, TO OHO BEPHO U [JIs1 JIOOBIX UX IUCJAOBBIX 3HadeHun ). CieBa nomyauTcs

(27™ 427" 27N

(B ckOOKe Kak pa3 BhIpaxKeHWE U3 HepaBeHCTBa Kpadra—Makmuuiana).
IIpaByio 9acThb MBI OIIEHUM CBEPXY, CCPYIMNUPOBAB CJIOBA MO IIAHAM: UMeE-
eTca me Gonee 2! craraeMeIx IIMHBI [, KasKJ0e M3 KOTOPHIX paBHO 2,
¥ TIOTOMY CJaraeMble JaHHOU [IJIUHBI B CyMMe He MPEBOCXOAAT eIUHUIIBI,
a mpaBas IacTh HE TPEBOCXOTUT MAKCUMAILHOU [IJIUHBL (JIATAEMBIX, TO €CTh
N max n;. Urak, noaygaem, 910

(27 4272 4 4 27")N < Nmaxn;,

” 5T0 BepHO Tipu 1060M N . Ecau ocHOBaHME CTEMEHY B JEBOU YaCTU GOIBITE
€IUHULBL, TO TIPU GOABIIAX N 5TO HEPABEHCTBO HAPYIIUTCA (TOKA3ATEILHAA
dbysxuua pacrér OvicTpee auHenHOU). [l0PTOMY AJIA OLHO3ZHAMHOIO KOZA
BBIMIOJHAETCA HepaBeHCTBO Kpadra—MaxMmuiiana. O
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12.3. Kog XadpdpmaHa

Teneps 3amada 0 Koje MUHMMAJILHON CPEIHEN MIJIMHBLI IPUOOPEeTaeT Ta-
Kyio (pOPMY: I TAHHBIX MOJOKUTENBHBIX D1, . - . , Pi, PABHBIX B CyMMe eU-
HUIIE, HAUTHU LeJIble NOJOXKUTENLHEIE N1, . ., N, 41 KOTOPLIX BBIITOJIHEHO
HepaBeHCTBO Kpadra—Makmuanana, a cymma

k
E bin;
i=1

ABJIAETCA MUHAMAILHO BO3MOXKHOU (Cpenu HaGOPOB 7y, - . ., Mg, YIOBJIETBO-
PAIOIMIUX HEPABEHCTBY). 3aaada 12.2.5 mOKa3bBAET MOKA3BIBAET, YTO CPEI-
HAA AJIMHA O JHO3HAYHOIO KOIa HE MEHbBIIIe YTOr0 MUHUMYMa, a 3aga4da 12.2.3
TOBOPHUT, YTO STOT MUHAMYM TOCTUTACTCS, IPUIEM TaXKe MJIsA IPEePUKCHOrO
xoma. Kax e HauTy 9ucaa ni,...,ng, JOCTABIAIONIME DTOT MUHUMYM?

12.3.1. [loxaxwuTe, 9TO AJasA ABYX OYKB ONTUMAILHBIUN KO COCTOUT U3
IBYX CJIOB IJIWHBI 1, HE3aBUCAMO OT 49acTOT OyKB. [l

YTo6B pemuTh 3343y B OOIIEM CIyUae, HATHEM C HECKONIBKUX TPOCTHIX
3aMeYIAHNIN.

12.3.2. IlycTh, 9acTOTHI PACHOJOXKEHBI B YOBIBAIONIIEM TOPAIKE: P >
> po > ... > pr. [JoxkaxuTe, YTO TOrJa IIUHBI CJIOB ONTUMAJIBLHOTO KOIA,
UIYyT B HEYOBIBAIOIIEM MOPAAKE: 1] < N < ... < N

Pemenue. Eciu 6u1 60s1e€e penkas OykBa umesa Ol 601ee KOPOTKOE KO0~
BOE CJIOBO, TO, OOMEHAB KOJOBBIE CIOBA, MBI COKPATUIN OB CPEIHIO JAJIUHY
KOZa. U

12.3.3. Ocranercs au yTBEPXKCHUE OPEABIIYIIEN 3314494 B CUIE, €CJIU
YACTOTHI PACTIOJNOXKEHBI B HEBO3PACTAIOMIEM MOPAIKE (BO3MOXKHBLI DABHBIE)?

Pewenue. Het: ecan, ckaxeMm, umerorcs Tpu OyKBHL ¢ dacToTon 1/3, To
OIITMMAJBHBIN KO OyaeT uMeTh NauHBL cJoB 1,2, 2 (ecau Obl ABA KOLOBBIX
CJIOBa MMEI JJIMHY 1, TO Ha TPEThE yXkKe He OCTAJOCh OBl MECTA), U OHU
MOT'YT UATH B JIOOOM HMOPSIKE. U

3aMeTHM, OJHAKO, YTO IPH MOMCKE ONTHMAJIBHOIO KOZa (/s HEeBO3-
pPaCTamIINX YaCTOT) MBI BIPABE OMPAHNUMBATHCSA JUIIL KOJAME, B KOTO-
PBIX JIJINHBI KOJOBBIX CJIOB HEYOBIBAIOT (IIOCKOIBKY KOJOBHIE CIOBA, A1 OYKB
OQVHAKOBBEIX JaCTOT MOXHO IIE€PECTABIATEH 6€3 M3MEHEHUs CPEIHEN [IMHEL
KOJa).
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12.3.4. IlycTs YacTOTHI PACIONOXKEHBI B HEBO3PACTAIOUIEM MOPSIKE
(p1 2p2 > ... > pi), & JIVHBL CJIOB B ONTUMAJIBHOM KOI€ PACTIOJIOXKEHBL B HE-
yOBIBAIOIIEM TIOPALKE N1 < N2 < ... < ng. Joxkaxure, 910 ng_1 = ny (upu
k>2).

Pemenne. IIpeamonoxum, 9TO 3TO HE TaK, U YTO €CTh €IUHCTBEHHOE Ca-
MO€ IJIMHHOE KOJOBOE CJIOBO IJIUHEL Ng. Torma mepaBenctBo Kpadra—Maxk-
MWIWLIAHA HE MOXET OOpAaIAThCSA B PABEHCTBO, MOCKOJBKY BCE CIAraeMble,
KpOMe HaMMEHBIIEro (MOCAEIHETr0), KPATHLL Y ABOCHHOMY TOCIETHEMY CJIa-
raeMoMy. SHAYUT, B OTOM HEPABEHCTBE €CThb 3AIAaC, NPUIEM HE MEHBIINU
MOCJEHEr0 CJAaraeMoro. A Torga MOXHO YMEHBIIATDL 1) HA €IUHUILY, HE
HapyIIas HEPABEHCTBA, YTO MPOTUBOPEYUT IMIPEAIONOKEHUIO 00 ONTUMAIb-
HOCTU UCXOTHOTO KOIA. 0

OTa 3a1a4Ya MOKA3BIBAET, UTO IMPHU MOUCKE ONTUMAILHOIO KOIa MOXKHO
paccMaTpuUBaThH JUIIL KOILI, B KOTOPBIX IBE CaMble penkue OyKBBI UMEIT
KOIbI OJMHAKOBOU [JIVHEIL.

12.3.5. Kaxk cBecTu 3a1a49y OTHLICKAHWA [IIMH KOTOBLIX CJOB OMTHMAJIb-
HOr'O KOga miasa k 1acTor

D1 2P22...2Dg—2 2 Pk—1 2 Pk
K 3aJa4e TMONCKA [JINH ONTUMAIBLHOIO KOIa miasf k — 1 gacTor
D1,P2;s -+ -3 Pk—2,Pk—1 + Dk
(9acTOTH OBYX CAMBIX PEIKUX OYKB OOBEIUHEHBI)?

Pemrerwe. Mu1 yxe 3HaeM, 9TO MOXHO PACCMATPUBATH JIMIIL KOABL C
ng_1 = ng. HepaBeracrBo Kpapra—Makmuiiana Torma 3anumeTcs Kak
27 4272 4 4272 4 QT 97T —

=27 4272 4272 4 2T,

€CJIU MOJIOXKUTE N1 = N = n + 1. Takum obpaszom, ducaa ni,...,Ng_2,MN
IOJIKHEI yIOBIETBOPATHL HepaBeHcTBY Kpadra—Makmmmnana mis k — 1
OyxB. Cpeusas NJIUHBLI DTUX ABYX KOAOB OyIyT CBSI3AHBL:

piny + ...+ pPg—2Ng—2 + Pr—1Nk—1 + PNk =
=ping + ...+ pr—2np—2 + (Pr—1 + Pe)n + [Pr—1 + Pi)-

IMocaennee caaraemoe (KBagpaTHas CKOOKA) HE 3ABUCUT OT BBIOMPAEMOIO
KONa, TTO3TOMY MUHUMU3UPOBATH HALO OCTATLHOE, TO €CTh KaK pa3 Cpei-
HIOIO [JIWHY KONA C IIUHAMU CIOB N, ...,Mf_2,N JJIA 9aCTOT Py, P2, - - -

<y Pk—2,Pk—1 + pi. Ilocae >TOro HaI0 MOIOKATE Ny_1 = N =n + 1, 1 3T0
JACT ONTUMAJBHBLIM KOJ IS MCXOJHOHU 3aJa<Mu. O
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Ncnonb3ys aTy 3a1a49y, HECAOXKHO COCTABUTE PEKYPCUBHYIO TIPOTPAMMY
[ OTHICKAHUA [JIWH KOAOBBIX CI0B. C KaXIBIM BLEI30BOM YHUCJIO OYKB Oy-
IeT YMEHBIIATHCA, TIOKA MBI HE CBEIEM 3a0ady K CAydar0 IBYX OyKB, KOTIa
ONTUMAILHEIN KOn cocTtouT u3 c¢aoB 0 m 1. 3aTeM MOXHO HAUTH U CAMU
KozoBHIe cjI0Ba (corviacHo 3anade 12.2.3). Ho upomwe o6begunurs oTu gen-
CTBUSA U CPa3y UCKATH KOJOBLIE CIOBA: BEIb 3AMEHA JTUCIA 7 HA IBA TUCIA,
n + 1 cooTBeTCTBYEeT 3aMeHe KOMOBOro c1oBa P Ha aBa crmoBa PO u Pl Ha
equHULY OOMbIIEN MIUHBL (A DTa MOCJICAHAA 3aMEHA COXPAHAET IIpedUKC-
HOCTB KOZA).

Ko, mocTpoeHHLII TakuM MeTOLOM, HasblBaeTCa kodom Xaddmana.
Mebr nokasanu, 9TO OH MMEET MUHMMAJIBHYIO CPENHION IIMHY CPEIn BCEX
KOMOB ([Jisi MaHHBIX 9acTOT OykB). B ciemyromen 3ajgade OLEHUBACTCA UU-
CJIO OTIepalyi, HeOOXOQUMBIX Ui TOCTPOeHUs Kona Xaddmana.

12.3.6. IloxaxuTe, 9¥TO MOXHO 0OpabOTaATh YACTOTHI Pi,.-., Pk, CIE-
aas O(klog k) omepamuir, mocse 4ero i-e KOGOBOE CJIOBO MOXKHO yKa3aThb 32
BpeMsi, IPOHOPIXOHAIBHOE er0 IJInHE.

[Ykazanue. 3aMeTuMm, 4TO OLEHKA BPEMEHU JOBOJIBHO CHJIBHAI: TOJb-
KO Ha copTupOoBKy wuucea p; yxe yxomut O(klogk) meuctsun. IosTomy,
[IPUMEHA MIPEALIIVILYIO 3a4ady, HyKHO UCIOIL30BATH PE3Y/IbTATH COPTU-
POBKH k THCEN IPU COPTUPOBKE MEHBIIEr0 KOJMIECTBA YUCETI. JDTO MOKHO
CHENaTh C MOMOIIBI0 OYEePenN C IPUOPUTETAMY, BEIHAMASA NBA MUHIMAJIb-
HBIX 4ucia u gobaeiss ux cymmy 3a O(logk) meicrBuil. D10 no3BoLAeT
ONIpEeNeNNTh, KAKWe MBe OYKBBI HAAO COENUHATL B OJHY HA KAaXKIOM IIAre.
[MapannessHO ¢ coequHeHnEM OYKB MOXKHO CTPOUTDH A€PEBO KOIOB, IPOBOI
pébpa (momedenusre 0 u 1) oT coeauHEHHON OYKBBI K KaxkKJIOW U3 eé I0-
aoBuHOK. IIpu sTom Tpebyerca O(1) mercrBunn Ha kaxgoMm mare. Ilocae
3aBEPIIEHUA IOCTPOECHUE MIPOCICKUBATE KO MI0O0U OYKBBI MOXKHO CHMBOJ
3a CHMBOJIOM. | O

12.4. Kop LLlenHoHa —dPaHo

Mur Bugenn, Kaxk MOXKHO TIOCTPOUTH ONTUMATBLHEIN KO (AMEIOMIAN MU-
HUMAJIBbHYIO CPEIHIOI IIWHY) M JaHHOro HabGopa dacror. QnHako sra
KOHCTPYKIUA HE Ta6T HUKAKOM OLEHKH [JIA CPEIHEH NIMHLI OINTUMAIBLHOIO
kofma (kax pyHKIUM OT YacToT p;). Crenyromme 331849 YKA3EIBAET TAKYIO
OlIeHKY (C aOCOJIOTHOU MOrPENIHOCTHIO He 6omee 1).

12.4.1. IloxaxwuTe, 9TO AJA JIOOBIX MOJTOXKUTEABHEIX YACTOT D1, . .., Dk
(B cymMMe paBHBIX €IUHWIE) CYLIECTBYeT KOJ CPeJHed IJIWHOU He Gosee
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H(py,...,pr) + 1, vae ¢oyuxuua H (wasweiBaemas owmponuet; lennona)
onpenenaeTcsa GOpMyJIOn

H(pi,...,pn) =pi(—logapi) + ... + pr(—log, pr)

Pewenne. Eciu 9acToTs p; npeacTaBasoT co60u nensie (0TpUnaTeib-
HBIE) CTENEeHU JBOUKM, TO DTO yTBEPKAEHUE HOYTU OUeBUAHO. [lomoxum
n; = —logp; (3mecy u ganee Bce Jorapudmel gBondHbe). Torga 27 = p;
U TIOTOMY [IJIS YUCET N; BBITOJHEHO HepaBeHCTBO Kpadra—Makmumrrana.
o 3agade 12.2.3 MOXHO OCTPOUTE NMPEMUKCHBIN KO C IJIAHAMU KOJOBBIX
CJOB 71, ..., Nk, U CPEIHAA JIUHA D>TOr0 Koxa Oynet pasHa H(pi,...,pg)
(u maxe eguHUIYy HOOGABIATHL HE HAJO).

DTa eIUHULA IPUTrOAUTCS, ecau log p; He nensie. B sToMm caydae Hano
B3SITh HAUMEHBIIIEE N;, Ipu KOTopoM 2~ < p;. s Takux n; BHIIOIHAETCA
uepasencTBO Kpadra—Makvuiiana, nu oun 6oabie — log p; He Goaee dem
Ha eIvHULy (DOTOMY ¥ HOCJE yCpeNHEHWs yXyIueHue OyaeT He 6ojee dem
HA eIUHULLY ). O

IMocTpoeHHBIN HA OCHOBE DTOU 3a1a4M KOJ HA3BIBACTCA kodom Illenno-
na — Pano. ITO IOCTPOEHUE JETKO U3BICKAETCA U3 peueHus 3aga4du 12.2.3:
paccmarpuBas ducaa n; = —|logp;| (Haumenbiue uenble Umcaa, IIA KO-
Topeix 27" < p;) B HOpsAKe yObIBAHUA, MBI OTBOAUM [ KAXIOIO U3
HUX KOJOBOE CJIOBO M COOTBETCTBYIOLMU y4acToK orpeska [0, 1] caeBa na-
IPABO.

ITpu 5TOM MBI IPOUTPEIBAEM B IJAMHE K04 (IO CPABHEHUIO C ONTUMAIb-
HBIM KOJOM) He 60Jee eNVHULLI: KaK Mbl CeNYaC yBUAUM, CPENHsAA IJIMHA
06010 (B TOM YKCIE U ONTUMAJIBHOIO) Koga He Menbiue H(py,...,pg).

12.4.2. (/lna 3HAKOMBIX ¢ MATEMATUYECKAM aHaIu30M) [lokaxkuTe, 970
(Ipy JAHHBIX TOMOXKUTEILHBIX 9aCTOTAX, B CyMMe JAOIINX €IUHUILY ) CPel-
HAA JIuHA J060ro (0QHO3HAYHOrO) Koaa He MeHbine H (py,...,Dk).

Pemenne. Nmes B Buny nepaBerncTBo Kpadra—MakMumiana, MbI JOJ-
JKHBI TOKA3aTh TAKOU (PaxkT: ecau

27m 4 27 L1

)

TO
ping + .+ peng = H(py, - pr)-
OTO BEPHO IJis JIOOLIX 7;, HE 0OA3aTEIBHO IEABIX. Y JOOHO TIEPEUTH OT N

K BeIMYMHAM ¢; = 27 "; MHTepecyollee HAC yTBEepXKIE€HUE TOr'AA IJIACUT,
9TO €CIAu Pi,...,Pk 4 Q1,...,Qx — OABa HAOOPA TMOJOXKUTEJNbHBIX YUCET,
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" CyMMa YHUCeI B KaXI0OM pDaBHa €IWHUIIE, TO

pi(—logq) + ...+ pr(—logqr) = pi(—logpr) + ...+ pr(—logpy).

[Ipyrumu croBaMu, BEIPAKEHUE

pi(—logqi) + ...+ pe(—logqr)

(paccmaTpuBaeMoe mpu (GUKCUPOBAHHBIX P; KaK (YHKIWA HA MHOXKECTBE
BCEX TIOJOKUTEMbHBIX (1, . - ., (k, B CYMME PABHEIX €IUHUIE) JOCTUCAET MU-
HUMyMa npu q; = p;. O61acTs onpeneneHus >Tou GyHKIUA €CTh BHYTPEH-
HOCTb CUMILIEKCA, (TPEeyrolbHUKA IPU 1t = 3, TeTpasApa nupu n =4 u 1. 1.)
U IpY OPUOINKEHIN K TPAHUIE OTHO U3 ¢; CTAHOBUTCA MAJLIM, a €[0 MAHYC
J0rapudM yXOAUT B GECKOHETHOCTb. SHAYAT, MUHAMYM (DYHKIIMA JOCTHACa-
eTcs BHYTpU o61acTu. B Touke MunnMyma rpagnest (—p1 /¢, - .-, —Pn/qn)
NOMKEH OBITH TEPIEHIUKYIAPEH MIOCKOCTH, HA KOTOPOU (GyHKIUSA OIpe-
neneHa (MHAYe CABUT BIOJIbL 3TOU ILIOCKOCTH YMEHBIIAT Obl (DYHKIWIO), TO
ecTb Bce p;/q; paBubl [lockonbky > p; = > ¢; = 1, To 5T0O 0O3HaUaeT, ITO
pi = q.

[pyroe o6bacHerne: PYHKIUA 10g BHITYKIA BBEPX, HO3TOMY IJIA JHOOBIX
HEOTPULATETLHBIX KOX(PPUINEHTOB (;, B CYMME DPABHBLIX €NWHWIE, W /I
JIOOBIX TOYEK T; M3 OOJACTHU ONPEICTICHNAA JOraprudMa, BEIOIHACTC HEPa-

BEHCTBO
log (Z aia:i> > Z a;logz;.

Ocragres NONOKUTE o = Pi, T; = ¢;/DPi; B JEBOU HacTu OyAeT aorapudm
eIVHUIEI, TO €CThb HyIb, & » p;log(g;/p;) ecTh Kak pa3 pasHOCTH MEXKIY
JIEBOU U TMPABOU YACTAMU [OKA3ZBIBAEMOT'0 HEPABEHCTBA. O

Benuka iu 5KOHOMUA OT UCIOAB30BAHUA KOIOB, OMUCAHHBLIX B TOM Da3-
nee? DTO, KOHEYHO, 3aBUCUT OT 9YaCTOT OyKB: €CAM OHHW BCE OTUHAKO-
BEIE, TO HUKAKOW SKOHOMHMHE He OymerT. JIerko 3aMeTuThb, 9TO B PYyCCKOM
SA3BIKE Pa3HBIE OyKBbI MMEIOT PAa3HyI 9acToTy. Kciam, CKaxkeMm, B TEKCTax
(TEX-dannax) >TON KHUKKA (HA MOMEHT BKCIEPUMEHTA) OCTABAUTH TOJb-
KO 33 CTpOUHBIE pycCKUe GYKBEI OT «a» MO «I», & BCE OCTATHHBIE CUMBOJBI
He yIUTBHIBAThL, TO CAMOM 4acTon OykBou OyaeT Oyksa «o» (dacrora 0,105),
a camon penkon — TBépAbM 3HaK (wacrora 0,00019). 3HaueHue sHTpONUM
[Tennona npu stom Oyger pasuo 4,454 (cpaBHure ¢ 5 Guramu, HEO6XO-
OUMBIMA 118 KOqupoBauusa 32 Oyks). Bemrpoiun we Tak Bemuk. O Oyner
OOJIbIe, €CIU YIUTHIBATL TAKXKE U OPYTHUE CAMBOJBI (MIPOMUCHBIE OyKBEL,
3HAKU MPENVHAHWUA U JIP.), KOTOPHIE BCTPEIAITCA B TEKCTE TOPa3 a0 PExKe.
Hakomer, MoxXHO KOTUPOBATE HE OYKBHI, & ABYXOYKBEHHBIE KOMOWHAIAY VIV
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emré 9To-HUOY 4b. IMEHHO Tak MOCTYIAI0T HOMY/IAPHEIE TPOrPAMMEI CKATHA
nadOpManuu (TUna zip), KOTOPHIE MO3BOJIAIT COKPATATHL MHOTME TEKCTHI
B [IOITOPA-ABa pa3a (a HEKOTOpbIe apyrue Gauibl JAHHBIX — U B GOJIbIIee
YUCI0 pas).

12.4.3. Kommnauusa M. yTBepxkmaeT, 9TO €€ HOBas IPOrpaMMa CyIep-
CXKATUA PANTOB TO3BOIAET CKATH JH060U pamn gmuaou Goasire 100 000 6an-
TOB 10 Kpanuen Mepe Ha 10% 6e3 norepu undopmanun (MOXKHO BOCCTAHO-
BUTH MCXOQHBIM (hallJ IO €ro CxKaToMy BapuadTy). JlokaxuTe, 9TO OHA
BpET. O



13. NPEACTABJIEHUE
MHO>XECTB.
XELWWNPOBAHWE

13.1. XewmpoBaHue C OTKPbLITON apecaumen

B ruaBe 6 6bL10 yKA3aHO HECKOIBKO MIPEICTABICHUN [JJISI MHOXKECTB, DJle-
MEHTaMU KOTOPHIX ABIAITCS MENbIE YUCAa TPOU3BOILHON BemndnHbl. O qHa-
KO B II000OM U3 HUX XOTs ObI OHA, 13 OTEPAIUY IPOBEPKY MTIPUHA [ICKHOCTH,
NOOABJIEHUA U yAAJEHUS DJIEMEHTA TPeOOBala KOJIMIECTBA JEUCTBUU, TPO-
IOPIIMOHAJBLHOIO YUCIY DJ1eMeHTOB MHOxecTBa. Ha mpakTuke 510 ObIBaeT
caumkoM MHOTO. CymecTByoT ¢roco0bl, O3BOISIONINE IOLYYUTh I BCEX
TPEX ynoMaHyTHIX onepanuu onenky C'logn. Oquu u3 Takux cnoco60B MbI
PacCMOTPUM B CJeAyIOUIEN MIase. B 3Ton riase Mbl pazbepém crmocos, KOTo-
pBie XOTA 1 TpuBOAUT K C'n IEUCTBUAM B XyAIIEM CIy9ae, HO 3aTO «B CPEI-
HeM» TPeOyeT 3HAIUTENbHO MeHbIero ux duciaa. (Mbr He 6ygeM yTOYHATH
CJIOB «B CPEIHEM», XOTS 3TO ¥ MOXKHO CIEIATh.) DTOT CIOCO0 HA3BIBAETCS
TEUUPO B AHUEM.

IIycTes HaM HEOOXOAUMO TPEACTABIATH MHOXKECTBA DAEMEHTOB Tuma T,
IpUYIEM HHCJIO DJEMEHTOB B HUX 3aBeIOMO MeHbIIe n. BeibepeM HEKOTO-
pyio ¢ysKIuoO h, onpeaeréHHY0 HA 3HAYEHUAX TUHA T U IPUHUMAIONIYIO
suadenusn 0...n—-1. Bouto 661 Xoporro, 4ToOB 5Ta PYHKIUA TPUHAMAIA, HA
ajeMeHTax OyAymero MHOXEeCTBA IO BO3MOXKHOCTHU Oosee pasHOOOpa3HBIE
suadvenus. (XyoUmmu caydall — DTO KOTJa €€ 3HAYEHUSA HA BCEX DJIEMEH-
TaxX XPAHMMOI'O MHOXKECTBA ONUHAKOBHL.) DTy (QYHKIMIO OyleM HA3bIBATD
rew-Pynryuetd, NI, Kak emé roBopaT, Gynkyuel paccmanosKi.

Beeném nBa maccusa

val: array [0..n-1] of T;
used: array [0..n-1] of boolean;

(MBI IO3BOJIsIEM Cce0e mUCaTh -1 B KAYECTBE PPAHULEL B ONPEIeJICHAN THIA,
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XOTA B MacCKaJe 3TO He paspemaeTcsa). B aTux mMaccuBax OyIyT XpaHUTLCA
DJIEMEHTHI MHOXKECTBA: OHO PABHO MHOXeCTBY Bcex val [i] mma Tex i, ama
koTophuix used [i], nmpuuém Bce »Tu val [i] pasmuaner. [lo Bo3MOxHOCTH
MBI Oy1eM XpaHUTH djaeMeHT t Ha MecTe h(t), camTas 5TO MECTO «UCKOH-
HBIM» i 3aeMeHTa t. O IHAKO MOXKET CILyIUTHCS TAK, ITO HOBBIA DJIEMEHT,
KOTODHIM MBI XOTUM NOOABUTH, MPETEHAYET HA YK€ 3aHATOE MeCTO (i
KOTOpOro used ucTUHHO). B 5TOM caydae MBI OTHIIIEM OIUKANIIEE CIIPABA
CBOGOAHOE MECTO U 3amuiieM sieMeHT TyAa. («Cnpasa» 3HAIUT «B CTOPO-
HY YBEIUYEHUs WHIEKCOBY; MOUAs 10 Kpas, Mbl I€PECKAKUBAEM B HAYAIO.)
ITo npexnomnoxennio, YUCJIO HIEMEHTOB BCE A MEHBIIE N, TAK YTO IIyCTHIE
MeCcTa 3aBegoMO OyayT.

DopMaTBEHO TOBOPS, B TI0O0OU MOMEHT NOMKHO COOMIONATHLCS TAaKOe TPe-
OoBaHme: 1711 TF0O0T0 AIEMEHTA MHOXKECTBA yIaCTOK CIPaBa OT €r0 MCKOH-
HOI'0 MecTa 10 ero (pakKTUIeCKOI'0 MeCTa IIOJHOCTHIO 3al0THEH.

Baaromaps sTomy npoBepxa NpUHALIEXKHOCTU 33JaHHOIO JIEMEHTa t
OCYLIECTBISIETCS JErKO: BCTaB Ha h(t), qBuraeMcs HanmpaBo, MOKA HE JOU-
IEéM [0 TMyCTOT'O MeCTa Wau M0 dJaeMeHTa t. B mepBoM caydae nreMeHT t
OTCYTCTBYEeT B MHOXECTBE, BO BTOPOM — IPUCYTCTByeT. Ecau >meMeHT
OTCYTCTBYET, TO €r0 MOXHO [OOABUTH HA HAUJEHHOE IMycToe MecTo. Ecau
IPUCYTCTBYET, TO MOXKHO €ro ynamuThb (monoxus used = false).

13.1.1. B mpexneraymem a63ane ects ommbka. Hanagure e€ u ucnpasbre.

Pemenwme. /Ien0 B TOM, 9TO TIpU yIATCHUN TPEOYEMOE CBOMCTBO «OTCYT-
CTBUS MyCTOT» MOXKET HapymwmThcsa. [losTomy Oymem menats tax. Cosnas
OBIPY, OyZeM ABUTATHCA HAPABO, ITOKA HE HATOIKHEMCSA HA DJIEMEHT, CTO-
AU HE Ha UCKOHHOM MeCTe, WM Ha eIl OJHO IycToe MecTo. Bo BTopom
CIydae Ha DTOM MOXKHO YCIIOKOUTBCsA. B MepBOM ciaydae HOCMOTPHUM, HE
HY2KHO JIM HAUJEHHBLIN DJEMEHT IOCTABUTH Ha MeCTO AbIphl. Eciau Her, To
IPOJOMKAEM TOUCK, €CIU Ma, TO 3aThIKaeM UM cTapyio abipy. [Ipu sTom
00pa3yeTcs HOBAA ABIPA, C KOTOPOU OEIAeM BCE TO XKe CaMoe. U

13.1.2. HamwmmmmTe mporpaMMbl MPOBEPKM MPUHAMICKHOCTH, H0OABJIE-
HUS U yIaJeHUs.

Pemenmne.

function mpunammexur (t: T): boolean;
‘ var i: integer;

begin
i :=h (t);
while used [i] and (val [i] <> t) do begin
‘ i := (i + 1) mod n;

end; {not used [i] or (val [i] = t)}
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‘ npunagnexur := used [i] and (val [i] = t);
end;

procedure po6aBurs (t: T);
‘ var i: integer;

begin
i :=h (t);
while used [i] and (val [i] <> t) do begin
‘ i := (i + 1) mod n;

end; {not used [i] or (val [i] = t)}
if not used [i] then begin

used [i] := true;
val [i] := t;
end;

end;

procedure uckmouutb (t: T);
‘ var i, gap: integer;

begin
i :=h (t);
while used [i] and (val [i] <> t) do begin
‘ i := (i + 1) mod n;

end; {not used [i] or (val [i] = t)}
if used [i] and (val [i] = t) then begin

used [i] := false;
gap := i;
i := (i + 1) mod n;

{gap - nmmpa, koTopada MOXeT 3akKpHTLCA OZHMM 3 i,i+l,...}
while used [i] do begin

if i = h (val[i]) then begin

‘ {Ha cBOEM MecTe, HMYEro He HelaTb}

end else if dist(h(val[i]),i) < dist(gap,i) then begin
‘ {gap...h(val[il)...i, Hu4ero He memaTn}

end else begin

used [gap] := true;
val [gap] := val [i];
used [i] := false;
gap := ij;

end;

i:= (1 + 1) mod n;

end;
end;
end;

3aece dist (a,b) — u3MepeHHOE IO YACOBOU CTPeJKe (CJIeBA HAIPABO)
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paccTosHue OT a 40 b, TO eCTh
dist (a,b) = (b-a+n) modn.

(Mpt npubaBuiy n, Tak Kak QyHKOmA mod IPABUABHO PAbOTAET IIPU LOJIO-
KUTEIHHOM [EeTUMOM. ) O

13.1.3. CymecTByer MHOIO BApUAHTOB XemupoBauusa. O quH U3 HUX Ta-
KOB: 0OHAPYKUB, 9TO UCKOHHOE MeCTO (0603HAYUM €ro {) 3aHATO, Oy €M UC-
KaTh cBOGOAHOE He cpenu i + 1,4+ 2, ..., acpegu (i), r(r(i)),r(r(r(i))),- - .,
rge r — Hekoropoe orobpaxenue {0,...,n — 1} B cebsa. Kakue npu sTom
OyayT TPyIHOCTH?

Orser. (1) He rapanrupyercs, 4TO €Cau ILyCTBIE MECTA €CThb, TO MBI
ux "Hanném. (2) IIpu yganenun zesicHo, kak 3anonsars aeipsl. (Ha npaxru-
Ke BO MHOTUX CIy9adX yJaJeHue He HyXKHO, TAK 9TO TAKOU CHOCOO TaKKe
npumenseTca. CauTaeTcsa, 9TO yIadHBIM TOAO0pP (PYHKIMA T MOKET IIpe-
IOTBPATATL OOPA30BAHNE (CKOILIEHWN) 3AHATHIX ATEEK.) O

13.1.4. IlycTty maa XpaHEHWsI MHOXKECTBA BCEX IPABUILHBEIX PYCCKUX
CJIOB B IpOorpaMme IpOBepKu opdorpaduy HCHOIL3YETCA XEIINPOBAHUE.
Yo HyX)XHO HOGABUTH, 9TOOBI K TOMY K€ YMETb HAXOAUTH AHIVIUUCKUU
nepPEeBO JII000r0 NPABIILHOIO CJIOBAT

Pemrenme. [lomumo maccuBa val, areMEHTHI KOTOPOL'O SIBJAAIOTCA PYCCKU-
MU CJIOBAMU, HYKEH MAPALIEIbHLIT MACCUB UX AHTVIMUCKUX MEPEBOJOB. [

13.2. XewmpoBaHue CO CNMCKaMu

Ha xem-¢pyuxumio ¢ k 3HAYEHUAMEN MOXHO CMOTPETh KaK Ha, Cocob cBe-
CTHU BOIIPOC O XPAHEHUU OJHOI'O OOJIBIIONO MHOXKECTBA K BOIPOCY O XpaHe-
HIW HECKOJBKUX MeHbIIuX. IMeHHO, ec/iu y HAC ecTh Xxen-pyHKIusI ¢ k 3Ha-
YEHUAMU, TO JI0O0E MHOKECTBO pa3buBaeTcsa Ha k MOAMHOXKECTB (BO3MOXK-
HO, MYCTHIX), COOTBETCTBYMIOIIAX BO3MOXHBIM 3HAYEHUAM XEII-(DYHKIUU.
Boupoc o mpoBepke npuHAIIEXKHOCTH, JOOABICHIN WIN YIAJTEHAN 111 OOIb-
IIIOT'0 MHOXKECTBA CBOLUTCA K TAKOMY 2K€ BOIPOCY [IJIA OJHOI'O U3 MEHBIINX
(4TO6HI y3HATH, 4JI1 KAKOI'O, HAJ0 IOCMOTPETH Ha 3HAYEHNE XeIl-(DYHKIUY).

OTHU MEHBIIINE MHOXKECTBA, yI0OHO XPAHUTE C MTOMOIIBIO CCHLIOK; UX CYM-
MapHBIU Pa3Mep PaBeH UUCIY DIEeMEHTOB XemupyeMoro MuoxecTsa. Caeny-
olasg 3aka4a OIpefjaraeT Pealn30oBaTh dTOT ILIAH.

13.2.1. IlycTe xem-dyHKINA npwHEMAaET 3HadeHus 1 ... k. [aa xaxno-
0 3HA4YEHUA Xem-MYHKINK PACCMOTPHUM CIHCOK BCEX JIEMEHTOB MHOXKe-
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CTBa C JAHHBIM 3HAUYEHUEM Xell-QYHKIUU. ByzeM XpaHUTL 3TH K CIUCKOB
C TIOMOIILI) IIEPEMEHHBIX

Comepxanme: array [1..n] of T;
Cnenyoumi: array [1..n] of 1..n;
llepeCB06: 1..n;

Bepumua: array [1..k] of 1..n;

TaK €, KAK MBI 3TO JETAIA MJIA K CTEKOB OrPAHUYIEHHOU CyMMAPHOU [I/IW-
uel. Hanummre coorBercrByomue nporpaMMel. (Y gajeHue 0 CPABHEHUIO
C OTKPBLITOU aJpecanuen yIpoLuaeTcs.)

Pemrenwue. Ilepen Hatanmom paboTH HAIO HONOKUTEH Bepuwua[i] = 0 s
Bcex i =1...k, u CBA3aTh BCE MECTA B CIUCOK CBOOOAHOIO MPOCTPAHCTBA,
mos10xuB [1epBCBo6 = 1 u Cremywmau[i] = i+1 mua i = 1...n-1, a Takxe
Caenyoumi[n] = 0.

function mpunagmexur (t: T): boolean;
‘ var i: integer;
begin
i := Bepumual[h(t)];
{ocramock mckaTh B cnmcke, HaumHadg c i}
while (i <> 0) and (Comepxamme[i] <> t) do begin

‘ i := Cmepmywumu[i];
end; {(i=0) or (Comepxamme [i] = t)}
npuHagnexuT := (i<>0) and (Cozmepxamme[i]=t);

end;

procedure mo6aBute (t: T);
var i: integer;

begin

if not mpmuammexuT(t) then begin
i := llepBCBOG;
{llepeCB06 <> 0 - cuMTaeM, 4TO He IEPENONHAETCA}
NeprCr06 := Crexywoumi[llepeCro6]
Conmepxanme [i] :=t;
Crepyoumit[i] : =Bepumua[h (t)];
Bepumua [h(t)]:=1i;

end;

end;

procedure uckmouute (t: T);

‘ var i, pred: integer;

begin

‘ i := Bepumral[h(t)]; pred := 0;



244 18. Ilpedcmasaenue mnoncecms. Xewuposanue

{ocTramoce uckaTre B cmucke, HaumHag c i; pred -
IpemHOyWMA, €CIX OH ecThb, u 0, ecmu HeT}

while (i <> 0) and (Comepxamme[il <> t) do begin
‘ pred := i; i := Cmenywoumu[i];
end; {(i=0) or (Comepxamme [i] = t)}
if i <> 0 then begin
{Conepxanne[i]=t, smeMeHT ecT®h, Hamo yHamuTh}
if pred = O then begin

{>meMeHT OKa3amca mepBHM B cuuckel}

Bepumual[h(t)] := Cmemyoumu[i];

end else begin

‘ Cnexnywumi [pred] := Crexymoumu[i]

end;

{ocTramoce BepHyTH i B cmumcox cBO6OmHEX}

Crenywumi[i] := IlepsCB06;

MepBCBO6:=1;

end;
end; O

13.2.2. ([nn 3sHakoMbIx ¢ Teopuen BeposTHOcTen.) IlycTh xem-GyHK-
nus ¢ k 3HAMEHUAME MCIOAb3YETCA IS XPAHEHUA MHOXKECTBA, B KOTOPOM
B JQHHBIX MOMEHT 7l DJEMEHTOB. [JOKAXKUTE, YTO MATEMATUICCKOE OXKUIa-
HUe YncIa JeNCTBUN B mpeawlayien sagade He mpesocxoaut C(1 + n/k),
ecau 106aBIAEMBIN (yoANAEMBIN, MCKOMBIN) DJIEMEHT ¢ BHIODAH CJIy9ayHo,
npuuéM Bee 3Hadenus h(t) uMmeroT paBuble BeposTHOocTH (paBHbie 1/k).

Pewenwe. Eciu [(i) — pauna cnomcka, COOTBETCTBYIOIIErO XELI-3HATE-
HUIO i, TO ducao onepamuit e npesocxomur C(1 + I(h(t))); ycpemnss, mo-
JTy<JaeM HCKOMBIN OTBET, Tak Kak » . [(i) =n. O

DTa OLEHKA OCHOBAHA HA MPEIMOJOKEHUN O PABHBIX BepoATHOCTAX. O1-
HAKO B KOHKPETHOU CATYAIIMNA BCE MOXKET OLITH COBCEM HE TaK, M 3HATMCHUA
Xerm-(pyHKIIA MOLYT «CKYIABATBHCAY: IJIA KAXK IO KOHKPETHOU Xemnl-(pyHK-
OUY €CTh (HEyAadHBIE) CHTYalWd, KOTAa 9UCJAO JEUCTBAU OKA3BIBAETCS
oombiuM. [Ipuém, HA3LIBACMBIN YHUGEP CAAbHBIM LEULUPOBAHUEM, TTO3BOISI-
eT oboutu >Ty mpobaemy. Mges cocTOUT B TOM, UTO OGEPETCA CEMEUCTBO
Xer-(pyHKIUH, TPUIEM JI00asa CATYAIIUA OKA3BIBACTCA HEY TATHOU JUITE /IS
HEOOJIBIION YACTH DTOO CEMENCTBA.

IIycre H — cemencTBo QPyHKIUHU, KaxKAasd U3 KOTOPLIX OTOOpaxKaeT
MHOXKECTBO T B MHOXKECTBO u3 k smemenTos (mampuwmep, 0...k — 1). Toso-
pat, uto H — ynusepcaavrnoe cemeticmeo xew-Gynxyut, ecan M To0bX
IBYX Pa3JUIHBLIX 3HAYECHWN S W { U3 MHOXKECTBA 1 BEPOATHOCTH COOLITHA
h(s) = h(t) pua cayganuon pyuaxuuu h us cemencrsa H pasua 1/k. (dpy-
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rumu caoBamu, Te GyHkiuu w3 H, nas koropeix h(s) = h(t), cocrasasor
1/k-10 wacTs Bcex QpyHKuun B H.)

3ameuanue. Bonee cuibnoe TpeboBanue K cemencTBy H MOrio Owl co-
CTOATH B TOM, ITOOBI A JIOOBIX IBYX DA3JIMIHLIX 2IEMEHTOB § W { MHO-
xkecrBa T suadenus h(s) u h(t) crygannon ¢yHxuuu h SBISIOTCS HE3a-
BUCUMBIMU CIyYaVHBIMYA BeIXUIXHAME, PABHOMEDHO DACIPEJETEHHBIMU HA

0...k—1

13.2.3. Ilycts ty,...,t, — OIPOUBBOILHAA MOCIEIOBATEALHOCTD PA3INI-
HBIX DJEMEHTOB MHOX)eCTBa 1'. PaccMOTpuM KOJIMYECTBO NEUCTBUU, TIPOUC-
XOIAIIUX TPU TIOMEIIEHUN 3JEMEHTOB 1y, .. ., t, B MHOXKECTBO, XEIIUPYyEeMOe
¢ moMOoIIL0 GyHKIMK h U3 yHUBEpCcaabHOro cemencrsa H. [lokaxwure, 9TO
cpenHee KOAMYIeCTBO neucTeui (ycpennerue — 1o BceM h w3 H) me mpesoc-
xoxut Cn(l+n/k).

Pemenue. O603HAMMM 9€DPE3 M1; KOTAICCTBO DIEMEHTOB MO CAE[OBATETb-
HOCTH, JJIA KOTOPLIX Xem-pyHKIua paeHa i. (ucaa mg,...,Mmg_1 3aBA-
CAT, KOHEIHO, OT BEIOOpa xem-pyHKmmu.) KoamdecTso nencTBun, KOTO-
pO€ MBI XOTUM OIEHUTb, ¢ TOYHOCTHIO MO MOCTOSHHOI'O MHOXKHUTENIA PAB-
HO m3 +mi +...+mi_,. (Ecm s "mcen momagaioT B OQHY XeII-TIeHKy,
TO mad >Toro Tpedyerca mpumepHo 1 + 2 + ...+ s gencTBun.) ITy XKe
CYMMY KBaJpaTOB MOXKHO 3aMMCATh KAK 9UCIO Tap (p,q), AIA KOTOPHIX
h(t,) = h(t,). Ilocrenree paBeHCTBO, €CIN €rO PACCMATPUBATH KAK COOHI-
Tre npu GUKCUPOBAHHLIX P U ¢, AMEET BEPOATHOCTD 1/k mpu p # ¢, modTOMY
CpeHee 3HAYEeHNE COOTBETCTBYIOMIETO WIEHA CyMMEL PaBHO 1/k, a 1 Bcen
CYyMMBI TIOTy4aeM omeHky nopanka n’/k, a Tounee n + n?/k, ectn yuecTs
JIEHBL C P = q. U

OTa 3aJava MOKA3LIBAET, YTO HA KAXKIBIN NOOABIAEMBIN DJIEMEHT MPU-
xongurcs B cpegreM C(1 + n/k) onepanun. B aron onenxe 1po6s n/k umeer
CMBICT «KO3(DPUIINEHTA 3AMOTHEHUID XEII-TAOIUIIBI.

13.2.4. [lokaxuTe aHAJIOIUYHOE YyTBEPKIEHUE A IIPOU3BOJBLHOU IIO-
CJIEIOBATEALHOCTH ONEPANUy JOOABICHNA, TOUCKA U Y AATCHUA (& HE TOMBKO
s 10OABJICHNA, KAK B IPEILIIYIICH 3a,1a9e).

[Ykasauue. Bygem mpencrasaaTs cebe, 9TO B XOfe IOUCKA, AOOABIeE-
HUA U YAAJEHUS DJEMEHT MPOTAJKUBAETCA MO CIUCKY CBOUX KOJIEr C TeM
JKe XelIl-3HAIEHUEeM, IIOKa He HaWAET CBOEro IBOMHUKA WIM He NOUIET 0
KOHIIA cnucka. ByjgeM Ha3bIBATH i-j-CTOIKHOBEHHEM CTOJIKHOBEHUE ¢; C t;.
(Omo mubo mpomsoumér, au6o HeT — B 3aBucuMocTu OoT h.) Obmee uu-
CJI0 TeUCTBUU TPUMEPHO PABHO HUMUCIY BCEX MPOUCHIEAIINX CTOJKHOBEHUU
IUIIOC HCI0 daeMeHToB. IIpu ¢; # t; BepOATHOCTS i-j-CTOIKHOBEHUA He Ipe-
BocxoautT 1/k. Ocranocsk npocaeuTs 3a CTOIKHOBEHUAMY MEXK1y PABHBIMUA
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snemeHTamMu. PUKCUPyeM HEKOTOPOE 3HAUEHUE & U3 MHOXKECTBa 1 1 TOCMO-
TPUM HA CBA3aHHBIE ¢ HUM onepauuu. OHU UAYT N0 MUKIY: 10OABICHUIE —
IPOBEPKUA — yJajleHue — nobOaBjleHue — IPOBEPKU — YIAJTeHue — ...
CTONKHOBEHU POUCXOIAT MEXKIY TOOABISEMBIM 3JIEMEHTOM U CJIEYIOIIn-
MU 332 HUM IpOBepKaMu (40 yAAICHUs BKIUYATEIBHO), II02TOMY O0Iee ux
YHCIO0 HE MPEBOCXOAUT HUCIA DIEMEHTOB, PABHBIX .| O

Teneps npuBenéM NpuMepbl YHUBEPCAILHBIX ceMenucTB. O4eBUIHO, I
JIIOOBIX KOHEYHBLIX MHOXKECTB A n B ceMencTBO BceX (hyHKIUU, OTOOpaxKa-
omux A B B, aBagercs yHuBepcantbHbIM. O IHAKO DTOT NpPUMED C MPAKTU-
YECKOU TOYKU 3PEHUs OECIOJNE3eH: I 3aIOMUHAHUSA CIyIANHON (DYHKIAU
73 TOr0 CEMENCTBA HYKEH MACCUB, IUCJIO DIEMEHTOB B KOTOPOM DAaBHO UU-
cay saeMeHTOB B MHOkecTBe A. (A ecim MbI MOX)eM ce6e O3BOIUTH TaKOU
MAacCUB, TO HUKAKOI'O XEIIUPOBAHUs HE Tpebyercs!)

Bomee mpakTuyHble TPUMEPHI YHUBEPCATBHBIX CEMEUCTB MOTYT OBITH
TOCTPOEHBI € TOMOIIBIO HECAOKHBIX ANreOpamdecKux KOHCTpyKuuu. ‘le-
pe3 Z;, MBI 0003HaMaeM MHOXKECTBO BEIYETOB II0 IPOCTOMY MOZYJIO P, T.e€.
{0,1,...,p — 1}; apudmMerndyeckue omepanuu B 3>TOM MHOXKECTBE BBIIOJ-
HAIOTCA 110 MOAYJIO p. YHUBEPCAIBHOE CEMENCTBO OOPA3yioT BCE JIUHEU-
Hble (PYHKUMOHATBL Ha Z; €O 3HadeHuaMu B Z,. Bonee moapobHo, mycTh
ai, ..., 0y — IPOU3BOJBHEIE DIEMEHTHI Zy; PACCMOTPIM OTOOpAKEHIEe

hi{zy...xp) = a1 + ... + apy.

Mer momyaem cemenncTso u3 p" oTobpaxenui Zy — Z, mapaMeTpU30BaH-
HOe HAGOpaMu (aq . . . Gy ).

13.2.5. [loxaxuTe, 9TO 3TO CEMEUCTBO ABMACTCSA YHUBEPCATLHBIM.

[Ykazauue. IlycTs 1 y — pasindHble TOIKA IPOCTPAHCTBA Z,, . Kakosa
BEPOATHOCTb TOT'0, UTO CAYIAUHBIN (DYHKIIMOHAT MPUHUMAET HA HUX O[IU-
HAaKOBBIE 3Ha4YeHusA! [IpyruMu croBaMu, KAaKOBa BEPOATHOCTH TOI'O, ITO OH
paBeH Hyui0 Ha ux pasHocTu T — Y7 OTBET TAETCA TAKUM yTBEPXKICHUEM:
yCTb ¥ — HEHYJIEBOU BEKTOD; TOrAA BCE 3HAYEHUS CJIyIAUHOrO (PyHKIINO-
Hasa Ha HEM PABHOBEDOATHBL g

B caenyromen 3agade muaoxecrso B = {0, 1} paccmarpusaeTcs Kak MHO-
JKECTBO BEIYETOB 110 MOIYJIIO 2.

13.2.6. Cemencrso Bcex auHenHBIX oToOpakenuu u3 B B B™ ssasercs

YHUBEP CATbHBIM. O

PoacTBeHHBIE XEIUPOBAHUIO MIEW HEOKUIAHHO OKA3LIBAIOTCA MOJE3HbI-
Mu B ciegyomen curyanuu (pacckasan [l Bapcanogwes). Ilycts MbI x0-
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TUM HANKCATH TPOrPAMMY, KOTOpas OOHAPYKUBAIa (GOMBIINHCTBO) OMeya-
TOK B TEKCTE, HO HE XOTUM XPAHUTH CIUCOK BCEX MPABWIBHBIX CIOBODOPM.
[Ipemraraercsa MOCTYMUTL TaK: BHIOPATHL HEKOTOpOoe N u HAOOP (DYHKIUU
fi,--+, fr, oTOOpaxaromux pycckue ciosa B 1,..., N. B maccuse uz N 6u-
TOB IIOJOXKHUM BCE OUTHI PABHBIMU HYJII0, KDOME T€X, KOTOPHIE ABIAIOTCS 3HA-
YeHUEeM KaKOU-TO (PYHKIINU HAGOpa HA KAKOU-TO MPABUILHOU CIOBO(OpPME.
Tenepsb NpuOIMKEHHBIN TECT HA TPABIILHOCTH CIOBOGOPMBI TAKOB: TIPOBE-
PUTH, YTO 3HAYEHU BCeX (PYHKIUYN HAOOPA HA DTOU CIOBOGOPME MMOMATAI0T
HA MeCTa, 3aHATHIEe equHUunaMu. (DTOT TECT MOXKET HE 3aMETUTh HEKOTO-
PBIX OIKOOK, HO BCE NPABUILHEIE CJIOBO(POPMEL OyayT 0400DEHHL. )



14. NMPEACTABJIEHUE
MHO>XECTB. IEPEBbBA.
CBEAJIAHCNPOBAHHBIE
ANEPEBbLA

14.1. lNpencTaBneHne MHOXECTB
C NOMOLLIbIO [AEPEBLER

MNonHoe asounuHoe mepeso. T-pepeebs

Hapucyem Touxy. U3 Heé nmpoBeném aBe cTpeaku (BJIEBO BBEPX U BIPa-
BO BBEDX) B JABe Apyrue TOouku. M3 KaxJOU U3 5TUX TOYEK IPOBEIEM IO
IBe CTpeaKu u Tak gaiee. [lomryvennyio kapTueKy (B n-M cioe Gyger 271
TOYEK) HA3LIBAIOT NOAHbIM 060UuHbIM depesom. HUKHIO TOUKY HA3BIBA-
0T KopHeM. Y KaiKIOU BEPIIUHLL €CTh ABA Coi#a (IBE BEPIINHEI, B KOTOPHIE
UIYT CTPEIKN) — A€6bLl U NPasbiil. Y BCAKOM BEPIIUHBL, KDOME KOPH, €CTh
€IMHCTBEHHEIN 0Mel.

ITycTb BBIGPAHO HEKOTOPOE KOHEYHOE MHOXKECTBO BEPIINH IIOJHOTO TBO-
MYHOI'O JepeBa, COAEPKAIIEe BMECTE € KaXKJIOU BEPIIMHON U BCEX €€ mpej-
xoB. [IycTh Ha KaX 10U BEPIINHE STOT0 MHOXKECTBA HATUCAHO 3HAYCHUE (UK~
cupoBansoro tuna I' (To ecTh 3a4aHO OTOOPAKEHUE MHOKECTBA BEDIINH
B MHO)ecTBO 3Hadenut Tuna 1'). To, 4To noxyuurcs, Oyaem HasbBaTh 1'-de-
pesom. MuoxectBo Bcex T-gepesbes o6o3uadum Tree(T).

PexypcuBHoe onpegenenue. Besikoe memycroe T-nepeBo pa3buBaercs Ha
TPU YACTU: KOPEHb (Hecymmi noMeTKy u3 1), J€BOe U MpaBoe MO 1ePeBbs
(xOTOpBIE MOIYT OBITH MYCTHIME). DTO PA30UEHUE YCTAHABJIUBACT B3AUM-
HO OJHO3HAYHOE COOTBETCTBUE MEXIy MHOXECTBOM HEIyCTHIX T-1epeBneB
u npoussegerueM 1 X Tree(T) x Tree(T'). O603ua4uB Uepes empty mycroe
IEPEBO, MOXKHO HAIUCATH

Tree(T') = {empty} + T x Tree(T) x Tree(T).
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Mopnepesbs. BricoTa

Duxcupyem HekoTopoe T-mepeno. [lasa KaxIOU €ro BEPIIUHBI & OIpe-
neseHo e€ sesoe noddepeso (JEBBIN ChIH BEPIIMHBL T U BCE €r0 IOTOMKH),
npasoe noddepeso (IPABBIU CHIH BEPIIUHBL T U BCE €0 IOTOMKHM) U nodde-
peso ¢ koprem 6 x (BepIIMHA T U BCE €€ MOTOMKM).

JIeBO€ npaBo€

KOpEeHb

JleBoe  mpaBoe mOXAePEBbs BEPIIMHBEL £ MOI'YT OBITH IIyCTHIMU, & IIO[ I€-
PEBO C KODHEM B T BCEr'a HemycTo (COAepXKUT [0 KpauHed mepe ). Buvi-
comot moanepeBa 6yeM CINTATh MAKCUMANBHYIO AJIUHY LIENu Y . . . Y, €ro
BEPIIUH, B KOTOPOR Y;+1 — CHIH ¥; 4 Bcex 4. (BricoTa mepesa us 0qHOrO
KODHs PABHA IUHUIE, BEICOTA IyCTOrO IepPeBa — HYJIIO. )

Ynopsinodentsie T-nepesbs

IIycTe Ha MEOXKECTBE 3HaYeHnn Tuna 1 GUKCUPOBaH IOpAIoK. Hazosém
T-nepeBo ynopadouernbim, €CIu BBIIOJIHEHO TAKOe CBOUCTBO: M JI000U
BEPIIMHLL £ BCE IIOMETKU B €€ JIEBOM IO A€PEBE MEHbIIE IIOMETKY B &, & BCE
TMTOMETKHU B €€ MPaBOM TIOJEePEBEe OOMBINE TOMETKA B L.

T
14.1.1. [lokaxuTe, 9TO B yIOPSIOUECHHOM NEPEBE BCE IMOMETKH Pa3-
JINIHBI.

[Vkasauue. MHAyKIMsA IO BBICOTE AepeBa.] O

lNpeacTaBneHme MHOXECTB C NOMOLLbLIO [IEPEBLEB

Kaxgoe mepeBo OymeM cUMTATL IpENCTABICHUEM MHOXKECTBA BCEX IO-
MEeTOK Ha ero BepmmHax. [Ipu 5ToM 01HO 1 TO K€ MHOXECTBO MOXKET UMETH
Pa3IMIHLIE IPEICTABICHU.
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Ecau mepeBo ymopagodeHo, TO KaxkKIbIM DIEMEHT MOXKET JErKO «HAUTH
CBOE MECTO» B JepeBe: IPUIs B KAKyK-TO BEPIIUHY U CDABHUB CE0A C TEM,
KTO TaM HAXOJWTCA, DJAEMEHT DEIIaeT, UATH €My HAJIECBO WU HAIPABO.

|

y

HagaB ¢ KOpHA ¥ ABUTAsACH MO PTOMY IPABUIY, OH OO OOHAPYKUT, UTO
TaKOU BJEMEHT YK€ €CThb, JU00 HaWAET MECTO, B KOTOPOM OH JOJKEH OLITh.

Bcerogy mamee mbr mpeamnosaraeMm, UTO HA 3HAYEHUSAX TUNA 1 3a1aH IMO-
PAIOK, M PACCMATPHUBAEM TOJBKO YIOPSAIOYEHHBIE NE€PEBBI.

XpaHeHue fepeBLeB B NpOrpamme

MoxHO 6BLIO 6BI COMOCTABUTH BEPIIMHBI IOJIHOTO ABOUIHOLO [IEPEBa
caucaamu 1,2,3, ... (cauras, 9T0 NeBbIN ChIH k ecThb 2k, MpaBbIl CHIH K €CTh
2k + 1) un xpanuTs momerku B Maccuse val[l..n]. Oguaxo sToT cmoco6
HEDKOHOMEH, MOCKOJIBKY TPATUTCA MECTO HA XPAHEHUE MyCTHIX BAKAHCUU
B [IOJHOM JBOUYIHOM JI€DEBE.

Bouee skonomen Takou criocob. Beeném Tpu maccusa

val: array [1..n] of T;
left, right: array [1..n] of 0..n;

(n — MaxcmMmanbHOE BO3MOXKHOE YUCJIO BEPIIVH [NEPEBA) U TEPEMEHHYHO
root:0..n. Kaxaaa Bepimua xpanumoro 71'-gepeBa OyieT mMeTh HOMED —
qucao oT 1 10 n. Pa3uble BepmuHbl 6y 1yT UMeTh pasHble HoMepa. llomeTka
B Bepuimue ¢ HOMepoM X pasHa val[x]. Kopenn mmeer momep root. Ec-
JII BEPILIMHA C HOMEPOM 1 MMeeT CBIHOBEH, TO MX HoMepa paBHEI left[i]
u right[i]. OrcyreTByOmMUM CHIHOBBSIM COOTBETCTBYeT Yuca0 0. AHa0-
TUYHBIM 00pa3oM 3HadeHue root=0 COOTBETCTBYET MYCTOMY JIEPEBY.

[ XpaHeHUsa JepeBa UCHOJL3YeTCS JUIIb YacTh MACCHUBA; NI TeX i,
KOTOpEIE CBOGOAHBI (HE SABJAIOTCIA HOMEDAMU BEpIIUH), 3HadeHus val[i]
6espasanansl. Ham 6yner yno6HO, 4TOOB BCe CBOOOIHBIE TUCIA OBLIN «CBS-
3aHBL B CIIMCOK»: IEPBOE XPAHUTCS B CIELUAIBLHOU nepeMeHHon free:0. .n,
a crenyromee 3a i cBob6ogHOE wncao xpanurca B left[i], Tak uTo cBo60I-
HBI 9HUCJIA

free, left[free]l, left[left[freell, ...
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[l mocregHero cBo6ogHOrO umcaa i sHadenme left[i] pasuo 0. Pasen-
cTBO free=0 o3Ha49aeT, ITO CBOOOAHBIX IUCEJN OOJBIIE HET.

3amevanue. MBI UCIONB30BAMM [ CBA3BIBAHUA CBOOOMHBIX BEDIIUH B
cnucok MaccuB left, HO, KOHEYHO, C TEM XKe YCIIEXOM MOXKHO OBLIO MCIOJIb-
30BaTh MaccuB right.

BuecTo 3nadenns 0 (0603HAYAIONIETO OTCY TCTBUE BEPIIUHLI) MOXKHO OBI-
JIO OBI BOCTIOJIB30BATHCSA JIOOBIM IPYTUM MuCIOM BHE 1. .n. YT0OBI nogIepk-
HYTb 3T0, Oyzem BMecTO O MCHOJB30BATH KOHCTAHTY null=0.

14.1.2. CocTaBbTe TPOrpaMMmy, ONPENeNAIONIYI0, COAEPKUTC JU DJe-
MeHT t:T B ymOpsIOY€HHOM JepeBe (XPAaHMMOM TaK, KAK TOILKO ITO OIU-
CaHo).

Pemrenne.

if root = null then begin
‘ . .He TpUHANIERUT
end else begin
X := root;
{unBapmaHT: ocTaéTcA HNPOBEpUTH HAIM4YMe t B HEIYCTOM
HomLepeBe C KOPHEM X}
while ((t < val [x]) and (left [x] <> null)) or
((t > val [x]) and (right [x] <> null)) do begin
if t < val [x] then begin {left [x] <> null}
‘ x := left [x];
end else begin {t > val [x], right [x] <> null}
‘ x := right [x];

end;
end;
{mu6o t = val [x], mmbo t oTcyTcTByeT B HmepeBel}
..otBeT = (t = val [x])
end; O

14.1.3. YupocTure peleHue, UCIOAb3YS (JeAyIOMUN TPIOK. Pacmmpum
00JIACTH ONpeneIeHns MaccuBa val, 100aBuB A4enky ¢ HomepoMm null u mo-
goxuM val [null]=t.

Pemrenne.

val [null] := t;
X := root;
while t <> val [x] do begin
if t < val [x] then begin
x := left [x];
end else begin
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‘ x := right [x];
end;
end;
..orBeT: (x <> null). O

14.1.4. CocraBbTe mporpamMmy JAO0ABICHUS DJIEMEHTA t B MHOXECTBO,
[IPENCTABICHHOE YIOPSIOIeHHBIM 1€PEeBOM (€C/IU DIIEMEHT t yXKe eCTh, HU-
9ero nenaTh He HAO).

Pemenme. Omnpenemum mpouenypy get free (var i:integer), maro-
Iy CBOOGOAHOE (He SBJSIOWIEECS HOMEPOM) YHMCAO 1 ¥ COOTBETCTBYIOLIAM
006pa3oM KOPPEKTUPYIOUIYIO CIUCOK CBOOOIHBIX YHUCEI.

procedure get_free (var i: integer);

begin

{free <> null}

i := free;

free := left [freel;
end;

C eé ucnosnp3oBaHMEM IPOrpaMMa NpuobpeTaeT TAKOU BUL:

if root = null then begin

get_free (root);

left [root] := null; right [root] := null;

val [root] := t;

end else begin

X := root;

{uHBapMaHT: ocTamochk NO6aBUTEH t K HEIYCTOMy IOLLEPEBY C

KOpHEM B X}

while ((t < val [x]) and (left [x] <> null)) or
((t > val [x]) and (right [x] <> null)) do begin

if t < val [x] then begin

‘ x := left [x];

end else begin {t > val [x]}

‘ x := right [x];

end;

end;

if t <> val [x] then begin {t HeT B mepeme}

get_free (i);

left [i] := null; right [i] := null;

val [i] := t;

if t < val [x] then begin

‘ left [x] := i;

end else begin {t > val [x]}
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‘ right [x] := i;
end;
end;
end;

O

14.1.5. CoctaBbTe mporpamMmy yIATEHUS BJEMEHTa t U3 MHOXKECTBA,

IPEeACTABIEHHOrO YIOPSAOTICHHEIM IePEBOM (€C/U €ro TaM HET, HUIero jge-
JaTh HE HAO).

Pemrenne.

if root = null then begin

‘ {mepeBo mycTo, HuMuero memaTs He Hagmo}

end else begin

X := root;

{ocTamocs ymamuTe t w3 mojmepeBa C KOPHEM B X; IOCKOIBKY

3T0 MOXeT NOTpe60oBaTL W3MeHEHMH B OTIe X, BBeLSM
nepevennse father: 1..n u direction: (1, r);
IoLnepXMBaeM TaKOW MHBApMaHT: e€CIM X He KOpeHB, To father
- ero oren, a direction paBHO 1 WIM r B 3aBUCUMOCTH OT
TOro0, JEeBHM WMV NPaBHM CHHOM ABIAETCA X}

while ((t < val [x]) and (left [x] <> null)) or

((t > val [x]) and (right [x] <> null)) do begin

if t < val [x] then begin

father := x; direction := 1;

x := left [x];

end else begin {t > val [x]}

father := x; direction := r;
x := right [x];
end;

end;

{t = val [x] wam t HeT B mepeme}

if t = val [x] then begin

. .yOaleHNe BepUMHH X c oTuoM father u
HampaBieHueM direction

end;

end;

Y naseHue BepIIMHBI UCIONB3YET IPOLEnyPY

procedure make_free (i: integer);
begin

left [i] := free;

free := i;
end;
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OHa BKIIOYAET YUCI0 1 B CHUCOK CBOOOIHBIX. [Ipn yaameHun pa3indarTcsa
4 cnyvas B 3aBUCUMOCTY OT HAJIWYUA WK OTCY TCTBUA CHIHOBEN Y yIJAEMOU
BEPIIINHBL.

if (left [x] = null) and (right [x] = null) then begin
{x - mHMCcT, T.e. He UMeeT CHHOBel}

make_free (x);

if x = root then begin

‘ root := null;

end else if direction = 1 then begin

‘ left [father] := null;

end else begin {direction = r}

‘ right [father] := null;

end;

end else if (left[x]=null) and (right[x] <> null) then begin
{x ymamaerca, a right [x] sanumaeT mMecTo x}
make_free (x);

if x = root then begin

‘ root := right [x];

end else if direction = 1 then begin

‘ left [father] := right [x];

end else begin {direction = r}

‘ right [father] := right [x];

end;

end else if (left[x] <> null) and (right[x]=null) then begin
‘ . . CHMMETPHYHO

end else begin {left [x] <> null, right [x] <> null}

‘ . .yOAINTH BEPUMHY C OBYMA CHHOBBAMI

end;

Y namenue BEPIIUHBI C IBYMs CHIHOBLAMU HEB3A CAIATH TPOCTO TaK, HO €6
MOXKHO IPEIBAPUTENLHO IIOMEHATE C BEPIINHON, IIOMETKA, Ha KOTOPOU ABJIA-
€TCs HETIOCPEACTBEHHO CJEAYIOIUM (B MOPSIKE BO3PACTAHUA) DIEMEHTOM 32
IIOMETKOHN Ha X.

y := right [x];

father := x; direction := r;

{renepr father m direction oTHocaTca kK BepumHe y}
while left [y] <> null do begin

father := y; direction := 1;
y := left [yl;
end;

{val [y] - mumumaneHas us momeTok, Gombumx val [x],
y He MMeeT IeBOTO CHHal}
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val [x] := val [yl;
. .yOamuThs BepumHy y (Kak yLamlATh BEpUMEY, y KOTOPOM HET
eBOr0 CHHA, MH yXe 3HaeM) O

14.1.6. YupocTuTe 3Ty IpOrpaMMy, 3aMETHUB, ITO HEKOTOPHIE CIydan
(mampumep, MepBbIe ABA U3 YETHIPEX) MOKHO OOBEIUHUTS. (|

14.1.7. Hcnoap3yure yHOOPALOYEHHBIE [€PEBbS [IA IIPEICTABICHUS
dyHxIIUN, 06JACTH OMPENETEHNI KOTOPHX — KOHEYHBIC MHOXKECTBA, 3HAME-
Hun Tuna T, a 3HAYEHUA UMEIT HeKOTOphin Tun U. Onepanuu: BeMUCICHTE
3HAUEHUA Ha JAHHOM apryMeHTe, U3MEHEHNe 3HAUYEeHN Ha, JAHHOM apryMeH-
Te, goonpeenerne GyHKINN HA TaHHOM apr'yMEeHTe, UCKIIOYEeHUE DIeMEHTa
u3 obiacTu ompeneseHus PyHKIUN.

Pemenne. /lenaeM Kak paHblle, 100ABUB €IIE OQUH MACCUB
func_val: array [1..n] of U;

ecm vall[x] = t, func_val[x] = u, To 3HavYeHUe XpaHUMON PyHKIUNA HA t
pPaBHO u. (Il

14.1.8. Tlpeamonoxum, 9TO HEOOXOAUMO YMETh TAK¥XKE OTHICKUBATH k-1
DJIEMEHT MHOXECTBA (B HMOPAAKE BO3DACTAHUA), IPUIEM KOAMIECTBO AEU-
cTBUM LOMKHO ObITh He Gosee C' - (BeicoTa gepesa). Kakyo momoaHuTenn-
HyIO UH(OPMALKIO HANO XPAHUTH B BEPIIUHAX AepeBa’

Pemrenne. B kaxgou Bepumae OyeM XPAHUTD YACIO BCEX €€ MOTOMKOB.
[MobaBaeHne u NCKIIOUYEHUE BEPIIMHBL TPeOyeT KOPPEKIWY JUIIb HA Ty TH OT
KODPHs K 9TOU BepiuHe. B mporecce moucka k- BEPIIUHBI O [ePKUBACTCA
TAKOW MHBAPUAHT: UCKOMas BEPIINHA ABIACTCS S-M BEPIIMHOU IO IEPEBa
C KOpHEM B X (3[€Ch S U X — MEPEMEHHEIE). O

OueHka Konu4ecTBa AEUCTBUN

[us kax gon u3 onepauunt (IPOBEPKU, JOOABIEHVS U UCKIOICHN) KOJIU-
gecTBO geuctBun He npesocxonut C - (BbicoTa gepesa). [luast «poBHO mOA-
CTPUKEHHOIO» JepeBa (KOrga BCE JIUCThbs HA OLHOM BHICOTE) BBICOTA IIO
MOPANKY BeIWYUHEI PaBHA, Jorapudmy ducia sepmmH. O IHAKO 1S KpUBO-
OOKOT0 [epeBa BCE MOXKET OBITH TOPa3J0 XykKe: B HAUXYAIIEM CIydae BCe
BEPIIMHEI 00Pa3ylOT HENb W BBEICOTA PABHA YUCIy BepmuH. Tak CaydmT-
CA, €CaW BJIEMEHTHEl MHOXKECTBA NOOABIAITCA B BO3PACTAIOMIEM WIN yOBI-
BalomeM mopagke. MOXHO NOKa3aTh, OMHAKO, 9TO HOPHU NOOABJICHUHU DJIe-
MEHTOB «B CIyIauHOM TIOPAIKE» CPEIHAA BLICOTA AePEBa OyAeT He OOMbINe
C'log(aucao sepmun). Ecau 5TON OLEHKHU «B CPEIHEM» MAJO, HEOOXOIUMBIL
TOTIOJHUTEIBHBIE TEUCTBUA MO MOAAEPKAHNIO «COATAHCUPOBAHHOCTHY Jepe-
Ba. O6 5>TOM CM. B CIeQYIOIIEM IYyHKTE.
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14.2. CbHbanaHCMpOBaHHLIE AEPEBbS

lepeBo HasbiBaeTca cOasancuposannvin (mm ABJIl-nepeBom B decThb
m3obperarenen >roro Merona I'. M. A nenscona-Beasckoro u E. M. Jlangu-
ca), ecau A1 JI0O0U €ro BePIIMHEL BEICOTHL JIEBOI'O U IIPABOrO MO €D EBLER
STOU BEPIIMHBI OTAMIAIOTCA He Gotee deM Ha 1. (B wacTrocTH, KOrma ox-
HOI'O U3 CBIHOBEH HeT, APYI'OM — €CJK OH eCTh — 00s3aH ObITH JUCTOM. )

14.2.1. Hamgure MUHUMAILHOE W MaKCUMAILHOE BO3MOXKHOE KOJIMYIE-
CTBO BepUINH B COAJIAHCUPOBAHHOM J€peBe BHICOTHL 7i.

Pemenne. Makcumanbroe dnciao seprnud pasuo 2" — 1. Ecan m,, — mu-
HUMAJIBHOE YKCJIO BEPIINH, TO, KAK JErKO BULETh, My 1o = 1 + My + My,
oTKyaa my = Ppio — 1 (P, — m-e yucao Pubonauun, ®; =1, &5 =1,
(Dn_;,_g - q)n + q>n+1). [l

14.2.2. [ToxkaxwuTe, ITO COATAHCUPOBAHHOE IEPEBO C N BEPIIUHAMUI UME-
eT BeicOTy He Goubite C logn mis HEKOTOPOU KOHCTAHTHL C, HE 3aBUCAIIECN
oT n.

Pemrenme. Uugykumen mo n jgerko nokaszarb, 4to P,.0 > a”, rae

a — GOMBIINH KOPEHb KBAJPATHOrO ypaBHeHHA a’ = 1 + a, TO ecTb a =
= (v/5 4+ 1)/2. OcTaéTcsa BOCIOIB30BATECA IPEIBIAYINCH 3a1aTeH. O
Bpawerus

MEr XOTUM BOCCTAHABINBATEL COATAHCUPOBAHHOCTD AE€PEBA MTOCTIE BKIIO-
YeHUs U yAaneHus dneMeHTOB. [[us 5Toro Heob6xoquMbl Kakue-To npeodpa-
30BaHUS IepeBa, He MEHAIE MHOXKECTBA IIOMETOK Ha €r'0 BePIIVHAX U HE
HapYIIAKIINe YIOPAJOICHHOCTH, HO CIMOCOOCTBYIOIINE JydIern COATAHCH-
poBanHocTH. OTNUIIEM HECKOMTBKO TAKUX TMPE0OPa3OBAHUMN.

Q R P Q

IIycTs Bepmwmua a umeer npaBoro ceiHa b. O6o3uadum depes P ieBoe mom-
JIEPEBO BEPIIUHEI @, Yepe3 () u R — JieBoe u mpaBoe MO AePEeBbs BePIIWHEI b.
YnopsgodeHHOCTS gepesa Tpedyer, 9Tobbl P < a < @ < b < R (Tounee cie-
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IOBAJO OBbI CKA3aTh «IH00asg MOMETKA Ha, P MEHBIIE TOMETKU Ha, @, (TIOMETKA,
Ha @ MEHbIIE JI00U MOMETKN Ha (J» U T. ., HO MBI TIO3BOJIUM cebe dTOro
He geaarsh). ToIHo TOro xe TpebyeT yunopsAg0IeHHOCTb NePeBa C KOPHEM b,
€ro JIEBBIM CHIHOM @, B KOTOpoM P u () — 7meBoe u mpaBoe moaepesbs a,
R — npaeoe nogaepeeo b. IlosTomy mepBoe nepeBO MOXKHO IpeoOpaso-
BaTh BO BTOPOE, HE HAPYIIasd YHOPAIOYEHHOCTH. Takoe MpeoOpasoBaHme
HA30BEM MAAbIM NPABLIM 6PaAULeHUEM (IPABBIM — MOCKOJBKY CYIIECTBYET
CUMMETPUYIHOE, JEBOE, MAIbIM — MOCKOJIbKY €CTh U OOJBIIOE, KOTOPOE MBI
cenvac OmuuIeM).

IIycrs b — mpaBbIll CHIH a, ¢ — JEBLIA ChIH b, P — J1IeBO€ 101 1epego a,
(Q 1 R — neBoe u npaBoe Honaepesbs ¢, S — mnpasoe nogaepeso b. Toraa
P<a<Q<c<R<b<S.

Taxou xe MOpAI0K COOTBETCTBYET AEPEBY C KOPHEM ¢, UMEIOIIUM JEBOT'O
CBIHA ¥ TIPABOrO CHIHA b, M1 KOTOporo P u () — monnepeBbsa BEPIINHEL a,
a R u S — nogaepesbs Bepmmasl b. CooTBeTcTBYyIOMEE TPEOOPAZOBAHUE
OyleM HA3LIBATH 004bWUM NPA6bIM 6pawenuem. (AHATIOrMYHO onpenenseT-
CSl CUMMETPUYIHOE €My 60AbUW0E AE60€ BPAULECHUE. )

14.2.3. [lano mepeBo, cOAIAHCHPOBAHHOE BCIOAY, KPOME KODHS, B KO-
TOPOM DPa3HUIIA BLICOT paBHA 2 (T.e. JeBOE W TMPABOE TOMAEPEBbA KOPHS
cOAIAHCUPOBAHBL U UX BBICOTHL OTJINYAIOTCA Ha 2). [JokaxuTe, 9T0 OHO MO-
KeT OBITH MPEBPAIICHO B COATAHCUPOBAHHOE OJHUM U3 Y€ THIPEX ONUCAHHBIX
npeo6pa3OBAHUN, IPUIEM BHICOTA €10 OCTAHETCS MPEKHEN WU YMEHbIIT-
ca Ha l.

Pemenne. Ilycts 6osee HU3KUM ABIAETCsA, HAIPUMED, JIEBOE IO IEPEBO,
u ero BeicoTa pasHa k. Torga BoicOTa mpaBoro momjepeBa paBHa k + 2.
O603HaIMM KOpEHBb 9epe3 a, a €ro MpPaBoro ChHHA (OH 06A3ATENILHO €CTh)
gepes b. PaccmoTpum neBoe u npaBoe mogaepesbs Bepmmesl b. O 1HO u3 HUX
00s13aTeIBPHO UMeeT BBICOTY k + 1, a Apyroe MOXeT MMETh BBICOTY k min
k + 1 (menbine k OGbITb HE MOXET, TaK KaK IO JEPEBbs COAIAHCUPOBAHHL).
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Ecau BrICOTA MEeBOrO momaepesa pasua k + 1, a mpaBoro — k, To moTpedy-
eTcs OOJIBINOE TPABOE BPAIIEHUE; B OCTAIBHBIX CIyYaAX MOMOTAET MaJoe.
Bot xax BEIMIALAT TpU caydas OAJaHCUPOBKU IepeBa:

14.2.4. B cb6anaHCUDOBAHHOE AEPEBO MOOABWIN WIM U3 HETO YIaJIUIu
aucT. JoxaxuTe, ITO MOXKHO BOCCTAQHOBUTL COAIAHCUPOBAHHOCTDL C IIOMO-
B0 HECKOJBKUX BPALIEHUN, MIPUIEM UX IUCJIO HE OOMbIIE BHICOTHI IEPEBa.

Pemenwe. Bynem noxaseiBaTh Gosee obmmu GpakT:

Jlemma. Ecaun B cbamancupoBaHHOM gepeBe X OOHO M3 €ro IOJaepe-
BbEeB Y 3aMEHWIN Ha, COATAHCUPOBAHHOE NEPEBO 7, MPUYEM BBLICOTA 7 OT-
JUFIAETCA OT BRICOTHL Y He Gosiee UeM Ha 1, TO MOMyvIeHHOE TaKOU «(ITPUBUB-
KOI» [EPEBO MOXKHO [PEBPATUTH B COATAHCUPOBAHHOE BPALICHUAME ([IPU-
96M KOJUYIECTBO BPAIEHUN HE IPEBOCXOIUT BLICOTEI, HA KOTOPOU JeJaeTCs
[IPUBUBKA).

YacTHBIM cTyvaeM TPUBUBKU SABAAETCA 3aMEHA MYCTOTO TIOMAepeBa Ha
JUCT WIN HA0OOPOT, TaK UTO JOCTATOYHO MOKA3aTh DTY JEMMY.

JoxazarenscTBO JeMMbl. UHAYKIMA O BBICOTE, HA, KOTOPOU AEIAETCA
npuBuBKa. EcIu OHA IPOUCXOAUT B KODHE (3aMEHSIETCS BCE JEPEBO Leu-
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KOM), TO BCE 049eBUIHO («IpUBOM» COATAHCUPOBAH MO ycJaoBuio). IlycTh 3a-
MEHAETCSA HEKOTOPOE MOMAEPEBO, HAIPUMED, JEBOE MO AEPEBO HEKOTOPOK
BEPIIMHEL Z. BO3MOXKHEL [Ba CIydas.

1) Hocsne npuBuBKY cOATAHCHPOBAHHOCTH B BEPLIMHE T HE HAPYLIAIACH
(XOTs, BO3MOXKHO, HAPYIIUIACH COAJAHCUPOBAHHOCTHL B MPEIKAX I:
BBICOTA TOJAEPEBa C KOPHEM B & MOIVIA M3MEHUTHCA). Tormga MOXKHO
COCJIATHCA HA IPEANON0XKEHNE NHIYKINY, CINTasA, ITO MBI IPUBUBAIN
LIeJUKOM TIOJA1€PEBO C KODHEM B .

C6anaHCUpOBAaHHOCTh B & HAPYIMIMIACH. IIpum 5TOM pa3HUIE, BHICOT
paBHa 2 (6ombIe OHA OBITH HE MOXKET, TAK KaK BBICOTA Z OTIAIAETCA
oT BHICOTHL Y He Gosee deM Ha 1). Pazbepém nsa BapuanTa.

a)

Z

Beure npasoe (He 3aMeHABIIEeCs) TOAAEPEBO BepmHLL 2. [lycTs
BLICOTA JIeBOrO (T. e. Z) paBHa k, mpasoro — k + 2. Bricora cra-
pOro aeBoro nogjaepesa sepmussl = (1. e. Y') Obuia pasaa k + 1.
IMoxnepeBo ¢ KOpHEM T UMENO B UCXOTHOM JepeBe BHICOTY k + 3,
U >Ta BBICOTA HE U3MEHWIACH MMOCJIE TPUBUBKH.

Ilo mpenpraymen 3amade BpaleHue HpeobpasyeTr MOLAepeBO ¢
KOpHEM B & B COAJAQHCUPOBAHHOE MOIIEPEBO BLICOTHI k + 2 miam
k 4+ 3. To ecTsb BLICOTA TOAJEPEBA C KOPHEM T — B CDABHEHUNU
C €ro TIpeXkHeN BBICOTON — He M3MEHWJIACh WX YMEHBIIUIACH
Ha 1, 1 MBI MOXEM BOCIOJIb30BATHCA MPEATOJOKEHUEM WHIYK-
uuu.

Brime seBoe mommepeBo Beprmmabl 2. IlycTh BBICOTA JIEBOTO
(t.e. Z) paeua k + 2, mpasoro — k. BricoTa cTaporo Jesoro
nogaepesa (T.e. V) Obuia pasua k + 1. Ilognepeso ¢ kopueMm x
B UCXOAHOM fAepeBe X MMeJO BEICOTY k + 2, MOCJe IPUBUBKYU OHA,
crana pasaa k + 3. Ilocae noaxoasiero spamenus (CM. npegs-
OYILYIO 3a1ady) IOAAEPEBO C KOPHEM B & CTAaHET COAJIAHCUPO-
BAHHBLIM, €r0 BBICOTA Oyaer paBHa k + 2 wmm k + 3, Tak 4TO
U3MEHEHUE BBICOTHI 10 CPABHEHUIO C BHICOTOU TOIEPEBA C KOP-
HeM x B gepeBe X He mpeBoCcXOAuUT 1 M MOXKHO COCJAATHCA HA
MIPEATIONOXKEHNE WHIYKIAN. O
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14.2.5. CocTaBbTe mpOrpaMMbl JOOABIEHUS U YIAJIEHUAS DIEMEHTOB, CO-
XPaHAIME COATAHCUPOBAHHOCTE. UMCI0 JEUCTBUU HE JOMKHO MPEBOCXO-
auth C - (BBICOTa ,zgepeBa). Paspermaercsa XxpaHuTh B BEpPIIMHAX IepPeBa 10-
TMOJHUATEIBHYI0 HHPOPMALINIO, HEOOX0 IUMYIO TIpU OGATAHCUPOBKE.

Pemenwe. Bynem XpanuTh s KaxkI0U BEPIIUHBI PA3HUILY MEXIY BbI-
COTOU €€ MPABOr0 U JIEBOI'O MO/ IEPEBBEB:

diff [i] = (BbicoTa mpaBOro MOAAEPEBA BEPIIMHBL i) —

— (BBICOTA JIEBOTO MO I€PEBA BEPIIUHEL 1).

Hawm morpebyrorces deTsipe npouesyphl, COOTBETCTBYOmue OOIbIIMM U Ma-
JIBIM TIPABBIM ¥ JI€BLIM BpaineHuamu. Ho BHadane nsa 3amedanus. (1) Ham
HY2KHO, IYTOOBI IIpU BpAIleHUM IOJJepeBa HOMED ero KOPHA He MEeHICA.
(B mpoTuBHOM Ciydae HOTPEGOBAIOCH OBl KOPPEKTUPOBATH MHMDOPMALIIIO
B OTLE KOPHs, YTO HEXEJATEIbHO.) DTOr0 MOXKHO AOCTUYb, TAK KAK HO-
Mepa BEepLIMH AePeBa MOXKHO BbIOMpaTh HedaBucuMO or ux 3Hadenun. (Ha
KapTUHKAX HOMEP yKa3aH COOKY OT BEPIIVHBI, 8 3HAYEHUE — BHYTDH. )

(2) Tlocae npeo6pa3oBAHUY MBI JOTKHBEI TAKKE U3MEHUTEH COOTBETCTBEHHO
3HaveHusa B MaccuBe diff. /[ 5TOro JOCTATOYHO 3HATH BHICOTHL AEPEBHER
P,Q,... Cc TOYHOCTBIO 10 KOHCTAHTHI, IIODTOMY MOXKHO IPEANOIAraTh, ITO
OlHA U3 BBICOT PAaBHA HYJIO.
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Bot nmpomenypst BpalieHun:

procedure SR (a:integer); {Mamoe mpaBoe BpameHuMe C KOpHeM a}
‘ var b: 1..n; val_a,val_b: T; h_P,h_Q,h_R: integer;

begin

b := right [al; {b <> null}

val_a := val [a]; val_b := val [b];

h_Q := 0; h_R := diff[b]l; h_P := (max(h_Q,h_R)+1)-diff[a];
val [a] := val_b; val [b] := val_a;

right [a] := right [b] {mommepeso R}

right [b] := left [b] {mozmmepeso Q}

left [b] := left [a] {mommepeso P}

left [a] := b;

diff [b] := h_Q - h_P;

diff [a] := h_R - (max (h_P, h_Q) + 1);
end;

procedure BR(a:integer) ;{6oxbmoe mpaBoe Bpamenume c KOpHeM a}t
var b,c: 1..n; val_a,val_b,val_c: T;
h_P,h_Q,h_R,h_S: integer;
begin
b := right [al; ¢ := left [bl; {b,c <> null}
val_a := val [a]; val_b := val [b]; val_c := val [c];
h_Q := 0; h_R := diff[c]; h_S := (max(h_Q,h_R)+1)+diff[b];
h P :=1 + max (h_S, h_S-diff[b]) - diff [al;
val [a] := val_c; val [c] := val_a;
left [b] right [c] {mozmmepeso R}
right [c] := left [c] {mommepeso Q}

left [c] := left [a] {mommepemo P}

left [a] := c;

diff [b] := h_S - h_R;

diff [c] := h_Q - h_P;

diff [a] := max (h_S, h_R) - max (h_P, h_Q);
end;

JleBbie Bpamenusa (6OIBIIOE W MaJO€) 3AMUCHLIBAIOTCA CUMMETPUATHO.

IIpouenypsr no6aBIeHNUA U yIAJCHUA DJEMEHTOB NMUIIYTCA KAK PAHbIIE,
HO TOJBKO NOOABJICHUE W yAAJEHUE NOJKHO COMPOBOXKIATHCA KOPPEKIMEN
MmaccuBa diff u BoccTaHOBIeHUEM COATAHCUPOBAHHOCTH.

[Ipu sToM ucnonb3yercs mIpoueaypa ¢ TAKAMU CBOUCTBAMU:

JaHO: JeBOE W NPABOE NMOJAEPEBbSA BEPIINHBI C HOMEPOM a
COAMAHCUPOBAHBI, B CAMOU BEPIIUHE PA3HUIA BBICOT HE OOIb-
me 2, B mogaepeBe ¢ KOpHeM a MaccuB diff 3amosHeH mpa-
BUJIBHO;
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HaJo: IO 1epeBO ¢ KOPHeM a cbanaHcupoBaHo u maccuB diff
COOTBETCTBEHHO U3MEHEH, d — U3MEHEHUE €0 BEICOTHI (paBHO O
wi -1); B OCTATbHON YaCTH BCE OCTANTOCH KAaK OBLIO — B YaCT-
HOCTHU, 3HadeHua diff.

procedure balance (a: integer; var d: integer);
begin {-2 <= diff[a] <= 2}

if diff [a] = 2 then begin

b := right [al;

if diff [b] = -1 then begin

‘ BR (a); d := -1;

end else if diff [b] = O then begin
‘ SR (a); d := 0;

end else begin {diff [b] = 1}

| SR (a); d := - 1;

end;

end else if diff [a] = -2 then begin
b := left [al;

if diff [b] = 1 then begin

‘ BL (a); d := -1;

end else if diff [b] = O then begin
‘ SL (a); d := 0;

end else begin {diff [b] = -1}

‘ SL (a); d := - 1;

end;
end else begin {-2 < diff [a] < 2, Huvero gmemaTep He Hapmol}
‘ d := 0;
end;

end;

Boccranopienue cOaIaHCHPOBAHHOCTU TPEOYET NBUKEHUA OT JUCTHLEB
K KOPHIO, IODTOMY OyIeM XPaHWUTb B CTEKE IIyTh OT KOPHA AEpPEeBa K Pac-
CMATPUBAEMOU B JAHHBIU MOMEHT BEPIIMHE. JJIEMEHTAMY CTeKa Oy Ay T maphbl
(BepIIMHA, HAIpABJIEHNE JBIKEHUSA U3 HEE), T.e. 3HAYEHUs TUMA

record
vert: 1..n; {Bepumua}

direction : (1, r); {1 - meBoe, r - mpamoe}
end;

IIporpamma mobaBIeHUS DIEMEHTA t Temephb BHIMVIAIUT TaK:

if root = null then begin
get_free (root);
left[root] := null; right[root] := null; diff[root] := 0;
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‘ val[root] := t;
end else begin
X := root;
. .CHeIaTh CTEeK IIyCTHM
{uHBapmaHT: ocTamoCck LO6aBMTE t K HENyCTOMy NOLLEPEBY C
KODHEM B X; CTEK CONEPEAT IYyTh K X}
while ((t < val [x]) and (left [x] <> null)) or
((t > val [x]) and (right [x] <> null)) do begin
if t < val [x] then begin
..006aBUTH B CTeK mapy <x, 1>
x := left [x];
end else begin {t > val [x]}
. .006aBUTH B CTeK mapy <x, r>
x := right [x];
end;
end;
if t <> val [x] then begin {t meT B mepeme}
get_free (i); val [i] := t;
left [i] := null; right [i] := null; diff [i] := O;
if t < val [x] then begin
..no6aBUTE B CTeK mapy <x, 1>
left [x] := i;
end else begin {t > val [x]}
..no6aBUTE B CTeK mapy <x, r>
right [x] := i;
end;
d :=1;
{uHBapMaHT: CTeK CONEPXUT IYyTh K W3MEHUBUIEMYCA

MOLLEepPEBY, BHCOTAa KOTOPOLO YBEIMYMIACH II0O CPaBHEHMD
C BHCOTOM B McxonHoM mepeBe Ha d (=0 mmm 1); »To
monmepeBo c6amaHcupoBaHo; 3HadeHua diff gmma ero
BEepUMH NPaBWILHH; B OCTAlbHOM JepeBe BCE O0CTaloCh
Kak OmHIO - B YaCTHOCTM, 3HadeHua diff}
while (d <> 0) and ..crek HemycT do begin {d = 1}
..B3ATb M3 cTeka mapy B <v, direct>
if direct = 1 then begin
if diff [v] = 1 then begin

‘ c := 0;

end else begin
‘ c :=1;

end;

diff [v] := diff [v] - 1;
end else begin
‘ {direct = r}
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if diff [v] = -1 then begin

‘ c := 0;

end else begin

‘ c :=1;

end;

diff [v] := diff [v] + 1;

end;

{c = u3MeHeHMe BHCOTH IOAJepeBa C KOPHEM B V IIO
CpPaBHEHMO C MCXOIHHM HnepeBoM; MaccuB diff
CONEePXUT NpaBUIbHHE 3HAYEHNA [NJIA DTOTO NOLIEpeBa;
BO3MOXHO HapylleHue C6alaHCUPOBAHHOCTH B V}

balance (v, d1); d := ¢ + di;

end;

end;

end;

Jlerko nposeputs, 4To 3HaYeHUe d MOXKET ObITH PABHO TOIBKO 0 mwiu 1 (HO
He -1): ecaim ¢=0, 1o diff[v]=0 u GaTaHCUPOBKA HE MPOU3BOIUTCA.

IIporpamMmMa ymageHus CTPOUTCA aHAMOTUYIHO. K€ OCHOBHOU (hparMeHT
TAaKOB:

{uHBapuaHT: CTEK COLEPXUT NyTH K M3MEHUBUEMyCA NOLLEPEBY,
BHCOTa KOTOPOTO M3MeHMIACh II0 CPaBHEHWO C BHCOTOM B
MCXONHOM JepeBe Ha d (=0 mmm -1); >To onLepeso
cbamaHcupoBaHO; 3Ha4YeHuA diff nnA ero BepuMH NPaBUILHH;
B OCTaJBHOM JlepeBe BCE OCTAaloCh KakK OHIIO —

B YaCTHOCTH, 3HadeHumsa diff}

while (d <> 0) and ..crTek mHemycT do begin

{d = -1}

..B3ATh M3 cTeka mapy B <v, direct>

if direct = 1 then begin

if diff [v] = -1 then begin

‘ c := -1;

end else begin
‘ c := 0;

end;

diff [v] := diff [v] + 1;
end else begin {direct = r}
if diff [v] = 1 then begin

c := -1;
end else begin
‘ c := 03
end;

diff [v] := diff [v] - 1;
end;
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{c = usMeHeHMe BHCOTH IOIJepeBa C KOPHEM B V IO
CpaBHEHMI C MCXONHHM HgepeBoM; MaccuB diff comepxutT
NpaBMIBbHHE 3HA4YeHWA [OIA DTOrO IOLLEpPeBa;

BO3MOXHO HapylleHMe c6allaHCUPOBaHHOCTH B V}

balance (v, d1);

d := c + di;

end;

Jlerko npoBepuTh, 4TO 3HaYeHNE d MOXKET OBITH PABHO TOJBKO O win -1 (HO

He -2): ecau ¢c=-1, 70 diff [v]=0 u GasaHCUpPOBKA HE IPOU3BOLUTCS.
OrMeTuM TakXKe, YTO HAIMYAE CTEKA NEMACT U3JIUIIHIMY I€PEMEHHBIE

father u direction (UX pOJIb TENEpPL UTPAET BEPIIVHA CTEKA). O

14.2.6. [loxaxwuTte, 4TO Ipu NJOOABIEHUU DIEMEHTA

(a) Broponm u3 TpEx ciydaeB OGATAHCUPOBKHU (CM. DUCYHOK Ha c. 258)
HEBO3MOXKEH;

(6) monHas GamaHCUPOBKA TpebyeT He 6oJee OMHOTO BpAIUEHUA (TOCIe
9ero BCE JE€PEBO CTAHOBUTCA COATAHCUPOBAHHBIM), B TO BPEMA KaK IIPU
yIATECHUN DJIEMEHTa MOXKET MOHAJO0OUTHCA MHOI'O BPAIICHWN. O

3amedanue. Mbl cTapaauch 3amIucaTh MIPOrPAMMEBI JOOABICHUSA W yIa-
JIEHUSI TAK, YTOOBI OHM OBLIM KAK MOXKHO 00Jiee MMOXOXKUMU IPYT HA ApyTra.
Ncnonbays crenmuduky KaxJOu U3 HUX, MOXKHO MHOTO€ YIPOCTUTH.

CymecTByIOT 1 Apyrue CIoCOOLI MPENCTABICHUSA MHOKECTB, TapAHTH-
pyfolme YucJa0 AeUCTBUM MOpsAnka logn Ha xaxayio oneparuio. Omnuimem
onuH u3 HuX (HaswiBaeMbil B-depesvami).

o cux mop Kaxk 1as BEPIIMHA COTEPKATA OJUH DJIEMEHT XPAHUMOI'O MHO-
KECTBA. DTOT JEMEHT CJIYKUI CPAHUIEN MEXKIY JEBLIM U IPABLIM MO e-
pesoM. Byaem Temepr xpanuThb B BeprmmHe k > 1 DJIEMEHTOB MHOXECTBA
(qucao k MOXKeT MEHATHCA OT BEPIIVHBL K BEPLIMHE, a TaKkKe IPU 100aB/Ie-
HUM U YAAQJICHUU HOBBIX DJIEMEHTOB, CM. Jajee). DTU k DIEMEHTOB CILyXKaT
paszgeaureasmu 11 k + 1 mognepeenes. IlycTh GUKCHPOBAHO HEKOTOPOE
qncio t > 1. Bygem paccmarpuBaTh fepeBbs, 00JaJAOIINE TAKUMY CBOUCT-
BaMu:

1) Kaxpas BepumHa cogepkuT OT t 40 2t 21eMeHTOB (32 UCKIIOYEHU-
€M KOPHs#, KOTOPHI MOXKET COAEPKATD JI000€e IuCIo 3aeMeHTOB OT ()
1o 2t).

2) Bepumna ¢ k anemenTamu 6o uMeeT k + 1 ceiHOBen, IuGo He UMeeT
CBIHOBEU BOOOIIE (ABJIACTCA AUCTIOM).

3) Bce aucThsa HAXOAATCA HA OLHOU U TOU ¥Ke BBICOTE.
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[obaBrenune s1eMeHTa TIPOUCXOAUT TakK. ECau JucT, B KOTOPLIU OH TIO-
TMAgAeT, HEmoIOH (T.€. COIEPKUT MeHee 2¢ DIEMEHTOB), TO HET HPOOJIEM.
Ecau on nomon, To 2t + 1 sneMenT (BCE 2I1€MEHTHI JUCTA ¥ HOBBIU DJIEMEHT )
pa3buBaeM Ha [OBA JUCTA MO t DIEMEHTOB U PA3Ae/SIONUA UX CePeIuHHbIN
AJIEMEHT. JTOT CepEeqUuHHBIA 3JIEMEHT HALO JO0ABUTDH B BEPIIUHY MPEIBIAY-
IIIer0 YPOBHA. DTO BO3MOXKHO, €CIU B HEU MeHee 2t saeMenToB. Eciu u ona
TIOJTHA, TO €€ Pa3OUBAIOT Ha [BE, BHIIEIAIOT CEPEIUHHLIN DIEMEHT U T. 1. Kc-
JIX B KOHIIE KOHIIOB MBI 3aXOTUM JOOABUTH DJIEMEHT B KOPDEHb, & OH OKaXKeT-
Cs1 TIOJIHBIM, TO KOPEHb PACLICILUIAETCS HA ABE BEPIIWHEBI, a BBICOTA JepeBa
yBeaumuuBaeTcsa Ha 1.

YajneHue 3/eMEHTa, HaXOISIIEerOCs He B JILCTE, CBOAUTCS K Y IAJEHUIO
HETMOCPEACTBEHHO CICAYIOIIErO 33, HUM, KOTOPHIA HAXOAUTCA B Jucte. 11o-
STOMY AOCTATOYHO HAYYUTHCA YIAIATH DJIEMEHT u3 Jaucta. Eciau guct npu
5TOM CTAHOBUTCS CJAUIIKOM MAaJEHBKUM, TO €r0 MOXHO IOINOJHUTH 33 CUET
COCEHEr0 JIUCTA — €CJIU TOJIBKO U OH HE MMEET MUHUMAJILHO BO3MOXKHBIN
pasmep t. Ecam xke oba aucra nMmeioT pasmep t, TO HA HUX BMecTe 2t dJe-
MEHTOB, BMecTe ¢ pasgeauteneM — 2t + 1. Ilocre yaanenus omguoro 3Je-
MEHTa OCTAETCA 2t 2IeMEHTOB — KaK pa3 Ha OAWH JUCT. Ecau mpu sToMm
BEPIINHA IPEIBIIVIIEr0 YPOBHA CTAHOBUTCS MEHBIIE HOPMBI, IIPOLECC ITO-
BTOpSETCS U T. 1.

14.2.7. Peanusynre onucaHHyH CXeMy XPAHEHUsA MHOXKECTB, yOenus-
IIIUCh, 9TO OHA TaKXke Mo3BoaseT obouTuck C logn NencTBUN 07 OTepamnun
BKJIIOYEHUs, UCKIIYCHUA U TTPOBEPKY MTPUHA IIEKHOCTH. O

14.2.8. MoxHO onpeneaTs cOAIaHCHPOBAHHOCTD AepeBa nHade: TPeOo-
BATH, YTOOBL IS KaXKOU BEPUINHBL €€ JEBOE U MPABOE IO AePEBbI UMEJIN
He CJAWIIKOM CHJIBHO OTIXYAromuecsa KoamdecTsa Bepiud. ([IpenvymecTso
TAKOrO OMPENETCHUsA COCTOUT B TOM, UTO IPU BPAIIECHUAX HE HAPYUIIAETCI
cOANaHCUPOBAHHOCTD B BEPIINHAX, HAXOIMIIIMXCA HUXKE TOIKY BDAILECHUS. )
Peanusyure Ha OCHOBE >TOU WAEM CIOCOO XPAaHEHUA MHOXKECTB, MapaHTH-
pyfowun onesky B C'logn qencTBUM IJis BKIIOYEHUS, YIAJCHUS U IPOBEPKA
IPUHALIEKHOCTH.

[Ykazauue. OH Taxxke MCHOIB3yeT GOMBIIME W Maible BpameHus. llo-
apobuocTu cM. B kaure Pennronsna, Huseprensra u eo «KombunaTopusie
AJICOPUTMED .| O



15. KOHTEKCTHO-CBOBO/HbLIE
[[PAMMATWKH

15.1. O6bwwmn anroputm pasbopa

Yro6Bl ONpEmeNuTs TO, 9TO HA3BIBAIOT KOHMEKCMHO-C80600K10T 2pam-
mamurot (KC-rpammaTukon), HALO:

® yKa3aTh KOHEYHOE MHOXKECTBO A, Ha3HIBAEMOE anadasumom; ero sie-
MEHTBI Ha3bIBAIOT CUMB04GMU; KOHEUHEIE MOCIENOBATEILHOCTH CUM-
BOJIOB HA3BIBAIOT C.4068aMU (B JAHHOM aadaBuTe);

® Da3eNUTh BCE CUMBOJLI ANDABUTA A HA IBE IPYNIBL MeEPMUHAILHBLE
(¢COKOHYATENBHLIE)) U HeMePMUHAIbHbIE ((IIPOMEKYTOTHBIE) );

® BBIOPATH CPEIU HETEPMUHAJBHLIX CUMBOJIOB OJVH, HA3BIBAEMBIA Ha-
YAADHDIM;

® YKa3aTb KOHEYHOE YNCIO NPasUs IDAMMATUKHI, KAXKI0€e U3 KOTOPHIX
nomkao uMmeTh Bug K — X, rae K — HEKOTODPHIN HETEPMUHATILHBIN
cuMBOJI, & X — CJOBO (B HEMO MOI'YT BXOAUTH U TEPMUHAIBHBIE, U HE-
TEPMUHAIBLHBIE CUMBOJIEL).

IIycres ¢pukcuposana KC-rpammaruka (Mbl 9acTo OygeM OLyCKaThb Ipe-
dukc «(KC-», Tak KaKk Ipyrux rpaMMaTuK y Hac He Oyaet). Buisodom B 3TON
rpaMMaTHUKe Ha3bIBAETCA MOCIEIOBATENBLHOCTDL ClI0B Xg, X1,...,X,, B KO-
Topor Xg COCTOUT W3 OJHOT'O CUMBOJA, U DTOT CUMBOJ — HAYAJbHBLIN,
a X411 momydaercs m3 X; 3aMEHOU HEKOTOPOI'O HETEPMUHAIBLHOI'O CHM-
Boma K ma crnoBo X mo ogHomy u3 mpasua rpammaruku. CioBo, cocrta-
BJIEHHOE U3 TEPMUHAILHEIX CUMBOJIOB, HA3LIBAETCA 6b1600UMbLM, €CJIHU CYIIe-
CTBYET BBIBO[, KOTOPBIA UM KOHYAETCA. MHOXECTBO BCEX BHIBOIUMBIX CIOB
(13 TepMUHATBLHBEIX CUMBOJIOB) HA3BIBAECTCA A3bIKOM, TOPOHCIGEMBIM aHHOT
2P amMMamuKro.
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B sTom u cremyromen riaBe Hac OyJeT MHTEPECOBATH TAKOU BOMPOC:
nana KC-rpaMMaTuka; mOCTPOUTEH aJrOpUTM, KOTOPHIU MO JHOOOMY CJIOBY
TPOBEPSET, BEIBOAUMO JU OHO B DTOU I'PAMMATHUKE.

IIpumep 1. Anpapur:

()ILI1E

(4eThIpe TepMUHAIBHBIX CUMBOJIA U OAUH HeTepMUHAIbHBIN cumBoa E). Ha-
qanbHbI cuMBoOI: E. IlpaBsuaa:

E— (E)
E — [E]
E = EE
E—

(B mocJeHEM NpaBUIE CIPABA CTOUT ILyCTOE CJIOBO).
ITpuMepE! BLIBOAUMBIX CJIOB:

(mycToe coBo)
0O
(IH
OLD]
LOLIOL0I]

I[Tpumepb HEBEIBOAUMBIX CJIOB:

(

) (
a
(D1

DTa rpaMMaTUKa BeTpedanach B pasgede 6.1 (rge BLIBOAUMOCTD B HEH IIPO-
BEPSLIACH C IIOMOLIBIO CTEKA).
IIpumep 2. /[Ipyras rpaMMaTHUKa, TOPOXKAAOMIAA TOT XKe A3BIK:
Anpasut: ( ) [ I TE
IIpaBuna:

E—

E—TE
T— (E)
T — [E]
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HauampHEIM CHMBOJIOM BO BCEX MPUBOAMMBIX JATee MPUMEPaX OyaeM CUu-
TaTh CAMBOJ, CTOSAIIMAN B JEBOK YaCTH MEPBOTO NPABWIA (B TAHHOM CIydae
»To cuMBOI E), He orosapusas 3Toro 0co6o.

s Kax [oro HeTEPMUHAIBLHOIO CUMBOJIA MOXKHO PACCMOTPETH MHOXKEe-
CTBO BCEX CJOB U3 TEPMUHAIBHBIX CUMBOJOB, KOTOPBIE M3 HETI'O BBIBOASATCS
(aHATOTrUIHO TOMY, KAK 3TO CIETAHO IJA HAYAILHONO CUMBOJA B OMpenese-
HUM BBIBOJUMOCTH B rpammaTuke). Kaxnoe mpaBuio rpaMMaTUKA MOXKHO
paccMaTpUBaThL KAaK CBOUCTBO >TUX MHOXkeCTB. IlokaxkeM 5TO HA mpumepe
TOJLKO 4TO mpuBenéanon rpaMmMaruku. [lycts T u E — MHOXecTBa CJI0B
(u3 ckO0OK), BEIBOAMMBIX U3 HeTepMuHaaoB T u E coorsercreenuo. Torga
[PABWIAM I'PDAMMATHUKHA COOTBETCTBYIOT TAKUE CBOUCTBA!

E— FE comepxkut mycToe CJIOBO

E—TE ecuu caoBo A npunangiexur T,
a ciaoBo B npumagrexunt E, To
cioBo AB mpunagiexut F

T— [E] ecm A npunamiexut E, TO CI0BO
[A] npunangmexur T

T— (E) ecan A npunagiexut E, TO cI0BO
(A) npunamaexur T

CdopmyaupoBanusie cBoucTBa MHOXKECTB F, T HE OnpeaesioT ST MHO-
KECTBA ONHO3HAYHO (HAIPUMED, OHU OCTAIOTCS BEPHBIMH, €CIM B Kade-
crBe E u T B3saTh MHOX)ecTBO Beex ca0B). OQHAKO MOXKHO JOKAa3aTb, 9TO
MHOXECTBA, 33aBAEMEBIE TPAMMATUKON, ABIAIOTCA MUHUMATLHBIMUA CPEIN
YV IOBJIETBOPAIONINX DTUM yCIOBUAM.

15.1.1. CdpopMyaupynTe TOTHO U JOKAKUTE DTO YTBEPK ACHUE [ TIPO-
U3BOJBHOU KOHTEKCTHO-CBOOOTHON IPAMMATUKY. O

15.1.2. TlocTpouTe rpaMMaTHUKY, B KOTOPOU BLIBOAUMBI CJIOBA,
(a) 00..0011..11 (YuCaO HyJIEW PABHO YUCILY €IUHUL);
(6) 00..0011..11 (uucao HyJel BABOE OGOJbIIE YUCIA EAUHUAL);
(8) 00..0011..11 (uucao HyJeHn OOJIBIIE YUCIA €IUHULL);
(1 TOMBKO OHM). O

15.1.3. [oxaxwure, uro He cymecrByer KC-rpaMMmaTuku, B KOTOPOU
ObLTM OBI BHIBOAMMEI caoBa Buaa 00..0011..1122..22, B KOTOPHIX YUCIA
HyJIeU, e[UHUI] U JBOEK PABHBI, U TOJLKO OHWU.

[Ykasamue. JlokaxnTre Caefyoulyio JemMmy o mpousBoibHON KC-rpam-
MaTHUKe: [ JHO0r0 JOCTATOYHO MIUHHOTO CJA0BA F', BEIBOAUMOTO B 3TOU
rpaMMaTHKe, CyIIeCTBYyeT Takoe ero npeacrasienue B suge ABCDE, aro
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mo6oe cioso Buga AB ... BCD...DE, rone B u D mOBTOpEHBI 0 IUHAKOBOE
YUCI0 Pa3, TakkKe BHIBOAUMO B DTOU CpaMMaTUKe. (DTO MOXKHO yCTaHO-
BUTH, HAUAA HETEPMUHAILHBIA CUMBOJ, OKA3BIBAIOIIUUCI CBOUM COOCTBEH-
HBIM (HACJIEIHUKOM» B IIPOLECCE BHIBOAA. )] O

HeTepMuHaMBHEIN CUMBOI MOXKHO PACCMATPUBATL KAK (POMOBOE MM
7S BEIBOAVMBIX M3 HETO CJIOB. B ciemyomem mpuMepe s HATIATIHOCTH
B KAYECTBE HETEPMUHAILHBIX CHMBOJOB WCMIOJL30BAHBI (DPATMEHTHI PYC-
CKUX CJIOB, 3aKIIIEHHBIE B yTUIOBHIE CKOOKH. (C TOYKHU 3peHus rpaMMaTuKN
KaX B TAKOU (PPArMEHT — OQWH CHUMBOJL!)

IIpumep 3. Anpapur:

TepMuHAIB:  + * () X
merepMuHaiasl:  (BBIp) (ocTBHIP) (caar) (ocrcaar) (MHOXK)

ITpaBuia:
(BRID) — (Ccaar) (OCTBEID)
(ocTBBID) — + (BHID)
(ocTBBHID) —
(cnar) — (MHOXK) (OcTCaar)
(octeaar) — * (cuaar)
(octeaar) —
(MHOX) —
(MHOX) — ( (BBID) )
CornacHo DTOM rpaMMaTHKe, BEIPAXKEHHE (BBIP) — 3TO HOCAELOBATE/b-

HOCTB CJIaraeMblX (CjIar), pa3feqéHHBIX [LII0OCAME, CIAraeMOe — DTO IOCJe-
JIOBATEJIBHOCTb MHOXUTENEN (MHOX), pa3/IeTEHHBIX 3BE3109KaMN (3HAKAMI
YMHOXKEHUA), 8 MHOXKATEIb — 3TO JuO0 OyKBA X, MO0 BHIDAXKEHUE B CKOO-
Kax.

15.1.4. IlpuBegure mpumep APYron paMMaTHUKH, 33JalOIIEd TOT XKe
A3BIK.

OTBer. Bor oquu u3 BaprauTOB:
(BBIP) — (BBIP) + (BHID)
(BBID) — (BBIP) * (BHID)
(BHID) — X
(BeIp) — ( (BEIP) ) O

JTa rpaMMaTUKa XOTb U MPOIIE, HO B HEKOTOPHLIX OTHOIIEHUAX XYKE,
0 1éM MHI emé 6yeM TOBOPUTh.
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15.1.5. [lama npomssonsuas KC-rpammatuka. ITocTpourte amropurwm
MPOBEPKY TPUHALICKHOCTA 33JABAEMOMY €U A3LIKY, PAOOTAOMIMN TMOJIM-
HOMUAJBHOE BpeMs (T.e. IUCI0 IeUCTBUM He MPEBOCXOAUT IOMMHOMA OT
[JIMHBL IIPOBEPSIEMOrO CJIOBA; IIOJIUHOM MOXKET 3aBUCETH OT MDAMMATUKH).

Pemrenue. 3amernym, 9TO TpeOOBaHUE MOJMHOMUAIBHOCTU HUCKIIOYAET
BO3MOXKHOCTD DEIICHWsA, OCHOBAHHOM HA MePe6Ope BCEX BO3MOXKHBIX BEI-
BOgOB. TeMm He MEHEe IOIMHOMUAIBHEIN AICOPUTM CymecTByeT. 110ckoas-
Ky [IPAKTHIECKOr'O 3HAYEHUS OH HE mMeeT (HCIONB3YEMBIE HA HPAKTUKE
KC-rpaMMaTuky 06J1aJa0T NOMOTHATEILHEIMY CBOMCTBAMMY, O3BOAIONIN-
MU CTPOUTH Gosee >HPEKTUBHBIE ATTOPUTMBL), MBI U3JI0KUM JIAIIE OOIIYI0
CXEMY DEIleHUs.

(1) IIycTe B rpammaTuke ects HeTepMunaast K, . .., K. locrpoum HO-
ByIO rpammaruxy ¢ Herepmunasamu K7, ..., K] Tax, 9TO0B BBIIOIHAIOCH
TaKoe CBOMCTBO: U3 K| BHIBOAATCS (B HOBOU IpaMMATHKE) T€ XK€ CIOBA, UTO
u3 K; B cTapou, 3a UCK/IIOYEHNEM IIyCTOrO CJIOBA, KOTOPOE HE BBIBOAUTC.

“ITO0H BEIIOJIHUTL TaKoe MPeoOpa3oBaHMe IPAMMATUKU, HALO BBHIAC-
HUTB, W3 KAKUX HETEDPMUHAJIOB UCXOZHOM IDAMMATUKYU BBIBOIATCSA IIyCTOE
CJIOBO, & 33T€M KazK40€e IPABUIO 3AMEHUTH Ha COBOKYIHOCTH IIPABII, IOy~
YAIOMINXCS, €CTN B TIPABOM YACTU OMYCTUTH KAKUE-TNO0 M3 HETEPMUHAJIOB,
U3 KOTOPHBIX BBEIBOAUTCS IyCTOE CJIOBO, & ¥ OCTATBHBIX MTOCTABATD IITPUXI.
Hampumep, eciu B MCXOZHOM IPAMMATHKE OBLIO IIPABUIO

K — L MN,

npudéM u3 L u N BEIBOAUTCS IIyCTOE CIAOBO, & U3 M HET, TO DTO IPABUIO HAIO
3aMEHHUThb Ha NIPaBUIa

K — L'MN
K — M'N
K — L'
K —M
(2) Wrak, MBI CBEIN 1710 K TPAMMATHKE, '€ HA U3 OMHOIO HETEPMUHAIA,
HE BbIBO,E[I/ITCﬂ HyCTOQ CJIOBO. Tenepb yCTpaHI/IM COUKJIBI» BI/I,EL&

K—L

L—M
M—N
N—K

(B mpaBoOM YaCTM KaXKAOrO MPABUIA OJWH CUMBOJ, M DTU CAMBOJEL 06pa-
3YIOT LMKJ OPOM3BOJBHOU [JIWHBL): 3TO JErKO CIEIaTh, OTOXK IECTBUB BCE
BXOJAIINE B [UKJ HeTE€PMUHATIEI.
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(3) Tenepsb mpoBEpKa MPUHALIEKHOCTA KAKOTO-TUOO CJIOBA ABBIKY, TI0-
POX IEHHOMY TPaMMATUKON, MOXKET BBLIMOMHATBLCA TaK: MJIA KAXKIOTO MO~
CIOBa IPOBEPAEMOr0 CIOBA U JJIA KaXKJOT'O HETEPMUHAJIA BBEIACHAEM, IIOPO-
2K TAETCS JIU 3TO MOLCIOBO DTUM HeTepMuHauoM. [Ipu sTom mogciosa npose-
PAIOTCS B IOPsiKe BO3PACTAHUS JJIUH, & HETEPMUHAILI — B TAKOM IIOPSIKE,
4TOo6BI mpu Haawuuu npasuia K — L #HerepMuHan L TpOBEPSICS PAHbBIIE
merepMuHana K. (9TO BO3BMOXKHO B CWIy OTCYTCTBUA UUKJIOB.) IlogcHuM
3TOT NPOLECC HA IPUMEPE.

IIycTes B rpaMmaTuke ecTh IpaBUIA

K—L
K—MN L

¥ Ipyrux mpasui, cogepxamumx K B seBou gactu, HeT. Mbl XOTUM y3HATH,
BRIBOUTCS U JaHHOE CI0BO A m3 HeTepmuHamia K. 1o OygeT Tak B OJHOM
3 CIy4aeB:

e ccmm A BeIBOgUTCA U3 L;

e ccm A MOXHO pa3buTh Ha HemycTwe cioBa B, C, D, maa1 KOTOPBIX
B BuBoguTca us M, C BeiBoguTca us N, a D BoiBogutTcsa u3 L.

Bces sTa uadopmanus yxke ects (caosa B, C, D xopoue A, a L paccmoTpen
1o K).

Jlerko BUAETL, YTO YUCIO JEUCTBUU DTOCO AATOPUTMA TOIUHOMUATBHO.
Crenenb MOIMHOMA 3ABUCUT OT YMUCIA HETEPMUHAJIOB B MIPABBLIX YACTAX MPa-
BIJI ¥ MOXKeT ObITh MOHMAKEHA, €CIN 'PAMMATHKY Npeobpa3oBaTh K opMe,
B KOTOPOU IPaBas IacTh KAXK OO IpaBuia He 60Jee 2 HeTepMUHAIOB (3TO
JIETKO CAeJaTh, BBOAA HOBble HETEPMUHAJLI: HanpuMmep, npasuio K — LMK
MOXKHO 3aMeHuTb Ha K — LNu N — MK, rae N — HoBbill HerepMmusan). [

15.1.6. PaccMoTpuM rpaMMaTUKy C €IUHCTBEHHBIM HETEPMUHATIOM K,
"HeTepMuHaitamu 0, 1, 2, 3 u IpaBmIaMu

K—0
K—1K
K—2 KK
K—+3 KKK

Kax npoBepuTh BEIBOAMMOCTE CJIOBA B DTOU IPAMMATHUKE, IUTAA CIOBO CJe-
Ba Hanpaso?! (UucI0 nencTBUl Npy MPOYTEHUA OQHOU GYKBBI JOKHO OBITH
OIPaHUYIEHO. )
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Pemenue. XpauuTcsa 1enas mepeMeHHAsS N, UHBAPUAHT: CJIOBO BLIBOIU-
MO < HENPOYUTAHHAA JACTh NPEICTABIAET COOOM KOHKATEHAUWIO (COoenu-
HEHUE) N BHIBOJAUMBIX CJIOB. O

15.1.7. Tor xe BOmpoC A1 IPaMMATUKA

K—0

K—K 1

K—+KK 2

K—K K K 3 (]

15.2. MeTon pekypCMBHOro crnycka

B ommuume 0T airopuTMa OpPEIBIIYINErO pas3iens (MpeCTaBIALIC-
[0 YUCTO TEOPETUYECKUN MHTEPEC), aJrOPUTMEL Ha OCHOBE DEKYDCUBHOIO
CIIyCKa 9aCTO UCIOIB3YIOTCA HA MPAKTUKE. DTOT METO/] IPUMEHNM , OJHAKO,
JAJEKO He KO BceM rpaMmmaruxkaMm. Mbr o6cyauM HeOOXOAUMEBIE OrPAHUIEHUS
O3 JHee.

W nes meTona peKypCUBHOIO CIyCKa TaKoBa. [l KaxI0TO HETEPMUHA-
ma K MBI cTpouM nporenypy ReadK, xkoTopas — B IpuUMeHEHUU K JTHOO0MY
BXOJHOMY CJIOBY & — [eJIaeT [ABE BeIu:

® HAXOOUT HanOOJIbIIIEe HAYANO Z CJIOBA T, KOTOpOe MOXKeT OBITH HaYa-
JIOM BBIBOOAMMOI'O M3 K CJIOBA;

e COOOILIAET, ABIACTCA JU HAUJEHHOE CIOBO 2 BLEIBOAUMEIM 13 K.

IIpexxme vem ommcuIBATH DTOT METOA 0OO0Jee MOAPOOHO, TOTOBOPUMCS
0 TOM, KaK MPOIEAYPHI MOIYIAIOT CBEJEHUSA O BXOMTHOM CJIOBE U KaK COOO-
IAIOT O pe3yabTaTax cBoer paboTul. MBI mpeamnosaraeMm, 9TO OyKBEL BXO-
HOI'O CJIOBA IOCTYIAIT K HUM II0 OJHOW, T.€. UMEETCS IPAHUIA, OTAesd-
oA «IPOYINTAHHYIO» YaCTh OT «Hel’IpO‘II/ITaHHOIjI)). By,qu CIUTaTh, IYTO
ecTb Qyukuusa (6e3 mapaMeTpoB)

Next: Symbol

TAOMIAs MEPBBIM HEMPOIUTAHHBIN CUMBOJ. K€ 3HaueHusAMu MOy T OBLITH Tep-
MUHAJbHBIE CUMBOJBL, & Takxke crenuansasi cumsoua E0I (End Of Input —
KOHEIl BXO[a), O3HAYAIOIMY, ITO BCE CJIOBO y2Ke IPOIUTAHO. BHI3OB TOR
dyuxIIUU, pasymMeeTcs, He CABUTAET T'PAHUIILI MEXKAY TPOIUTAHHON U HE-
MPOYMTAHHON YAaCTbI0 — J[JA DTOT0 €CTh mpoueaypa Move, KoTopas CIBU-
raetr rpasuiy Ha ogul cuMBoaI. (Ona npumenuma, eciu Next<>EQI.) IlycTs,
HAKOHEIl, IMEETCA OyIeBCKAsA IIEPEMEeHHas b.



274 15. Konwmexcmuo-c80600ubie 2pammamuri

Tenepb MBI MOXeM CHOPMYIMPOBATHL HAIM TPEGOBAHUSA K MPOLEIype
ReadK. OHE COCTOAT B CleqyIOLIIEM:

e ReadK HpOYUTHIBAET M3 OCTABLICHCSA YACTU CIOBA, MAKCUMAJILHOE Ha-
gan0 A, ABIAIOIIEECA HAYATIOM HEKOTOPOrO CJIOBA, BEIBOAUMOIO u3 K;

e 3HAYEHUE b CTAHOBUTCA UCTHHHBIM WK JOXKHBEIM B 3aBUCHMOCTH OT
TOro, ABIAETCA au A BEIBOAMMEIM W3 K Wiy JIMIIE HEeBHIBOAWMEIM Ha-
gaioM BeiBoAuMOro (u3 K) ciosa.

[l ynobcTBa BBEIEM TAaKyIO TEPMUHOJOTUIO: BHIBOAUMOE 13 K CJI0BO OY-
JIeM Ha3BbIBATH K-CJI0BOM, a J1I000€ Hadaso J00ro BEIBoguMOoro u3 K croBa —
K-magamom. [IBa chopmynupoBaHHEIX TpeOOBaHUSA BMeCTe Oy 1eM BBIPAXKATH
caoBaMu «ReadK kOppekTHa 4 K».

Hawuém ¢ npumepa. Ilycts mpaBmio
K—=LM

SAIBIAETCA eJUHCTBEHHBIM MPABWJIOM I'DAMMATHUKM, cojepxkamuMm K B 1eBon
gacTu, nycTh L, M — merepmunansl u Readl, ReadM — koppexTHbie (s
HUX) IPOLELYPHL.

PaccmoTpum Takyio mpouenypy:

procedure ReadK;
begin
ReadL;
if b then begin
Readl;
end;
end;

15.2.1. IIpuBegure mpumep, KOT4a 5Ta IPoLenypa OyaeT HEKOPPEKTHON
nasa K.

Otser. IlycTs u3 L BuiBoguTCs J060e ¢aoBo Buga 00. .00, a u3 M BeIBO-
aurcs auinb caoBo 01. Torga u3 K BeiBoguTCs ciaoBo 00001, HO mpomexypa
ReadK »TOro He 3aMeTHT. O

YKaxeM TOCTATOYHBIE YCAOBUA KOPPEKTHOCTHU Tiponenypsl ReadK. [lms
5TOr0 HAM TOHANOOATCSA HEKOTOpBIe OOO3HadeHUA. IlycTh (UKCHPOBAHBI
KC-rpammaTuka u HeKOTOpBIU HeTepMuHal N aTou rpammaTuku. Paccmo-
TpuM N-cioBo A, KOTOpOe mMeeT COOCTBEHHOE Hadaao B, Takxke ABIAIO-
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meeca N-cioBom (eciu Takue ecTs). Jlna mobou mapel Takux cioB A u B
PacCMOTPUM TEPMUHAIBHBIN CUMBOJ, UAynmnu B A HenocpeacTeento 3a B.
MHoxkecTBO Beex Takux TepmuHaao 0603HaduM [loca(N). (Ecin Huxakoe
N-ca0BO HE ABIAETCA COOCTBEHHBEIM HAYAIOM APYroro N-cioBa, TO MHOXKE-
creo Ioca(N) mycro.)

15.2.2. Yxaxwurte (a) Hoca(E) mmsa mpumepa 1 (c. 268); (6) Hoca(E) n
IMoca(T) mna mpumepa 2 (c. 268); (B) Ioca((cmar)) n Ioca((MHOXK)) K1
npumepa 3 (c. 270);

Otser. (a) Hoca(E) = {[, (}. (6) Hoca(E) = {[, (}; Hoca(T) nycro (uu-
kakoe T-ca0BO He sBasgerca HadagoMm apyroro). (B) Hoca({cmar)) = {*};
Hoca((MHOXK)) myCTO. O

Kpowme Toro, mia kaxgoro Herepmunana N o6osHadum depes Haua(N)
MHOXKECTBO BCEX TEPMUHAJOB, ABIAIOIIMXCA MePBHIMU OyKBAaMU HEIIYCTHIX
N-cioB. 910 0603HAYEHUE — BMECTE C NPEALLIYIIMM — MO3BOJUT AATh
JOCTATOYHOE yCJIOBHE KOPPEKTHOCTH HMpouenypel ReadK B ONMCAHHON BHIIIE
CATYaLWN.

15.2.3. Hokaxwure, uro ecau [Toca(L) e nepecexkaercsa ¢ Haa(M) u muO-
xKecTBO Bcex M-cnoB HemmycTo, TO ReadK xoppekTHAa.

Pemenue. PaccmoTpum 1Ba cay«as.

(1) HOycts mocne Readl 3HaveHme mepeMeHHOU b JoxkHO. B aToM cry-
gae ReadLl uuTaeT coO BXOJa MaKcuMajabHOe L-Hadasao A, HEe ABJAIOIIEECa
L-croBoM. OHO sBageTcsa K-HadaaoM (31eCh BaXHO, 9TO MHOXKECTBO M-CIOB
HemycTo.). Byger au oHO MakcuManbHBIM K-HAa9amoOM cpegu Hadax Bxoaa?
Ecau mer, To A spusercsa nadanom ciaosa BC, rae B ectsb L-caoso, C' ectb
M-nagaso u BC — 6osee aauHHOE Hada 0 Bxoqaa, yeM A. Ecau B maunnee A,
TO A — He MAKCHMATBHOE HAYAIO0 BXO/A, ABIIONIEECA L-HAYaIOM, 9TO IPO-
TuBOpeIUT KOppekTHOCTH Readl. Ecimu B = A, 10 A 6buio GBI L-c10BOM,
a »To He Tak. 3HaduT, B kopoue A, C' HemycTo u mepBuIn cuMBOJI j10Ba C'
caepyer B A 3a mociegaum cuMBosoM caoBa B, T.e. [loca(L) nepecekaercs
¢ Haua(M). porusopeune. Urak, A maxcumansso. U3 ckazanHoro ciegy-
eT Takxke, 9To A He aBagerca K-crosom. KoppexkTHocTs mpouenypst ReadkK
B DTOM CJIy4ae IPOBEPEHA.

(2) IIycTs mocae ReadL 3HaveHue nepemesHon b ucrunno. Torga npoun-
TanHoe nponenypou ReadK magamno xona umeet sug AB, rae A ects L-cio-
BO, a B ectb M-magamno. Tem cambim AB ectb K-magaino. [IpoBepum ero mak-
cuMmanbHOCTh. IlycTs C' ecTs 6ombiiee K-uadano. Toraa au6o C ects L-Ha-
9a70 (ITO HEBO3MOXKHO, TaK KakK A OBLI0 MAKCUMATIBLHBIM L-Hadaiom ), au6o
C=A'B',rne A’ — L-cmoBo, B’ — M-maaano. Ecim A’ xopoue A, To B’ me-
MyCTO U HAYMHAETCS C CUMBOJA, npuHamiexamero u Haa(M), u Iloca(L),
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9T0 HeBO3MOXHO. Ecmm A’ gimunee A, To A — He MmaxcuManbHOE L-HavATIO.
Nrax, A’ = A. Ho B oToM ciygae B’ ecTs mpogomkenne B, 9T0 IpOTHBOpe-
quT KoppekTHOCTU ReadM. Takum obpasom, AB — MakcumaibHOe K-Hada-
J0. OcTaéres mpoOBEpUTh MPABIILHOCTH BBIAABAEMOro mpoueaypou ReadK
3HavyeHus nepeMmenHou b. Eciau oo ucrtunHO, TO 3T0 0veBUAHO. Ecau oHO
JIOXKHO, TO B He ecTh M-COBO, U HAJ0 TPOBREPUTH, uTO AB — He K-CJI0BO.
B camom gene, ecom 681 Bemmomaatocs AB = A'B’, rge A’ — L-cioso, B’ —
M-caoBo, To A’ me moxer ObiTh giuuHee A (Readl dumTaeT MaKCUMAILHOE
caoBo), A’ me moxer GbiTh paBHo A (torga B’ paBuo B u He saBiseTcs
M-cioom) m A’ He MOoxeT OBITH Kopoue A (Toraa mepseit cumeoa B’ npu-
Haguexutr u Haa(M), u IToca(L)). 3agaga pemena. O

IMepengém Teneps k gpyromy dactaoMmy ciaydaio. Ilycrs B KC-rpamma-
THUKE €CTb MPABUIA

K—L
K—MNM
K—N
¥ APYTUX MPABWI C JEBOU YaCcTbio K HET.

15.2.4. Cuwmras, uyro Readl, ReadM u ReadN xoppekTHsbl (aust L, M u N)
n aro MHOxkecTBa Hawu(L), Hau(M) u Haw(N) He mepecekarorcs, Hanummre
Ipoueaypy, KOppeKTHYO Asd K.

Pemenme. Cxema npomenypsl TaKOBa:

procedure ReadK;

begin
if (Next mpumapgmexut Hau(L)) then begin
‘ ReadL;
end else if (Next mpumagmexur Hau(M)) then begin
‘ Readl;
end else if (Next mpumammexur Hau(N)) then begin
‘ Readl;
end else begin
b := true unu false B 3aBHCHMOCTH OT TOrO,
BHBOLUMO IM NyCTOe CIOBO U3 K MM HeT
end;
end;

JokaxeM, uTo ReadK xoppekTHO peanusyeT K. Ecau Next He mpuHaqIeKuT
uu oguomy u3 mEOKecTB Hawu(L), Haa(M), Ha(N), To mycroe c1oBo sBaseTcs
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HAMOOJBIINM HAYATIOM BXOa, ABAAomuMca K-uadanom. Eciu Next npunai-
JEXKUT OJHOMY (U, CJIEIOBATEILHO, TOALKO OJHOMY) M3 DTUX MHOXKECTB, TO
MAKCHMAJIBLHOE HAYAJI0 BXOAA, ABJAIOMICECH K-HadaIoM, HEIyCTO U YATACTCA
COOTBETCTBYIOIIEN IIPOLETYPOU. O

15.2.5. Ucmonb3ys ckasaHHOE, COCTABLTE MPOIEAYPY PACIO3HABAHUA
BLIDAXKEHUN [ rpammaTuku (mpumep 3, ¢. 270):

(BBIp) — {Ccaar) (ocTBEIP)
(ocTBBID) — + (BHID)

(ocTBBHID) —

(cmar) — (mHOXK) (OCTCTAr)
(ocreaar) — * (cuaar)
(octcaar) —

(MHOX) — X
) — (

(MHOX (BBID) )

Pemrenne. Dra rpaMMaTUKa HE MOJHOCTBIO MOAIALAET MO PACCMOTPEH-
HBIE YACTHBIE CIYYaU: B IPABLIX YaCTAX €CTh KOMOUHAIINY TEPMUHAIOB U He-
TEepMUHAJIOB

+ (oup)

¥ I'PYIOHL U3 TPEX CUMBOJIOB
( (sp) )

B rpammaTuke ecThb TakiKe HECKOJBKO TMPABUI C OJHOU JEBOU YACTBHIO U C
IIPaBBEIMU YacTAME PA3HOT'O POJa, HaIlpuMep

(ocTBBIP) — + (BEID)
(ocTBEIP) —

OTHU OPPAHWYEHUS HE SBSIOTCI TPUHIAMUAIBHBIMU. Tak, NPABUIO TUOA
K—L M N MOxHO ObLIO OBI 3aMeHUTH Ha aBa mpaBmaa K —L Qu Q —M N,
TEPMUHAJBHBIE CUMBOJBI B MPABOM YAaCTH — HA HETEPMUHAILL (C €IUH-
CTBEHHBIM IPABUJIOM 3aMEHBI HA COOTBETCTBYIOLIME TepMuHasl). Heckomn-
KO TIPABWI C OJHOU JEBOU YACTHIO U PA3BHOPOJHBIMY MPABBIMU TAKKE MOKHO
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CBECTU K yXKe pa3oOpaHHOMY CIy4dar: HaIpuMep,

K—LMN
K—P Q
K —

MOXHO 3aMEHUTH Ha IIPABUIA

K — K
K — Ky

K — K
Ki >L M N
Ko —P Q
Ky —

Ho mer HE OygeM >TOro genaTh — a Cpa3y XKe 3aIUIIeM TO, UTO oIy IUTCA,
€C/I IIOCTABUTh OIKUCAHUA IPOLENYD NIA HOBBEIX TEPMUHATIBHBIX CUMBOJIOB
B MeCTa UX UCIO/JIb30BaHus. Hampuwmep, mis npasuia

K—=LMN

2TO Ja€T MPOIEAYPY

procedure ReadK;
begin

ReadL;

if b then begin
‘ ReadM;

end;

if b then begin
‘ ReadlV;

end;

end;

s eé koppexTHOCTH Hamo, uTo0nl Iloca(L) me mepecekamocs ¢ Hau(MN)
(xoropoe pasuo Haw(M), ecin u3 M He BHIBOAUTCA MYCTOE CJIOBO, U PABHO
o6oweaunennio Hau(M) u Haw(N), eciu BuiBoguTcs), a Takxke 4106wl [Toca(M)
He nepecekagocs ¢ Haw(N).

AnaoruaHbEIM 00pa3oM IpaBUIA

K—=LMN
K—P Q
K—
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IPpUBOJAT K IpoLeLype

procedure ReadK;

begin

if (Next npmuammexur Hau(LMN)) then begin
ReadL;
if b then begin ReadM; end;
if b then begin ReadN; end;

end else if (Next mpumammexutr Hau(PQ)) then begin
ReadP;
if b then begin ReadQ; end;

end else begin

‘ b := true;

end;

end;

KOPPEKTHOCTb KOTOpou Tpebyer, uro6br Hau(LMN) He mepecekatoch ¢
Hau(PQ).

Yuraa npuBeméHHYIO Tastee TMPOrpPaMMy, TOJE3HO MMETh B BUIY COOT-
BETCTBUE MEXIY PYCCKUMU U AHTIUACKUMU CIOBAMMU:

BBIP A2KEHUE EXPRESSION

OCTATOoK BBIPAXKEHUA REST or EXPRESSION
CJIAT'AEMOE ADDITIVE TERM
OCTATOoK CJIATAEMOro REST or ADDITIVE TERM
MHOXKuTENL FACTor

procedure ReadSymb (c: Symbol);
b := (Next = c);
if b then begin
‘ Move;
end;
end;

procedure ReadExpr;

ReadAdd;

if b then begin ReadRestExpr; end;
end;

procedure ReadRestExpr;
if Next = ’+’ then begin
ReadSymb (’+’);
if b then begin ReadExpr; end;
end else begin
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‘ b := true;
end;
end;

procedure ReadAdd;

ReadFact;

if b then begin ReadRestAdd; end;
end;

procedure ReadRestAdd;

if Next = ’*’ then begin
ReadSymb (’*’);
if b then begin ReadAdd; end;

end else begin

‘ b := true;

end;

end;

procedure ReadFact;

if Next = ’x’ then begin
ReadSymb (’x’);

end else if Next = ’(’ then begin
ReadSymb (°(’);
if b then begin ReadExpr; end;
if b then begin ReadSymb (’)’); end;

end else begin

‘ b := false;

end;

end;

Ocranoch 06CyauThL MPOOJIEMBI, CBA3AHHBEIE C B3AUMHOU PEKYPCUBHOCTHIO
»TEX mpoueayp (ogHA MCIOAB3YeT APYryo u HaobopotT). B mackame »To
[OMYyCKAETCA, TOABKO TPeOyeTcs AATh NPEeIBAPUTEILHOE OMUCAHUE MPOIe-
ayp («dorward»). Kak Bcerga nis pekypCUBHBIX npoOLEnyp, IOMUMO JOKa3a-
TENBCTBA TOTO, YTO KaXasd IIPOoLeaypa paboTaeT MPABUIBHO B IPEIIIONO0-
JKEHUU, YTO UCIOIb3yEeMbIe B HEW BLI3OBHI TPOIEAYD PabOTAIT MPABUILHO,
HALO J0Ka3aTh OTIEIbHO, 9TO paboTa 3aBepumiaerca. (JDTO He OYEBUIHO:
ecau B rpaMmMaTuke ecTb npaBuiao K — KK, To u3 K HU9ero He BHIBOAUTCA,
IMoca(K) u Hau(K) mycTsl, HO HanmucaHHAs IO HALIMM KAHOHAM IIPOLELYDA

procedure ReadK;
begin

ReadK;

if b then begin
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‘ ReadK;
end;
end;

HE 3aKaH4UBaeT PabOTHL.)

B mamuoM cayuae mporenypsl ReadRestExpr, ReadRestAdd, ReadFact
160 3aBEPIIAIOTCS, JNOO0 YMEHBIIAOT JJIVHY HEIPOIUTAHHON YaCTH BXOIA.
IMockoapKy 060U MUK BEI30BOB BKJIIOYAET OJHY U3 HUX, TO 3AIUKJINBAHUE
HEBO3MOXKHO. O

15.2.6. IlycTs B rpaMMaTrKe UMEIOTCA IBA MPABWIA C HETEPMUHAIOM K
B JIEBOU YACTU, UMEIOIINX BUI

K—L K
K—

10 KOTOPHIM K-CJIOBO MpEACTABIAET COOON KOHEYHYIO IIOCJAEI0BATEILHOCTD
L-cioB, npuuém MuoxkecrsBa Iloca(L) u Hau(K) (B mamHOM caydae pas-
Hoe Hau(L)) me mepecekarorcsa. Wcnomb3ys koppekTHyo s L mpouexy-
py ReadL, manumure KOppekTHYIO mad K mpouenypy ReadK, He ucnonbays
PEeKypCun.

Pemenne. [To mammM npaBmiam cregoBaiao OBl HAIMCATH

procedure ReadK;
begin
if (Next npmuammexut Hau(L)) then begin
ReadL;
if b then begin ReadK; end;
end else begin
‘ b := true;
end;
end;

3aBepIIeHne paboTEl FAPAHTUPYETCA TeM, 9TO IMEePe] PEKyPCUBHBIM BBI30-
BOM [JIVHA HEMPOYUTAHHOU YACTU YMEHBIIAETCA.
OTa PEKypPCUBHAA MPOIEAYPA SKBUBAJICHTHA HEPEKYPCUBHOMU:

procedure ReadK;
begin
b := true;
while b and (Next mnpumammexut Hau(L)) do begin
ReadL;
end;
end;
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DopMaTbHO MOKHO IPOBEPUTH DTy DKBUBATEHTHOCTH TAK. 3ABEPIIAEMOCTD
B 000UX CIydasx scHA. [JOCTATOYHO NPOBEPUTH MOITOMY, YTO TEJIO PEKYp-
CUBHOU MPOLEIYPHI DKBUBATCHTHO HEPEKYPCUBHOU B MPETIOJOKEHUN, ITO
€€ PeKypPCUBHBIN BLI30B DKBUBAJICHTEH BLI30BY HEPEKYPCUBHOH IPOLENyPhI.
IlogcraBum:

if (Next mpmmammexut Hau(L)) then begin
ReadL;
if b then begin
b := true;
while b and (Next mpumagmexut Hau(L)) do begin
‘ ReadL;
end;
end;
end else begin
‘ b := true;
end;

IepByo kKoMaHIy b:=true MOXHO BHIKHHYTH (B DTOM MECT€ U TaK b uc-
TUHHO). BTOPYI0 KOMaHIy MOXHO IEPEHECTU B HAYAIO:

b := true;
if (Next mpumammexut Hau(L) then begin
ReadL;

if b then begin
while b and (Next mnpmuammexut Hau(L)) do begin
ReadL;
end;
end;
end;

Teneps BHYTpeHHUN if MOXKHO BLIKAHYTH (€CJAM b JOXKHO, K1 while BCE
PABHO HE BBHIMOJHAETCA) U JOOABATL B yCJIOBUE BHEIHEro if ycaoBue b
(xoTOpOE BCE PABHO MCTUHHO).

b := true;

if b and (Next npunammexut Hau(L)) then begin
ReadL;
while b and (Next mnpunagmexut Hau(L)) do begin
‘ ReadL;
end;

end;

9YTO DKBUBAJECHTHO NIPUBEIEHHOU BHIIIE HEPEKYDPCUBHOU mpouenype (U3 Ko-
TOPOU BBIHECEHA MEePBas UTEPALU LUKIA). g
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15.2.7. [loxaxkuTe KOPPEKTHOCTH MPUBEIEHHOUN BHIIIE HEPEKYDPCUBHON
TIPOrpaMMBI HETTOCPEACTBEHHO, 6€3 CCHLIOK HA PEKYPCUBHYIO.

Pemrenne. PaccmMoTpuM HambOIbIIIEE HAMANO BXOa, ABAAIOIIECECT K-Ha-
gamoMm. OHO HpPeICTABIAETCA B BUJE KOHKATEHAIWHU (IIOC/IEJOBATEIHHOIO
[IPUNUCHIBAHUS) HECKOIBKUX HEMYCTHIX L-CJIOB M, BO3MOXKHO, OJHOI'O HeIy-
croro L-Havaja, He ABIAIMErocs L-cioBoM. NHBapranT MuKIa: IPOIUTAHO
HECKOJIBKO U3 HUX; b < (mocieHee IpOIATAHHOE ABIACTCA L-CI0BOM).

CoxpaHeHre MHBAPUAHTA: €CIU OCTAJIOCH TTOCJAETHEE CJAOBO, DTO OUEBUI-
HO; €CJIM 0CTAJI0Ch HECKOJBKO, TO 33 MEePBLIM L-CI0BOM (M3 YMCIa OCTABIIAX-
cs1) ugér cumBoa u3 Haua(L), 1 moToMy 3TO CJIOBO — MAKCUMAaJIbHOE HAYAJIO
BXO0/Ia, ABJAIOMIEECS L-HAYAIOM. O

Ha npaxTuke npu 3amucu rpaMMaTUKU UCIOAB3YIOT COKpameHus. Ecau
IpaBmWIa, A1 KaKOT'O-TO HeTepMuHata K MMerT BU

K—L K
K—

(T.e. K-ci0Ba, — DTO HOCJHELOBATEABLHOCTH L-CJOB), TO DTUX IPABUL HE U~
ury T, a BMecTo K mmiy T L B purypHuIx ckooxax. Heckonbko mpaBmi ¢ oqHOn
JIEBOU JACTBIO U PA3HBIMU HMPABLIMU 3AIMCHLIBAIOT KAK OTHO IIPABUIO, Pa3-
[eJIAs aJbTePHATUBHEIE [IPABLIE YaCTU BEP TUKAILHON IEPTON.

Hanpumep, paccMOTpeHHAs BBIIE PPAMMATUKA 151 (BBIP) MOXKET OBITH
3alMCaHa TaK:

(BbIp) — (cmar) { + (caar) }
(cmary — (muOX) { * (MHOXK) }

(MuOXK) — % | ( (BBID) )

15.2.8. Hammmure mpouneaypy, KOPPeKTHYIO Al (BBEIP), CAELYsA DTOU
FPAMMATHUKE W UCHOONb3YA MUK BMECTO PEKYPCHUM, TAE MOXKHO.

Pemrenmne.

procedure ReadSymb (c: Symbol);
b := (Next = c);
if b then begin Move; end;
end;

procedure ReadExpr;
begin
ReadAdd;



284 15. Konwmexcmuo-c80600ubie 2pammamuri

while b and (Next = ’+’) do begin
Move; ReadAdd;
end;
end;

procedure ReadAdd;
begin
ReadFact;
while b and (Next = ’*’) do begin
Move; ReadFact;
end;
end;

procedure ReadFact;

begin
if Next = ’x’ do begin
‘ Move; b := true;
end else if Next = ’(’ then begin

Move; ReadExpr;
if b then begin ReadSymb (°’)’); end;
end else begin
‘ b := false;
end;
end; O

15.2.9. B mocremmen mpoiegype KOMAHAy b:=true MOXKHO OIYCTUTH.
IMouemy?

Pemrenwe. MoxXHO mpeanosaraTsb, 9TO BCE MPOILEAYPHI BEI3BIBAIOTCS [IPU
b=true. O

15.3. Anroputm pasbopa ans LL(1)-rpammaTuk

B sToMm paszerne MBI paccMOTPHUM €II€ OAWH METO[ IPOBEPKHU BEIBOIUMO-
ctu B KC-rpammaruxe, HazmBaembin no tpagunuu LL(1)-paz6opom. Bor
ero uaesa B ONHOU ¢pase: MOXKHO CIUTATH, UITO B MPOIECCE BLIBOLA MBI
BCEra 3aMeHsAeM CAMBI JIEBLI HETEPMUHAI U HYXKHO JUIIb BHIOPATH OMHO
73 MPABWT; €CAU HAM MOBE3ET ¢ MPAMMATUKOU, TO BHIOPATH MPABUIO MOXK-
HO, TVIAJsS HA MEPBLIM CHMBOJ BBIBOAMMOI'O U3 3TOr0 HETEPMUHAJIA CJIOBA.
T'oBopsa 6omee popManTbHO, TATUM TAKOE

Ompepgenenne. Jleabim 6616000m (CJIOBA B TPAMMATHUKE) HA3BIBACTCA BHI-
BOJ, B KOTOPOM Ha KaxKJOM IlIare 3aMeHe IOLBEPraeTCsA CaMBIU JEBLIM 13
HETEPMUHAJOB.
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15.3.1. 11 KaxkJOrO BEIBOAUMOI'O CIOBA (M3 TEPMUHAIOB) CYIIECTBYET
€ro JIeBLIU BBIBO/I.

Pentenne. Pasnuunble HeTepMUHAIBI 3aMEHAIOTCS HE3ABUCUMO; €CIU B
MIPOIIECCEe BLIBOAA MOABUIOCH C0BO ... K ... L ..., rone K, [ — merepMmuna-
Jbl, TO 3aMeHbl K u L MOXHO mpomsBoauTh B jao6oM mopsake. [TosTomy
MOXHO IIEPECTPOUTDH BLIBOJ TAK, YTOOBI CTOSMIIAY JEBEE HETEPMUHAI 3aMe-
Hanca paabie. (PopMaTbLHO TOBOPS, HAJO JOKA3HIBATEL MHIYKIUEN MO [1JI1-
He BBIBOJA Takou aKT: eCIM U3 HEKOTOPOro HeTepMuHana K BEIBOAUTCS
HeKOTOpoe ca0Bo A, TO cymecTByer aeBbin BeiBog A u3 K.) d

15.3.2. B rpammaruke c 4 mpaBmiaMu

(1) E—

(2) E—TE
(3) T— (E)
(4) T— [E]

mangute gesbin BeiBog c1oBa A = [() ([1)] u moxaxuTe, 9TO OH €IUHCTBEH.
Pemrenue. Ha mepBoM 1mare MOXHO IPUMEHUTH TOILKO MPABUIO (2):
E—TE

Yro Oymer mambiie ¢ T? Tak xkak caoBo A HaumHaercsa Ha [, TO MoxeT
IPUMEHUTHCA TOJIBKO IpaBmio (4):

E — TE — [E]E

Ilepsoe E gomxHO 3aMeHuTbCa HA TE (MHAYE BTOPBIM CHUMBOJOM ObLIa ObL
ckobKka 1):
E — TE — [E]E — [TE]E

u T JOMKHO 3aMEHATHCA 10 (3):
E — TE — [E]E — [TE]E — [(E)E]JE

Manee mepeoe E OMIKHO 3aMEHUTHCS HA IIyCTOE CJIOBO (MHAYE TPETHEH OyK-
Bon caoBa Oymer ( mimm [ — TOJIBKO HA 5TU CHMBOJBI MOXKET HATHHATHCS
€JI0BO, BeIBOAUMOE 13 T):

E — TE — [E]E — [TE]E — [(E)EIE — [()E]E

u ganee

...~ [OTEIE = [O(E)EIE — [O(TE)E]IE — [ ([E]E)E]E —
= [OUIBEIE-[ODEIE-L[OUDIE=-TLOWDI O
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Yro TpebyeTca OT rpaMMATUKU, ITOOR TAKOU METO[ MOUCKA JEBOT'O
BEIBOAA ObL1 mpuMenum? IlycTh, Hampumep, Ha OYEPEIHOM IIAre CaMBIM
JIEBBIM HETEPMUHAJOM OKA3AJICA HeTepMuHAA K, T.e. MBI UMeeM CJIOBO BU-
na AKU, rge A — caoBo u3 tepMuHanoB, a U — CIOBO U3 TEPMUHATIOB
¥ HETEPMUHAJIOB. IlyCTh B rpaMMaTHKe €CTh IIPABIIA

K —LMN
K — PQ
K—R

Ham ma 10 BEIOpaTh O1HO U3 HUX. MBI Oy 1eM ILITATHCA CAEJATH DTOT BEIOOD,
DVIAMA HA TIEPBLIM CUMBOJ TOU YACTU BXOTHOTO CJIOBA, KOTOPAsA BLIBOAWTCSA
u3 KU.

Pacemorpum muoxectso Hau(LM N) Tex TepMUHAIOB, ¢ KOTOPBIX Ha-
YMHAIOTCS HEeIlyCTHIE CI0BA, BeBOAuMbE U3 LM N. (DTO MHOXECTBO PABHO
Hau(L), oobeguuénnomy ¢ Haa(M), ecan u3 L BBIBOAUTCs IyCTOE CIOBO,
a raxxke ¢ Haa(N), ecim u3 L u ua M BBIBOZUTCA MyCTOE CJAOBO.) TO-
OBl ONUCAHHBIN MeTO[ OBLT IpuMeHuM, Hano, 9To0sr Haa(LM N), Haa(PQ)
u Haua(R) me nepecekamucs. Ho sToro mano. Begp MoxeT ObITH Tak, Ha-
npumep, uto u3 LM N 6yner BbIBEIEHO IIyCTOE CJIOBO, a u3 cioBa U Oyxer
BBLIBEEHO CJIOBO, HaunHatomeecsa Ha 6yksy us Hau(PQ). Caegyromue ompe-
[eJeHUA yINTHLIBAIOT DTy Mpo6IeMy.

HanomawmM, aT0 onpenenenne perognmoct B KC-rpamMvaTuke 66110 1a-
HO TOJBKO IJIS CJI0BA 13 TepMuHAIOB. OHO 0ueBHUIHBIM 00pa3oM 0600maeTcs
HA CIy9al CJIOB U3 TEPMUHAJIOB W HETEPMHUHAIOB. MOXHO Tak:Ke rOBOPUTH
0 BBEIBOAMMOCTHY OJHOI'O CJOBA (COLEPKAIIEr0 TEPMUHAILL X HETEPMUHAJIBL)
u3 apyroro. (Eciu rosopurcs o BEIBOgMMOCTH CI0Ba 6€3 yKA3aHUs TOI'O,
OTKyZ]a OHO BLIBOJAWTCS, TO BCETA MOAPA3YMEBAETCA BEIBOAUMOCTD B IPaM-
MaTUKE, T.€. BLIBOAUMOCTD 13 HAYAJHHOIO HETEPMUHAJA. )

[ust kaxgoro cioBa X u3 TepMuHATIOB U HeTepMUHAIOB depes Hau(X)
0603HAIAEM MHOXKECTBO BCEX TEPMUHAJIOB, C KOTOPBLIX HAMMHAIOTCA HEIy-
CThIE CIOBA U3 TePMUHAIOB, BeiBoguMble u3 X . (B cuaywae, ecau us moboro
HETEPMUHAIA BLIBOIUTCA XOTH OHO CIOBO 13 TEPMUHAIOB, HE UIPAET POJH,
paccmarpuBaeM Jau Ml ipu onpegeaeanu Haua(X) cioBa TOABKO U3 Tepmu-
HAJIOB WM JI0OBIEe c10Ba. MBI OyaeM mpeamnonararh gajiee, ITO 3TO YCIOBUE
BLIIIOJHEHO. )

[ust kax noro nerepmunana K 4aepes ocaeg(K) 0603Ha9uM MHOKECTBO
TEPMUHAIOB, KOTOPHIE BCTPEYAIOTCA B BHIBOAUMEIX (B TPAMMATHUKE) CIOBAX
cpasy xe 3a K. (He cmemmBars ¢ Ioca(K) npeasiaymero pasgeaal) Kpome
toro, B [locnen(K) Bkarouaercsa cumBoa EQL, ecau CymecTByeT BBIBOAUMOE
CJI0BO, OKaHvnBaomeecs Ha K.
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151 KaxX I0T0 TIPABUIA
K-V

(roge K — merepmunarn, V — ca0BO, cogepikaliee T€PMUHALLL U HETEPMU-
HAJBI) ONPEIEIUM MHOXKECTBO HANPAGAMOUUT MEPMUHAALOE, ODOZHATAEMOE
Hanp(K — V). Ilo onpegenenuro ono pasao Hau(V'), k koTopomy mobasie-
HO Ilocnen(K), ecau u3 V' BBIBOAUTCSA MyCTOE CJIOBO.

Ompepgenenne. ['pavvaruxa vaswiBaeTca LL(1)-epammamurot, ecnu nus
ao0bx mpaBuwi K —V u K — W ¢ 0AMHAKOBBIMU JIEBLIME JACTAMU MHO-
xecrBa Hanp(K — V) u Hanp(K — W) me nepecexarorcs.

15.3.3. flBmgercs 1u rpamMmmaTuka

K—K #
K—

(BLIBOAMMBIME CIOBAMHU ABJIAIOTCA MOCAEIOBATENbHOCTH aue30oB) LL(1)-
rpaMMaTUKOn?

Pemenue. Het: cuMmBOm # TpUHAIIEKUT MHOXKECTBAM HAIPABJIIIOIINX
CUMBOJIOB /i 060MX MPAaBWI ([ BTOPOIO — IOCKOABKY # IPUHAIIEKUAT

Mocaexn(K)). O
15.3.4. Hamwmmmure LL(1)-rpaMmMaTuxy Asa TOTO XKe A3bIKA.
Pemenne.
K—#K
K— O

Kax roBopsar, «wIeBOpEKypCHBHOE) MPABUIO 3aMEHEHO HA «IPABOPEKYP-
CHUBHOE».

Crenyromas 3ajgada mokaswiBaeT, 9ro aia LL(1)-rpamMaTuxum cyre-
CTBYET HE bosee OQHOT'O BO3MOXKHOI'O IIPOOOIXKEHHUA JEBOI'O BBIBOIA.

15.3.5. Iycrs gano BmBogumoe B LL(1)-rpamvaruxe caoBo X, B KO-
TOPOM BhIJeTeH cambil JeBbin Herepmunan K: X = AKS, rie A — cioBo
U3 TEPMUHAJIOB, S — CJIOBO U3 TEPMUHAIOB U HETEPMUHAIOB. IlycTh cyme-
CTBYIOT JBA PA3JUYHBLIX MPABUIA IPAMMATHKYA C HeTepMUHAIOM K B J€BOI
YACTW, U MBI MPUMEHUIN WX K BRIJETCHHOMY B X HeTepMmuHATy K, 3aTem
MPONOIKIAINA BLIBOI ¥ B KOHIIE KOHIIOB TIOJYYUIN IBA CJIOBA W3 TEPMUHAIOB,
HavmHamuxcsa Ha, A. JJokaxmTe, 9TO B 3TUX CIOBaX 3a HAIaAIOM A mayT
pasuble OykBHL. (3nech K ducity GykB Mbl oTHOCHM EOIL.)
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Pemenue. DT OyKBBI TPUHAIICKAT HAMPABISIOMIAM MHOXKECTBAM Da3-
JIMIHBIX [IPaBUJI. O

15.3.6. [okaxuTe, 9TO ecau ca0BO BeiBoAuMO B LL(1)-rpammaruxe, To
€r0 JIEBHIU BBIBO[ €IUHCTBEH.

Pemenne. [Ipenpraymasn 3aada MOKA3kIBAET, ITO HA KaXKJIOM IIare Je-
BBIU BBIBOJ MPOLOIKACTCA OJHO3HATHO. 0

15.3.7. 'pamMaTHKa HA3BLIBAETCA 4€60PEKYDCUSHOY, €CIU U3 HEKOTOPO-
ro HerepmuHaia K BBIBOIUTCA CJIOBO, HAUUHAIOMEeCs ¢ K, HO He coBmana-
omee ¢ HuM. [JoKaxuTe, 9TO JIeBOPEKYPCUBHAA IPAMMATUKA, B KOTOPOU U3
KaXKIOr'0 HETEePMUHAA BBIBOAUTCA XOTA OBl OJHO HEIYCTOE CIOBO M3 Tep-
MUHAJIOB U I KaXKJOI'O HETEPMUHAJIA CYLIECTBYET BBEIBOL (Hatha}onmﬁ—
€ C HAYAJIBbHOI'O HETEPMUHAJA), B KOTOPOM OH BCTPEIAETCs, HE ABJIACTCA
LL(1)-rpammarukon.

Pemrenwe. [lycte w3 K BeiBogurcsa KU, rope K — werepmunan, a U —
HemycToe cI0BO. MOXHO cuuTaTh, 9TO 5TO JEBBIU BLIBOA (IpyTrue HETepMU-
HAJIbL MOXKHO HE 3aMEHSTH). PaccMoTpuM BBIBOJ

K~ KU ~ KUU ~ ...

(3HAK ~» 0003HAYAET HECKOJBKO IIACOB BBIBOAA) U JIEBHIM BEIBOL K ~ A,
rie A — HemycToe CIOBO U3 TepMUHAAOB. Ha KakoM-TO Imare BTOPOU BEI-
BOJ OTKJIOHAETCA OT IEPBOrO, a MEXKIY TEM IO OOOMM ILyTAM MOXKET OBITH
TIOTY9€HO CJOBO, HaunHaIeeca Ha A (B mepBoM ciryuae 5TO BO3MOXKHO, TaK
KaK COXPAHAETCS HeTePMUHATI K, KOTOPBIN MOXKET BIIOCIEACTBUY OBITH 3a-
MeHéH Ha A). DTO IPOTUBOPEUUT BO3MOKHOCTHU OJHO3HATHOTO OMpEIese-
HUA IPABUIA, IPUMEHAEMOrO Ha OYePEIHOM IIare MOMCKA JEBOT'O BLIBOIA.
(OZHO3HAYHOCTD BBIIOJIHAETCA AJs BBIBOJOB U3 HAYAILHOIO HETEPMUHA-
JIa, X HAJO BOCIOIB30BATHCA TeM, ITO K IO MpEeAnoIOKEHNI0 BCTPEIAETCA
B TAKOM BBHIBOJE.) O

Taxum 06pa3zoM, K JEBOPEKYDCUBHEIM IPAMMATHUKAM (KPOME TPUBUATE-
upix caydaeB) LL(1)-merox menpumenum. Ux npuxogurcs npeobpasoBbl-
BaTh B okBuBaJeHTHHIE LL(1)-rpaMMaTkn — WK MOJb30BATHCA OPYTUMA
METOJAMU PACIO3HABAHUS.

15.3.8. Ucnmonb3ysa ckazaHHOE, MOCTPOUTE AICOPUTM MPOBEPKU BHIBO-
OUMOCTH CJI0Ba 13 TepmuHanos B LL(1)-rpammaruxe.

Pemenwe. Mu1 creqyeM ONMCAaHHOMY BBINIE METOIY IMOUCKA JEBOI'O BHI-
BO/IA, XPaHs JUIIb YaCTh CJOBA, HAXONAIIYIOCA MpaBee yxkKe MPOUUTAHHOU
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YaCTU BXOJHOT'O CJIOBA. [[pyruMu caoBaMu, MBI XPAHUM CJOBO S U3 TE€PMU-
HAJIOB ¥ HETE€PMUHAJIOB, 0OIANAIOMIEE TAKUMU CBOMCTBAMHU (IIPOIATAHHYIO
9acTh BXOJa 00O3Ha4aeM depes A):

1) ca0BO AS BBIBOAMMO B IDAMMATUKE;
2) 11000U JIEBBIU BBIBOJA BXOQHOI'O CJOBA IPOXOAUT dY€pe3 CTauio AS

ATu cBoucTBa BMecTe GyxeM o6o3HaIaTh «(M)».

Bragane A mycTo, a S COCTOUT M3 €IUHCTBEHHOI'O CHMBOJIA — HAYAJIb-
HOI'O HeTePMUHAJIA.

Eciu B HEKOTOPLIX MOMEHT S HAYMHAETCA HA TepMuHaI t u t = Next,
TO MOXHO BBITOJTHUTH KOMaHIy Move M ymaguTh CHMBOJI t, ABISAIOIIAUC
HAQYAJBHBIM B S, MOCKOIBKY IPU 9TOM AS He MeHsAeTCA.

Ecmu S mauunaeTcs Ha TepMuHaa t u t 75 Next, TO BXOAHOE CJIOBO He-
BBIBOAMMO — 100 MO YCJOBUIO JIOOOU €r0 BBIBOJ NOMKEH MPOXOAUTDL Yepe3
AS. (9To xe cupaBeuBo u B ciydae Next = EOI.)

Eciau S nmycro, o us ycaosus (1) cregyer, 4T0 BXOZHOE CIOBO BEIBOLUMO
TOTrJa U TOJBKO Torga, korga Next = EOT.

OcraéTcsa caydan, Korga S HAYUHAETCA C HEKOTOPOrO HeTepMuHATIA K.
[To moxa3zaHHOMY BEIIIE BCE JIEBBIE BBIBOABLI U3 S CJOB, HAUMHAIOIIMXCA HA
cuMBOJI Next, HAUMHAIOTCA C IPUMEHEHU K S OJHOT'O U TOI'O XK€ IPAaBUIa —
TOro, 4151 KoTOporo Next nIpuHA 1JIEKUT HAIPABIAIOMEMY MHOXKeCTBY. Ecin
TAaKWX IPABWI HET, TO BXOTHOE CJIOBO HEBBIBOAUMO. EcCIm Takoe MpaBMIO
€CTh, TO HyKHO IIPDUMEHUTE €r0 K IEPBOMY CHUMBOIY CJIOBA S — MPHU 9TOM
ceorcTeo (M) me mapymurca. [lpuxoqum K TakoMy aaropuTMy:

S := IIyCcTOe CIIOBO;
error := false;
{error => BxozHoe CIOBO HEBHBOIMMO;}
{not error => ()}
while (not error) and not ((Next=E0I) and (S mycTo))
do begin
if (S maumHaeTcs Ha TepMuHam, paBHuk Next) then begin
‘ Move; ymamuTb ¥3 S NMepBHM CHMBOI;
end else if (S mHaumHaeTca Ha TepMMHanm, He paBHHK Next)

then begin
error := true;
end else if (S mycro) and (Next <> EOI) then begin
‘ error := true;

end else if (S maumnHaeTcsa Ha HeTepMuHan u Next BXxoIuT B
HalpaBlAKIlee MHOXECTBO OJHOTO M3 INpPaBMI MOJIA 3TOrO
HeTepMuHana) then begin

NPUMEHUTE 3TO IIPaBMIO
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AnropurMm 3akamumBaeT pabOTy, MOCKOABbKY TPHU MOABJICHUU TEPMUHAIA
B HaJaJse CJI0BA S IPOUCXOIUT UTEHHE CO BXOAA WIX OCTAHOBKA, & O€CKOHE-
HBIU UK CMEHAIMX APYD APyra HETEPMUHAIOB B Hadase S O3HA4YAJ Obl,
YTO IPAMMATHUKA JEBOPEKYPCUBHA. (A MBI MOXKEM IPEANONArATh, COIVIACHO
TMPEIBIAYINEN 3a0aYe, ITO HTO HE TAK: HETEPMUHAMLI, HE BCTPEIAIOIIAECS
B BBIBOJIAX, & TaKKe HETEPMUHAJIBI, N3 KOTOPHLIX HE BHIBOAUTCA HEIIYCTOI'O

15. Konwmexcmuo-c80600ubie 2pammamuri

end else if (S mauymHaeTca Ha HeTepMunan u Next He BxomuT
B HalpaBiApllee MHOXECTBO HM OIHOI'O M3 INPAaBUI LIA 3TOLO
HeTepMuHana) then begin
error := true;

end else begin

‘ {Tax He 6uBaeT}

end;

end;
{BxomHoe cmoBo BHBomMMO <=> not error}

CJIOBA, HECIOXKHO YAAIATH U3 IPAMMATUKHA. )

3amedaHus.

o [IpuBenéHHBIN AIrOpUTM UCHOJB3YeT S KaK cTeK (Bce LeHCTBUS HPO-

U3BOAATCA C JEBOTO KOHIA).

e JlenicTBUA OBYX MOCJAETHUX BAPUAHTOB BHYTPU IWKJA HE MPUBOIAT
K YTEHUIO 0YePEeTHOr0 CHMBOJA CO BXOIA, MOXTOMY MX MOXKHO 3apa-
Hee MPEeIBLIYUCAUTD A KAXKI0OI0 HETEPMUHAIA W KAXKIOT'O CUMBOJIA
Next. Ilocse >TOro Ha KaxKIOM IIare MUKIA, OYIeT YUTATHCA OUepe-

HOH CHMBOJ BXOJa.

e IIpu mpakTwaeckon peammsanumu yIOOHO COCTABATHL TabMUILy, B KO-
TOPOU 3aNMCaHbl BAPUAHTHLI AEUCTBUM B 3aBUCUMOCTH OT BXOJHOI'O
CHMBOJIA ¥ IIEPBOTO CHMBOJIA S, W HEGOJIBUIYIO MPOrPAMMY, BBIIOJIHS-

IOMIYIO JEUCTBUSA B COOTBETCTBUU C DTOU TAOJUIICH.

15.3.9. Ilpu nmpoBepke TOrO, OTHOCUTCA JU JAHHASA MPAMMATHUKA K TUIY
LL(1), veobxogumo euraucauts locren(T) u Hau(T') gna Bcex HeTepMUHA-

aos T'. Kak »To cperars?

Pemenne. IlycTs, HanmpuMep, B rpaMMaTuke eCcTh npasuio K — L M N.

Torza

Haw (L) C Hau (K),

Hau (M) C Hau (K), ecan u3 L BBIBOAMMO IIyCTOE CJIOBO,

Hau (N) C Hau (K), ecan u3 L u M BBIBOZUMO IIyCTOE CIOBO,
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Mocaen (K) C Hocren (N),
Mocaen (K) C Mocaen (M), ecan us N BBIBOZUMO IIyCTOE CIOBO,
ocnen (K) C Mlocren (L), ecan u3 M u N BHIBOZUMO IIyCTOE CJIOBO,
Haw (N) C Tocreg (M),
Haw (M) C Mocren (L),
Hau (N) C ITocren (L),  ecam u3 M BBIBOAMMO IIyCTOE CJIOBO.

[Togo6HEIe mpaBmIa MO3BOAIOT IIAr 34 LIATOM IOPOXKJAATH MHOXKECTBA
Hau(T), a sarem u Ilocaex(T'), g1a Bcex TepMUHAJIOB U HeTepMUHAJIOB 1.
[Ipu 5TOM HaYAIOM CIyKAT

EOI € [Tocnen (K)
IJIs HAYaJIbHOTO HeTepMuHana K u
z € Hau (2)

oA moboro TepMmHata z. llopoxkieHue 3akaHYMBAETCA, KOIJA IIpPUMe-
HeHMe MOpPaBWI HepecTaéT naBaThb HOBblE siaeMeHTH MHOkecTB Hau(T)

u Iocaen(T). O



16. CUHTAKCUYECKWNWM PA3BOP
CJIEBA HATIPABO (LR)

Cengac MBI PACCMOTPHUM €I OIWH METOJ CHHTAKCUIECKOrO pasbopa,
maseBaeMbin LR(1)-pazbopomM, a Takxke HEKOTOpBIE yIPOIIEHHBLIE €0 Ba-
PUAHTHI.

16.1. LR-npoueccsi

[Ba oramaus LR(1)-pas6opa or LL(1)-paz6opa: Bo-mepBbIX, CTPOUTCS
HE JIEBBI BBIBOJ, a HPABLIN, BO-BTOPBIX, OH CTPOUTCSA HE C HAYAIa, a C
xouna. (Beiog B KC-rpaMMaTuke HA3BIBACTCA NPAGbIM, €CIA HA KAXKIOM
mare 3aMeHe MOABEPraeTCs CAMBIM MPABLIA HETEPMUHA. )

16.1.1. [ToxaxuTe, 9TO €CAU CJIOBO, COCTOAIIEE W3 TEPMUHAJIOB, BBIBO-
[IUMO, TO OHO MMEET IIPABLIN BBIBO[. d

Hawm Gymet ymoO6HO CMOTPETH Ha MPaBbIM BEIBOI «3a00M Hanepém. Ompe-
npeanm mouaTue LR-npoyecca nad caosom A. B srom mponecce, momMumo A,
OyeT y9acTBOBATH U IPYTOE CJAOBO S, KOTOPOE MOXKET CONEPKATL KAK TeP-
MUHAJBL, TAK U HeTepMUHAILL. Bradane cioso S nmycro. B xoge LR-mponecca
pa3pelleHsl 1Ba BUAA, IeUCTBUN:

(1) MOXHO mepeHecTH MePBLIM CUMBOJ CTOBA A (€ro Ha3BIBAIOT ouepedHbim
cuMBOJIOM U 06Go3HavarT Next) B koHer caoBa S, ynamus ero u3 A
(3TO meucTBUE HA3BIBAIOT COBUZOM);

(2) ecau mpaBas 9acTh OLHOIO U3 NPABUI MPAMMATHUKYA OKA3aJIAaCh KOHIIOM
cJI0Ba S, TO PA3PEIIACTCS 3AMEHUTD €6 HA HETEPMUHAIL, CTOALIUY B JIe-
BOU YaCTH 5TOT0 MPABUIA; TIPU 3TOM CI0BO A He MenseTcsa. (DTo nen-
CTBUE HA3LIBAIOT CEEPMKOT, WIA NPUEEIEHUEM. )

Ormerum, uTo LR-mporece He ABIAETCA [eTepMUHUPOBAHHBIM: B OTHOU
U TOU XK€ CUTYaIllud MOI'YT OBIThH Pa3pellleHLl Pa3sHbIe JeUCTBUA.



16.1. LR-npoyeccui 293

Tosopar, uro LR-miporiecc Ha cioBe A yenewmno 3a6eputaemes, €CIu CIo-
BO A CTAHOBUTCA MyCTHIM, & B CJIOBE S OCTAETCA €IUHCTBEHHBIN HETEPMU-
HaJl — HAYAJbHBLIM HETEPMUHAI IPAMMATUKHY.

16.1.2. [Jokaxwure, 9TO A5 J1060r0 cioBa A (M3 TEPMUHAIOB) yCHel-
HO 3aBepmaromumucsa LR-nponece cymecTByer Torga u TOIbKO TOraa, KOraa
CI0BO A BLIBOAMMO B rpaMMaTrKe. B X01e 10Ka3aTensCTBA yCTAHOBUTE B3a-
MMHO OJHO3HAYHOE COOTBETCTBHUE MEXKIY MPABLIMEA BEIBOJAMW W YCIIEITHO
saBepmapommmuca LR-mporeccamu.

Pemtenwne. IIpu casure cioBo SA me mensercs, npu cBEpTKe ci10Bo SA
oABEpraeTcs IpeoOpa3soBaHUI0, OOPATHOMY INAI'Y BBIBOAA. DTOT BBHIBOJ
OyJeT TMpaBbIM, TaK KaK CBOpadMBaeTcsa koHen S, a B A Bce cuMBOIBI —
TepMUHAJABbHLIE. TakuMm o6pasoM, kaxaoMy LR-mpomeccy cooTrBeTcTByeT
npassii BEiBOA. OGpaTHOE COOTBETCTBHE: IIyCTh AaH MPABLIN BLIBOL. [Ipea-
craBuM cebe, 9TO 33 MOCJIEJHAM HETEPMUHAJIOM B CJIOBE CTOUT IEPErOPOI-
ka. [IpyuMeHuB K 5TOMY HETEPMUHALY IPABUJIO MPAMMATUKHU, MBI JTOJKHEI
CIBUHYTH MEPErOPOAKY BIEBO (€CJM MpaBas YacThb MPABUIA KOHIAETCA HA
TepMmuHan). PazbuBas 3TOT CABUT HA OTAEAbHEIE MIATH, TIOLYIUM MIPOLECC,
B TouHOCTH OOparHbin LR-mpomeccy. O

IMockonpky B x01e LR-mmpouecca Bce uaMeHeHUs B CJIOBE S MPOUCXOAAT
€ IPABOro KOHIA, CJI0BO S HaswBaioT cmexom LR-mpouecca.

3aata MOCTPOEHNS TPABOr0 BHIBOJAA [ TAHHOI'O CJIOBA CBOAUTCS, Ta-
KuM 006pa3oM, K IpPAaBWIBHOMY BHIOOpDY odepegHoro mara LR-mpomecca.
Ham Hyx)HO pemmuThb, OygeM Ju MbI OeJaThb CABUT WA CBEPTKY, U €CJIU
CBEPTKY, TO MO KAKOMY MPABUIY — BEb MOAXOIAMINX IPABAI MOXKET ObITh
Heckoabko. B LR(1)-auropurme 3TO pemienne IpuHUMAETCS HA OCHOBE S
U TIEpBOrO CUMBOJA CJAOBA A; ecim MCIONB3yeTcs TOIBKO S, TO TOBOPAT
o LR(0)-anropurme. (Tounble onpeneneHus CM. HUXKE. )

[Iycte dukcupoBana rpaMMaTHKa, B KOTOPOU U3 JIIOOOI0 HETEPMUHAIA
MOXKHO BBIBECTHU KAKO€-AMOO CJIOBO U3 TEPMUHAIOB. (DTO OrPAHUIEHUE MBI
OyeT BCerja NpejnolaraTh BLIIOJHEHHBIM. )

IIycts K — U — oano u3 mpasun rpammaruku (K — merepmunan, U —
CJOBO M3 TEPMUHAJNOB U HeTepMuHAIOB). Ompeneanm MHOXKECTBO CJIOB (U3
TEPMUHAJIOB ¥ HETEPMUHAJIOB), HA3BIBAEMOE A€6bIM KOHMEKCMOM TIPABILIA
K — U. (O6o3uauenne: JlesKour(K — U).) Ilo onpenenesuio B Hero BXoaT
BCE CJIOBA, KOTOPBIE ABIAIOTCA COAEPKUMBIM CTEKA HEIIOCPEACTBEHHO Tepes
ceéprkon U B K B X0/1e HEKOTOPOro ycumemHo sasepiiaiomerocs LR-mpo-
1ecca.

16.1.3. TlepedopMyaupyuTe 3TO ONPEACTCHUE HA A3BIKE MPABBIX BHLIBO-
ZIOB.
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Pemenue. PaccMoTpuM Bce mpaBble BHIBOABL BUIA
(HauaIBHBIN HeTepMuHaI) ~> XKA — XUA,

rae A — CJI0BO U3 TEPMUHAJIOB, X — CJIOBO U3 TEPMUHAJIOB U HETEPMUHAJIOB.
Bce Bosuukaromme mpu 5ToM ¢1oBa XU 1 06pa3yroT JEBEIN KOHTEKCT TTPABU-
aa K — U. Yto6w1 yOeIUTHCA B DTOM, CAEAYET BCIOMHUTL, YTO MBI IIPEAIO-
JaraeM, 4TO u3 JIO0T0 HETePMUHAJIA MOXKHO BHIBECTH KAaKOe-TO CJIOBO U3
TEPMUHAIOB, TAK YTO MPABBEIA BLIBOJ CI0Ba XUA MOXET OLITHL IIPOJOJIKEH
[0 IIPaBOro BBIBOJA KAKOI'O-TO CIOBA U3 TEPMUHAJOB. g

16.1.4. Bce cioBa u3 JlesBKont(K — U) xonuarorcs, ogesugso, Ha U. [Jo-
KAzKUTe, 9TO €CAM y BCEX HUX TOT KOHEn U OTOPOCHTH, TO IOLYI€HHOE
MHOX€ECTBO CJIOB He 3aBUCAT OT TOT'O, KAKOEe U3 MPABWI [/ HeTepMUHaIa K
BLIOpaHo. (DTO MHOXKECTBO 0603Hadaerca Jles(K).)

Pewenune. U3 npensiaymen sagadu acHo, 9to Jles(K) — »To BCE, 9TO
MOXKET HOABATLCA B MPABBIX BEIBOAX JEBEE CAMOTO IPABOTO HETEPMUHA-
aa K. g

16.1.5. [loxaxuTe, 9TO B HPEILIAYIIEA (PPa3e MOKHO OTOPOCUTE CJIOBA
«camoro npasoro»: JleB(K) — 210 BCE TO, 9TO MOXKET HOSBIATHCS B IPABBIX
BBLIBOZAX JeBee J000r0 BXOXK IeHUA HeTepMuHata K.

Pemenwe. ITpo10omKuB MOCTPOEHNE TPABOTO BHIBOIA, BCE HETEPMUHAIEI
crmpaBsa OT K MOXKHO 3aMEHUTH Ha, TEPMUHATH (& c1eBa OT K Ipu 5TOM HIYEro
He M3MEHUTCH). O

16.1.6. IlocTpouTe TpaMMATHUKY, COIEPKAIIYI A1 KaXIOCO HETEp-
muHanta K mcxogmou rpammartuku HerepMmuHan (Jlesk), mpuaém caexyio-
nIee CBOMCTBO JOJKHO BBHIMOJHATBCA /1A JOO0r0 HETepMUHALA K MCX01HON
rpaMMaTUKKM: B HOBOM rpammaruke u3 (JIeBK) BLIBOAMMBL BCE DIEMEHTEHL
Jles(K) u Toabko ouu. (Ilpm 5TOM TEpMUHAIE U HETEPMUHAILI UCXOTHOU
TPAMMATUKY ABIAITCA TEPMUHAJIAMU HOBOU. )

Pemenwe. IlycTs P — HavalbHLI HeTepMUHAA rpamMmaTuku. Torga B
HOBOU I'paMMaTuKe Oy[eT MpaBUIO

(/IeBP) — (mycToe caoBo)
1 KX 10T0 IpaBU/Ia UCXOJHOM IPAMMATHKY, HAPUMED, IPABLIA

K— LtMN (L, M, N — HeTepMUHAIbL, t — TEPMUHAT),
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B HOBYIO I'DaMMATUKY MBI rqO6aBI/IM IpaBUIa

(JleBL) — (JIeBK)
(JTeM) — (JIeBK) L t
(JTeBN) — (JIeBK) Lt M

¥ QHAJOCMYHO MOCTYNUM C APYruMu npaBumiaMu. CMBICA HOBHIX MPABUI
TAKOB: IIyCTO€ CIOBO MOXKET NOABUTHCA CIeBa OT P; ecam Ca0BO X MOXKeT
noABUTHCA cjaeBa OT K, To X MoxkeT nmoABUTHCA cjaeBa oT L, XLt MmoxeT mo-
ABuTbCA caeBa oT M, XLtM — caeBa or N. MHayKiuen mo mauHe mpaBoOro
BBIBOJIA JIENKO IIPOBEPUTH, YTO BCE, UTO MOXKET MOABATHCA CIEBA OT KaKO-
T'O-TO HETEPMUHAIA, MOABIIETCA B COOTBETCTBUH C DTUMU mpaBmiaMu. [

16.1.7. ITouemy B mpeLIAyLIEN 3aJa49€e BaXKHO, 9TO MBI PACCMATPUBAEM
TOJIBKO TIPABBIE BHIBOIGI!

OtBer. B mporuBHOM caydae CrenoBasio OBl yIUTHIBATHL TPEOOPABOBA-
HUS, IPOUCXOJAIINE BHYTPHU CJIOBA, CTOALIErO C1eBa OT K. O

16.1.8. [l1s gaHHOM I'PAMMATHKK IIOCTPOUTE AATOPUTM, KOTOPBIA IIO
JI000MY CJIOBY BHIACHAET, KAKUM 13 MHOXKECTB Jles(K) OHO NpUHAICKUT.

(3ameuanue ni1s 3HaTOKOB. CyLIECTBOBAHME TAKOT'O AJIOPUTMA — U [1a-
K€ KOHEIHOT'O aBTOMATA, TO €CTh MHIYKTUBHOTO PACIIUPEHUA C KOHETHLIM
YUCIOM 3HAYEHUU, M. padgen 1.3, — BBITEKAET U3 NPEIbIAYIIEN 3a1adu,
TaK KaK MOCTPOEHHAS B HEM TPAMMATUKA UMEET CIelUATLHLIN BAL: B MPa-
BBIX YaCTAX BCENO ONUH HETEPMUHAJ, IPUIEM OH CTOUT Y JEBOTO Kpasd. Tem
He MeHee MbI IIPUBENEM ABHOE NOCTPOEHUE. )

Pemenne. Byem HasbBaTh cumyayueti TAHHON IPAMMATHUKHA OJHO U3 €€
OPaBWI, B IIPABOU YACTU KOTOPOIO OTMEYEHA ONHA W3 MO3UIMi (10 mepBon
OYKBbI, MEX[IY IE€PBOA U BTOPOU OYKBOHW, ... , IIOCIE MOCAEIHEN OYKBEHI).
Hanpuwmep, npasuio

K — LtMN

(K, L, M, N — HeTepMUHAIBL, t — TEPMUHAMI) MOPOXKAACT HATH CUTYALUN
K—_LtMN K—L_tMN K—Lt_MN K—-LtM_N K-—=LtMN_

(mo3UIUA YKA3EIBACTCA 3HAKOM TIOMIEPKUBAHIS).

Bymem roBopuTh, 9TO CIOBO S cozdaacosano ¢ cutyanuen K — U_V, ecin
S xor4aeTrca Ha U, To ectb S = TU npu HekoTopoM T, u, kpome Toro, T npu-
Hagnexut Jles(K). (CMBICT 5TOrO OmpeneneHus IPUMEPHO TaKOB: B CTEKe S
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MOATOTOBNEHa YacTh U mis Oyaymen ceéprku UV B K.) B sTux TepMuuax
JleeKout(K — X) — 5TO MHOXKECTBO BCEX CJIOB, CONVIACOBAHHLIX C CUTYallAen
K — X _, a JIeB(K) — 5TO MHOX€eCTBO BCEX CJIOB, COIVIACOBAHHBIX C CUTYAI[eH
K — _X (rge K — X — mro60e npaBuwio s HerepMuHaaa K).

DKBUBAJIEHTHOE onpepesnenue B repmunax LR-npouecca: S cormacoBano
¢ curyanuen K — U _V, ecsim cymecTByeT yememubin LR-miporiece, B KoTopom
COOBITUSI PA3BUBAIOTCSA TaK:

® B XOJ€ INPOIECCA B CTEKE MOABIACTCA CIOBO S, 1 OHO OKAHIMBACTCSA
Ha U;

® HEKOTODOe BpeMmsA S He 3aTParumBaeTCsA, a CIpaBa OT HEI'O IOABIAET-
caV;

e UV cBopauuBaeTcs B K;

® IIPOIECC IPOJOIKAECTCA U YCIEITHO 3aBEPIIACTCA.

16.1.9. [loxaxXuTe SKBUBAJIEHTHOCTH DTUX OILPEICICHIN.

[Ykazanue. Ecaun S = TU u T npusagiexut Jle(K), 70 MOXKHO HOLyIATH
B cTeke cHadasua T, moroM U, moTroM V, moToM cBepHYTh UV B K u 3aTem
yCIenHo 3aBepumTh npouecc. (MBI ncmonb3yeM HECKOTBKO pa3 TOT (akT,
YTO U3 JI0Or0 HeTEePMUHALA, ITO-TO Ja BHIBOAUTCS: OJArOLapsa STOMY MBI
MOXK€eM JOOABUTH B CTEK JIO00E CJIOBO. )] O

Hama mens — mOCTpoOeHWE anropuTMa, PACTO3HAIOMIErO TPUHALIEK-
HOCTH Tpou3BOIbHOrO caoBa K Jles(K). PaccmoTpum dyHKIMO, comocra-
BJLIOILYIO C KaXKIBIM CIOBOM S (M3 T€DMUHAJOB U HETEPMUHAJIOB) MHOXKE-
CTBO BCEX COIVIACOBAHHEIX C HUM CHTYyalui. DTO MHOXKECTBO HA30BEM CO-
cmosnuem, coomsememeyouum caosy S. Bymgem o6oznagars ero Cocr(S).
HMocraroano nokazars, 9o pysknma Coct(S) MHAyKTUBHA, TO €CTb 9TO
suaguenue Coct(SJ), rae J — TEPMUHAT WIX HETEPMUHAT, MOXKET OBITH BbI-
qucaeno, ecau uzsectHo Coct(S) u cumsoa J. (Mbr Bugenn padee, Kak Mpu-
HaAIeXHOCTD K JleB(K) BeIpaxkaeTcs B TEpMUHAX 3TOU (DYHKIWH. ) SHATCHIE
Coct(SJ) BEIMUCIACTCA HO TAKUM IIPABUIAM:

(1) Ecam caoBo S cornacoBano ¢ curyamuern K — U_V, npuuém
caoBo V HaumHaeTca HA O6ykBy J, To ectb V= JW, TO SJ corua-
coBaHO ¢ cuTyanumen K — UJ _W.
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OTO MPABWIO MOJHOCTHIO OMPEIEIAET BCE CUTYAIUU C HEIMyCTOU JEBOU
MOJOBUHOU (TO €CTh HE HAYUHAIOIIUECA C O TIEPKUBAHNUA), COTVIACOBAHHBIE
¢ SJ. Ocranoch onpenenuTh, I KAaKUX HeTepMuHAJIOB K cioBO SJ mpuHai-
nexut Jles(K). DTo mesaeTcsa mo ABYM HIpPABHJIAM:

(2) Ecau curyanusa L — U _V coracoBana ¢ SJ (CoruacHo npasu-
ay (1)), a V mauunaeTca Ha HeTepMuHAI K, TO SJ NpuUHALIEKAT

Jles(K).

(3) Ecim SJ Bxomgut B Jle(L) mna mexoroporo L, mpuuém L —
— V — npaBmio rpaMMaTuku u V HAaYWHAETCA HAa HeTepMuHal K,
T0 SJ npunamaexur Jes(K).

3amerum, 9T0 IpaBuwio (3) MOXKHO PACCMATPUBATD KAK AHAJIOD IIPABUIA
(2): B ykasauHbIX B (3) mpeamoiokeHusaxX curyanusa L — _V coryiacoBaHa
¢ SJ, a V HaunHaeTCca Ha HeTepMuHaaI K.

KoppekrHocTs 3THx mpaBumi B OOIIEM-TO OYEBUIHA, €CJAU XOPOIIEHB-
KO TOAyMaTh. EIMHCTBEHHOE, YTO TPeOyeT HEKOTOPHIX MOSCHEHUN — DTO
TO, movYeMy C IOMOIIbK npasui (2) u (3) o6HapyX)arca Bce TepMuHAJIH K,
s KoTopbix SJ npunagiexut Jles(K). Homerraemcs 210 06bacHUTh. Pac-
CMOTPHUM TIPABLI BBIBOL, B KOTOpoM SJ crout caeBa ot K. OTkyma mor
B3AThCA B HEM HerepMmuHana K? Eciau npaBmio, KoTopoe ero mopoamio, mo-
pOAWIO TaKxXKe U KOHen caoBa SJ, To npunamiexuocts SJ x Jles(K) Oyazer
obnapyxkeHna 1o npasury (2). Ecau xe K 6b110 mepBon GyKBOU CJIOBA, TOPO-
JKAEHHOIO KAaKMM-TO IPYIUM HeTepMuHAIOM L, To — 6rarogaps IpaBuliIy
(3) — mocraTouHO ycTaHOBUTH npuHamIexkHOCTb SJ k Jle(L). Ocranocs
IPUMEHUTH Te XKe PACCyXIeHus K L u Tak gasee.

B repmunax LR-mponecca To xe camoe MOXHO cka3arh Tak. CHavaua
HeTepMuHAT K MOXKET y4acTBOBATH B HECKOIBKUX CBEPTKAX, HE 3aTPAru-
Barommx SJ (OHU COOTBETCTBYIOT NMPUMEHEHUIO TpaBwia (3) ), HO 3aTeM OH
00s13aH MOABEPIHYTHCA CBEPTKE, 3aTparusapmen SJ (4YTO COOTBETCTBYET
nprMeHeHuIo npasumia (2)).

Ocranoch BBLICHUTD, KAKAE CUTYAILUN COIVIACOBAHLI C IMYCTHIM CJIOBOM,
TO eCTh A KaKuX HeTepMuHAIoB K myctoe cioso mpunamiexut Jles(K).
OTO OIpeAeIseTCs N0 CJAeIYIONMM IPABUIAM:

(1) HAYATBLHBEIN HETEPMUHAT TAKOB;

(2) ecau K TakoB u K — V — mpaBuioO rpaMMaTUKH, TPUIEM
¢ya0BO V HAYMHAETCA ¢ HeTepMuHanIa L, To u L Takos. U
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16.1.10. TIpomeranTe OMUCAHHBIA AHAIN3 IS TPAMMATUKA

E—-E+T
E—-T
T—>Tx*xF
T—F
F—x
F— (E)

(3agaromen TOT Xe A3BIK, 9TO U I'PAMMATHUKa npuMepa 3, ¢. 270).

Pewenune. Muoxecrsa Coct(S) /s pasnuyHbIX S NPUBEIEHBL B Ta0bIMLe
Ha ¢. 299. 3HaK PABEHCTBA O3HAYAELT, YTO MHOXKECTBA CUTYAIMN, SBIAIOLIA-
eca suavenuaMu pyukinuu Coct(S) Ha CI0BaX, CTOAMIUX CJIEBA U CIPABA, OT
3HAKA PABEHCTBA, OTMHAKOBHIL.

IIpasuso onpenenenus Cocr(SJ), ecan ussectunt Coct(S) u J (3xecs S —
CJIOBO U3 TEPMUHAJOB U HETEPMUHAIOB, J — TEPMUHAJ WIA HETEPMUHAI),
TaKOBO:

Hano Hautu Coct(S) B HPABOM KOJIOHKE, B3ATH COOTBETCTBYIO-
mee eMy cJa0BO T B IEBOU KOJOHKE, IPUTIUCATE K HEMY J U B3ATH
MHOXKECTBO, CTOAIIee HAIpOoTuB cjosa TJ (ecau caoBo TJ B Ta-
6nuue orcyrcrsyet, To Cocr(SJ) mycro). O

16.2. LR(0)-rpammaTtukn

HanomumM, 9TO HaIIa OCHOBHAA b — 3TO IOMCK BBIBOAA 33 AHHOIO
CJIOBA, WM, IPYTUMY CJAOBAMU, TOUCK ycrnermHoro LR-nporecca nan aum. Bo
BCEX PACCMaTPUBAEMBIX HaMU rpammaTukax ycnemssin LR-nponece (man
[OAHHBIM CJIOBOM) €QWHCTBEH. MICKaTh 3TOT €UHCTBEHHBINA YCIELIHbIA IPO-
ECC MBI OyI€M MOCTENEHHO: B KAXKILIA MOMEHT MbI CMOTPHUM, KAKOH IIAr
BO3MOXKEH CJAeAyIOmmM. /I 5TOro Ha rpaMMATUKy HANO HAJIOXKUTE JOIMOJ-
HUTEJIbHEIE TPeOOBAHMA, U CEUYAC MBI PACCMOTPHUM IPOCTEULINU CJIy<an
Tak HaszbBaeMbX LR(0)-rpamMmarnk. Mu yike 3HaeM:

(1) B ycmemmmom LR-mponecce BO3MOXHA CBEPTKA TIO TPABUILY
K — U nopu cogepXuMoM CTeKa S TOrJa U TOIBKO TOI'Aa, KOTIa
S npunagrexut JlesKout(K — U) uiu, gpyruMu cioBamu, KOrga
c10BO S coryiacoBaHo ¢ curyaruen K — U_,
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Cmoeo S | Cocr(S)

mycToe E— _E+T E—_T T— _T*F
T—-F F—_x F— (E)

E E—E_+T

T E—-T. T-—=TxF

F T—F_

b4 F—x_

( F—-(E) E— _E+T E— T
T T«F T—_F F—x F—_(E)

E+ E—-E+T T— T«F T—_F
F—_x F— _(E)

T* T—>T*F F—_x F— _(E)

(E F—(E.) E—ET

(T =T

(F =F

(x =x

«( =(

E+T E—E+T. T— T*F

E+F =F

E+x =x

E+( = (

T*F T — T*F_

T*x =X

T*( =(

(E) F— (BE)-

(E+ =E+

E+Tx* = Tx

K zamade 16.1.10
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Ananoruvnoe yTBepX IeHUE PO CABUT TVIACUT:

(2) B ycnemnom LR-mpomecce mpu cogepXuMoM CTEKa S BO3-
MOXKEH CIBUT C OYEPENHBIM CUMBOJIOM a TOT'A W TOJBLKO TOrA,
KOI'Jla S COIVIACOBAHO C HEeKOTopou curyaruen K — U_aV.

16.2.1. [ToxaxwuTe 3TO.

[Ykazanue. Ilycrs npousomén casur u K crexky S gobaBuiach OyKBa a.
PaccmoTpuTe mepByio CBEPTKY, 3aTPArXBAOIILYIO OTY OYKBY.| U

PaccMoTpuM HEKOTOPYIO MPAMMATUKY U TTPOU3BOIBHOE CJIOBO S U3 Tep-
MUHAJIOB U HeTepMUHAIOB. Eciu muoxectBo CocT(S) COAEPKUT CATYAUIO,
B KOTOPOH CIpaBa OT MOAYEPKUBAHUA CTOUT TEPMUHAJ, TO FOBOPAT, ITO
das caosa S sozmoncen cdeue. Eciu B Coct(S) ects cuTyanus, B KOTOPOU
CIIpaBa OT MOJAYEPKUBAHUA HUIETO HET, TO TOBOPAT, ITO 044 CA08a4 S 603-
MOKHCHA c6EpMKA (TIO COOTBETCTBYIOIIEMY MPABUILY ). [OBOPAT, 9TO s CIO-
Ba S BO3HUKAET Kon@aukm muna cdéuz/c6épmrka, eCi BOSMOXKHEL U CIBUT,
u cBéprka. ['0BOpAT, 9TO Mis CIOBA S BO3HUKAET KOHPAUKM Muna c6Epm-
Ka,/c8EpmKa, eCiy eCTh HECKOIBLKO IPABUI, [I0 KOTOPHIM BO3MOXKHA CBEPTKA.

I'pammaruka naseBaercs LR(0)-epammamuroi, eciu B Hel HeT KOH-
sk ToB TUNA caBUr/cBEPTKA U CBEPTKA/CBEPTKA HU AJsI OLHOIO CJAOBA S.

16.2.2. SAusercs gu npuseséunas Boime rpammaruka LR(0)-rpamma-
TUKON?

Pemenne. Het, ve aBaserca. [Insa cmoB T u E+T uMeioTCAa KOHMDIMKTHI
THIa cABUr/CBEPTKA. O

16.2.3. feasmorcsa mu LR(0)-rpammaTukamMu Takue:

(a) T—0 (6) T—0
T—T1 T— 1T
T — TT2 T — 2TT
T — TTT3 T — 3TTT

Pemenwe. fABnsmiorcs, cM. Tabmuier Ha . 301 —302 (koudaukTos Her). [J

Ara 3agava nokasuBaer, 9To LR(0)-rpaMmMaTuku MOTyT GBITH Kak Jie-
BOPEKYDPCUBHBIMU, TaK U IPABOPEKYPCUBHBIMIL.

16.2.4. Mycrs gasa LR(0)-rpammaTuxa. [Jokaxure, 9T0 y J0O0T0 CIO-
Ba CyIIECTBYET He 0oJee OJHOTO MPABOTO BHIBOAA. I[lOCTpOUTE aaropuTm
nposepku BeiBogumocTu B LR(0)-rpammaTuxke.
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Canoso S | Cocr(S)

mycToe T—+0 T—_T1 T— TT2 T— _TTT3
0 T—0._

T T—+T1 T—TT2 T-—T.TT3

T—+0 T—T1 T— _TT2 T— _TTT3
T1 T—T1_
TT T—TT2 T—TT.T3

T—+T1 T—TT2 T—T.TT3

T—+0 T—T1 T— _TT2 T-— _TTT3
TT2 T— TT2_

TTT T—+TIT3 T—TT2 T—TT.T3
T—+T1 T—TT2 T—=T.TT3

T—+0 T—_T1 T— TT2 T— _TTT3
TTO =0

TTT3 T — TTT3_
TTT2 =TT2
TTTT =TTT
TTTO =0

Cmnoeo S | Cocr(S)

nyctoe | T— 0 T—_1T T— 2TT T— _3TIT
0 T—0_

1 T—1T

T—+0 T—_ 1T T— 2TT T — _3TTT
2 T—2.TT

T—-0 T—_1T T— 2TT T— _3TTT
3 T — 3_TTT

T—+0 T—_1T T— 2TT T — _3TTT

(6), magamo

K zagaqe 16.2.3.
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Caoso S | Coc(S)

1T T— 1T_

10 =0

11 =1

12 =2

13 =3

2T T—2T.T
T—+0 T—_1T T— 2TT T — _3TTT

20 =0

21 =1

22 =2

23 =3

3T T — 3T_TT
T—+0 T—_1T T— 2TT T — _3TTT

30 =0

31 =

32 =

33 =

2TT T — 2TT_

2T0 =

2T1 =1

2T2 =

2T3 =3

3TT T — 3TT_.T
T—+0 T—_1T T— 2TT T — _3TTT

3TO0 =0

3T1 =1

3T2 =2

3T3 =3

3TTT T — 3TTT.

3TTO =0

3TT1 =1

3TT2 =2

3TT3 =3

(6), okonuanue
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Pemenne. [Ilyctt mano mpousBonbHOe caoBo. Byaem ctpomts LR-mpo-
necc Hang HuM 1o maraMm. IlycTs Tekymmee coctosaume cteka LR-mponecca
pasuo S. Ham Hano pemmTsb, gesarThs CABAC WM CBEPTKY (U ecam CBEPT-
Ky, To 1o kakomy mupasuiry). Corumacuo onpegeaenuio LR(0)-rpammaru-
KM, B HAIIeM COCTOSIHAU S BO3MOXKEH Ju0O0 TOJBKO CABUL, JuOO0 TOJIb-
KO CBEpPTKa (MpUYéM JUIIb MO OJHOMY mpaBuay). Takum 06pa3oM, MOUCK
BO3MOXKHBIX Tpogomxkennnn LR-mpomecca mpoucXomauT IeTepMUHUPOBAHHO
(Ha KaxKAOM IIare MOXKHO OIPEIEIUTb, KAKOE JEUCTBUE TOJIBKO W BO3-
MOXKHO). O

16.2.5. YTo mpom3onméT, ecin aHAIM3UPYEMOE CJIOBO HE MMEET BLIBOIA
B IaHHOU IpamMMaTuke?

OrBer. JIubo HAa HEKOTOpPOM Imare He OyaeT BO3MOXKEH HU CIBUAL, HU
cBEpPTKa, Jub0 BCE BO3MOXKHEIE CABUI'MA OyJeT MMETh HEIOAXOIAIUH Ode-
PEIHOU CUMBOIL. O

3amevanus. 1. [Ipu peanusanuu 5TOro aaropuTMa HeT HEOOXOIUMOCTHI
Kaxk B Pa3 3aHOBO BRIMUCIATH MHOXKeCTBO Cocr(S) mis Texkymero suasde-
HUSA S. DTU MHOXKECTBA MOXKHO TAKXKE XPAHUTH B CTEKe (B KaXK B MOMEHT
xpanarca MHOKecTBa Coct(T) nas Becex Hadan T TEKYIIEro CJIOBA S).

2. Ha camom meme camo CIOBO S MOXHO HE XPAaHUTH — JOCTATOYUHO
xpauuTh MHOXkecTBa cuTyamuin Coct(T) mias Bcex ero Hadan T (BK/IO9as
camo S).

B amropurme mposepku BoiBogumoctu B LR(0)-rpammaruxe mbr umc-
[OJB3YEeM HE BCIO HMH(MOPMAIUID, KOTOPy Mmoriu Obi. B sToM amropur-
Me IS KaXKJIOr'0 COCTOSHUS U3BECTHO 3apaHee, 9TO B HEM BO3MOXKEH TO-
JBKO CIBUC WIA TOJBKO CBEPTKA (MPUIEM B MOCTEIHEM CIydae U3BECT-
HO, 0 KAKOMy MpaBuiy). Bosee M30MpPEHHBIN aarOopuTM MOD Obl IMIpU-
HUMATL PEIIeHNe O BBIOOPE MEXKAy CIBATOM U CBEPTKOU, MOCMOTPEB
Ha odepenuon cumBoa (Next). [ags Ha cocTosHME, MOXHO CKa3aThb,
OpY KAaKuX 3HaYeHUsX Next BO3MOXKEH CABUI (3TO T€ TEPMUHAILI, KO-
TOpBIE B CUTYAIUAX DTOT'O COCTOSIHUS CTOAT HENOCPEICTBEHHO 3a MOJ-
uépkusanueM). CloxHEE BOCIOJIB30BATLCA UH(POpManuen o cuMmBoge Next
Ui peIIeHus BOMIPOCa O TOM, BO3MOXKHaA Ju cBEpTka. [lada sToro ecrtnb
YUPOIIEHHBIN MeTOX (IpaMMaTUKU, K KOTOPBIM OH IIPUMEHUM, HA3BIBA-
for SLR(1)-rpammarukamu [cokpamenue ot Simple LR(1)]) u momsbm
meTon (6onee CIOKHBIM, HO UCIONL3YIOUIMU BCIHO BO3MOXKHYI WHDOPMA-
U0; TPAMMATUKA, K KOTOPHIM OH TpuMeHmM, HasweBaloT LR(1)-rpau-
MaTukamu). ECTh U TIPOMEXYTOYHBIN KIACC I'PAMMATHUK, HA3BIBAEMBIN

LALR(1).
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16.3. SLR(1)-rpammaTuku

Hanmomuum, 4To ma awo6oro merepMmuHana K mer onpegeasnn (c. 286)
muOKecTBO [locaen(K) Tex TepMUHAJIOB, KOTOPHIE MOT'YT CTOATH HEOCDE/I-
CTBEHHO 32 K B BBIBOAMMOM (13 HAYAIBHOI'O HETEPMUHAIA) CIOBE; B DTO MHO-
XKecTBO n00aBaa0T Takxke cuMBoa E0QI, eciun HeTepMuHAI K MOXKET CTOATH
B KOHIIE BBIBOJUMOI'O CJIOBA.

16.3.1. [loxaxute, 9TO eciu B gaHHbII MomeHT LR-mponecca mocaen-
HUU CUMBOJ CTeKa S paBeH K, IpudIéMm mpomece 3TOT MOXKET B JaTbHEUIeM
YCIEIIHO 3aBepuThesa, To Next mpunanaexut Hocren(K).

Pemenue. DTOT QaKT ABIACTCA HEIOCPEICTBCHHLIM CJACICTBUEM OIPE-
neseHus (BCIOMHUAM COOTBETCTBHUE MEXIy IpaBbiMU BeiBogamu u LR-mpo-
neccamu). O

PaccMoTpuM HEKOTOPYIO IPAMMATHUKY , IPOU3BOIBHOE CIOBO S U3 TEPMU-
HAJIOB U HETEPMUHAJIOB U TepMUHAT X. Ecam muoxectBo Coct(S) comepxur
CUTYaIlU0, B KOTOPOU CIpPaBa OT MOIYEPKUBAHUA CTOUT TEPMUHAI X, TO
TOBODAT, 9TO das napwt (S,x) sozmodxcen cdsue. Ecim B Coct(S) ecTsb cn-
ryauus K — U_, npuaém x npunagiexut Hocren(K), To roBopaT, 9To 044
napwt (S, x) SLR(1)-603m00cHa caépmuxa (no npasumiry K — U). T'osopsr, aro
uist mapet (S, x) BosHukaeT SLR(1)-xondauwm muna cdsue/ceépmra, ecan
BO3MOXKHBI U COBWUT, W CBEPTKA. OBODAT, ITO mas mapsl (S,X) BOBHUKAET
SLR(1)-kondaurm muna ceépmxa/ceépmra, eCiu €CTh HECKOIBKO TIPABULI,
[0 KOTOPHIM BO3MOXKHA CBEPTKA.

I'pammaruka nHasweBaerca SLR(1)-epammamuxoi, eciu B HEH HET
SLR(1)-kouduaukToB Tuna cisur/cBéprka u cBEPTKa/CBEPTKA HU LJIA Of-
HOU napsl (S, x).

16.3.2. Ilycre mama SLR(1)-rpammaruka. [Jokaxure, 94T0 y JH060r0
CJIOBA CYLIECTBYET He 00Je€ OJHOTO MPABOT0 BEIBOAA. [lOCTPOUTE AIrOpUTM
nposepku BeiBogumocTu B SLR(1)-rpammaruxe.

Pewenne. Ananorunyano caygaio LR(0)-rpaMMaTuk, TOIbKO Opu BEIGOpE
MEXIYy COBUTOM U CBEPTKOU yUUTHIBAETCA odepennou cumpoa (Next). [

16.3.3. IIposepwTe, siBasieTCs i1 IPUBEIEHHAS BhIMIE HA C. 298 rpaMma-
tuka (¢ Herepmunanamu E, T u F) SLR(1)-rpammaTuxon.

Pemenue. [la, saBasercs, Tak Kak 008 KOH(IUKTA, MEIIAOIIME €U ObITh
LR(0)-rpaMMaTUKON, PA3PEIIatoTCa ¢ YIETOM OYEPEIHOrO CUMBOIA: U JJIA
caoBa T, n 1 ciaoBa E+T cIBUT BO3MOXKEH TOJBKO Npu Next = *, a CHUMBOJ *
He npunHagnexut Hu Hocnen(E) = {EOI, +,) }, uu Iocnen(T) = {EOT, +,*,) },
u mopToMy mpu Next = * CBEPTKA HEBO3MOXKHA. O
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16.4. LR(1)-rpammaTuku, LALR(1)-rpammaTuku

Onucannwm Boe SLR(1)-moaxon ucnonb3yoT He BCHO BO3MOXKHYKO WH-
(opmanuo npu BBIACHEHUN TOIO, BO3MOXKHA JU CBEPTKA. VMIMeHHO, OH OT-
JEeJBHO IIPOBEPAET, BO3MOXKHA JI CBEPTKA IPHU JAHHOM COCTOSHHUM CTeKa S
7 OT[JeJbHO — BO3MOXHA JU CBEPTKA IO TAHHOMY NPABUIY [PU JAaHHOM
cumBosie Next. Mexny TeM 5T NPOBEPKHM HE ABIAIOTCA HE3ABUCUMBIMIU:
o0e MOIyT NaTh MOMOKWUTEILHBEIN OTBET, HO TEM HE MEHee CBEPTKA IIpU
cTeke S u odepenHoMm cuMBoge Next meBosmoxkua. B LR(1)-moaxoze sToT
HEJOCTATOK yCTPAHACTCA.

LR(1)-noaxox cocTouT BOT B 46M: BCE HAIIU ONPEIEIEHU U YTBEPXK 16
HUA MOAUDUIUPYIOTCA TaK, YTOOBl yIeCTb, KAKOU CHMBOJ CTOUT CIIPABA
OT Pa3BOPAYUBAEMOI0O HeTepMuHaua (APyruMU CJI0BaMu, deMy paseH Next
pU CBEPTKE).

IIycts K — U — OZHO M3 MpaBWJI IPAMMATUKY, 8 t — HEKOTODPHIA Tep-
MUHaJ niam cunencuMsBoJ EOT (KOTOprﬁ MBI TOMBICIUBAEM B KOHIE BXO[-
Horo caosa). Onpegeaum MHOX)ecTBO JleBKonT(K — U, t) Kak MHOXeCTBO
BCEX CJIOB, KOTOPBIE SABJIAIOTCA COLEPKUMBIM CTEKA HEIOCPEICTBEHHO IIe-
pen ceéprrou U B K B xo1¢ ycmemuoro LR-miporecca, mpu yerosun Next = t
(B MOMEHT CBEDPTKH).

Eciu or6pocuts y Beex ciaos u3 JleBKout(K — U) ux xoren U, TO moIy-
YUTCS MHOXKECTBO BCEX CJIOB, KOTOPBIE MOI'YT OABUTHCSA B IPABBLIX BHIBOJAX
nepej HeTepMuHAIOM K, 32 KOTOPBIM CTOMT CUMBOJ t. DTO MHOXKECTBO (HE
3aBUCAIIEE OT TOrO, Kakoe u3 mpasuia K — U 111 HeTepMuHATIA K BLIGPAHO)
MBI Gy em o603HaIaTh JleB(K, t).

16.4.1. Hanumwre rpaMMaTuKy s DOPOXKAeHUA MHOXKeCTB JleB(K, t).

Pemenue. Eé merepuunanamu 6yayt cumsoasr (JlesK t) mmsa kaxmoro
HeTepMuHaua K u A Kaxjgoro repmuHana t (a takxke mas t = E0I). Eé
mpaBuia TakoBbl. IlycTh P — Hava/bHBIA HeTepMUHAJI MCXOJHOU IpaMMa-
tuku. Torga B HOBOUM TpaMMaTHUKe OyIeT TPaBUIO

(lleBP EOI) — (mycToe cioBo).

Kax 10e mpaBmio uCXoJHOU MPaMMATUKY MOPOXK JAET HECKOILKO TTPABUT HO-
Bou. Hampuwmep, ma mpaBuia

K— LuMN

(L, M, N — HeTepMUHAJEL, U — TEPMUHAI) B HOBYI MPDAMMATHUKY MBI 4O0a-
BUM IIDaBUJIA
(JleBL u) — (lleBK x)
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(m1a BCEX TEPMUHAJIOB X);
(lleBM s) — (JleeK y) Lu

(@1 Bcex s, KOTOpBIE MOI'YT HAYUHATH CJAOBA, BBIBOAUMEBIE w3 N, u s
BCEX ¥, a TAKXKe U5l BCEX Hap S =y, ecau u3 N BBIBOAUMO ILyCTOE CJIOBO);

(JleBN s) — (JleBK s) LuM

(@1 BCEX T€PMUHAJIOB S). O
16.4.2. Kaxk meHseTcs ompeeneHne CUTYaIuu’

Pemenwe. Curyanuen Ha3bIBACTCS mapa

[cuTyanus B cTapoM CMBICIE, TepMUHAT 1 E0I] d

16.4.3. Kak usmeHnuTCsa onpeneneHue COracOBAHHOCTH?!

Pemenue. C10BO S M3 TepMUHAJIOB ¥ HETEPMUHAJIOB COIVIACOBAHO C CHU-
ryauuent [K — UV, t] (3gece t — repmunaa wau E0I), eciu S KOHYIAeTCs
Ha U, To ectb S = TU, u, kpome Toro, T npunaniexut Jes(K,t). O

16.4.4. KakoBbl npaBmia s WHIYKTABHOT'O BBIMHUCJACHUsS MHOXKECTBA
Cocr(S) cuTyanun, CONIACOBAHHBIX C JAHHBIM CIOBOM S7

OTBer.

(1) Ecam cioso S coruacoBano ¢ curyauuen [K — UV, t], npuuém
caoBo V HaumHaercsa Ha OykBy J, To ectb V = JW, TO ciaoBo SJ
cormacoBaHo ¢ curyamuen [K — UJW, t].

OTO MPABWIO HOJHOCTBIO ONPEIEJSIET BCE CUTYALUU C HEIyCTOU JEBOU
TIOJIOBUHOU (TO €CTh HE HAYUHAIOIINECA C TMOTIEPKUBAHUA), COTVIACOBAHHBIC
¢ 8J. Ocranoch onmpenenuTs, 11 KAKUX HeTEPMUHAIOB K U TEepMUHAJIOB t
caoBo SJ npunammexut Jles(K,t). DTO gesaeTcs mO OBYM IpaBUJIaM:

(2) Eciu curyanus [L — U_V, t] cornacosana ¢ SJ (coryacHo npasu-
ay (1)), a V HauunaeTcsa Ha HeTepMuHaa K, To SJ npuHAIIeKUT
JleB(K, s) m1a BCeX TEPMUHAJOB S, KOTOPHIE MOLYT HAYUHATD
cJa0Ba, BeIBoAuMbIe u3 caoBa V \ K (caoBo V 6e3 nepson Oykset K),
a Takxke qad s =t, ecou u3 V \ K BBIBOAUTCA MyCTOE CJIOBO.

(3) Ecaz SJ Bxogur B JleB(L,t) g1 HexkoTopelx L u t, mpuuém
L -V — mpaBuno rpaMMaTuku u V HAQUUHAETCA HA HETEPMU-
uax K, To SJ npunagaexut Jles(K,s) 111 BCeX TEPMUHAIOB S,
KOTOpLIE MOI'yT HAUMHATH CI0Ba, BeiBoguMble u3 V \ K, a Takxke
st s =t, eci 13 V \ K BBIBOAUTCA IIyCTOE CJAOBO. O
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16.4.5. danre onpegenenne LR(1)-koudaukToB Tuna cisur/cBéprKka n
ceBépTKa/CcBEpTKA.

Pemenne. [Iycts nana HexkoTopas rpaMmaTuka. IlycTs S — mpousBoIb-
HOE CJIOBO M3 TepMUHAJIOB U HeTepMuHaIoB. Ecin muoxecrBo Cocr(S) co-
IEPEKUT CATYALMIO, B KOTOPOU CHPaBa OT HOAIEPKWBAHUA CTOMT TEPMU-
HAJI t, TO FOBOPAT, ITO A4 Hapsl (S, t) Bo3MOxKeH caBur. (DTOo onpeeseHne
He U3MeHWIOCh mo cpasHeHmio ¢ SLR(1)-ciyuaeM — BTOpBIE KOMIOHEHTHI
nap u3 Coct(S) HE yIUTHIBAIOTCA. )

Ecmu B Cocr(S) ecth cuTyamnus, B KOTOPOH CIpaBa OT MOAYEPKUBAHUSA
HUYErO HET, 4 BTOPBIM <WIEHOM HAPHl ABIAETCA TEPMHUHAT t, TO TOBOPAT,
yro mis mapel (S,t) LR(1)-603mosxcna ceépmra (mo coorBercrByOmeMy
npasmiy). FoBopaT, 9To g1a mapsl (S, t) BosuuxaeT LR(1)-kondaurm muna
cdeue/ceépmuxa, €CIM BO3SMOXKHEL U CABUT, 1 CBEpTKA. [0BOPAT, 9TO 015 ma-
pst (S, t) Bosrukaer LR(1)-kondaurm muna ceépmxa/ceépmra, ecin ecThb
HECKOJBKO IIPABWI, IO KOTOPBIM BO3MOXKHA CBEPTKA. O

I'pammaTuka HaswBaerca LR(1)-epammamurot, eciu B e et LR(1)-
KOH(IMKTOB TUNA CABUr/CBEPTKA U CBEPTKA/CBEPTKA HU A/ OJLHOU HapHL
(S,t).

16.4.6. TlocTponTe aaropuT™M MPOBEPKHU BHIBOAUMOCTH c10Ba B LR(1)-
IpaMMaTHuKe.

Pemenne. Kax u panrpie, Ha xkax oM mare LR-mponecca Mox)HO 01HO-
3HAYHO OMPENENUTh, KAKOU IIar TOJILKO U MOXKET OBITH CJEIYIOIINM. ([

Monesno (B wactrocru, gus LALR(1)-pasbopa, cM. HuXKe) MOHATH, KAk
ceasansl nouaTus LR(0) u LR(1)-coracoBarnocTn.

16.4.7. CdopmyaupyuTe u JOKAXKUTE COOTBETCTBYIOIIEE YTBEPIK ICHUE.

Otger. Ilycrs QukcupoBana HekoTOpas rpammaruka. Ciaoso S us Tep-
muHAI0B m HeTepmuHanoB aBmiercs LR(0)-cormacoBamubiM ¢ curyanmen
K — UV Ttorga m Tombko Torga, korga ouo LR(1)-cormacoBano ¢ mapoun
[K — UV, t] gna HekoToporo TepmuHaia t (wim mas t = EOI). To xe camoe
apyrumu caoBamu: JleB(K) ects oobexunenue Jles(K,t) mo Bcem t. B mo-
caeaHen (popMe STO COBCEM ACHO. O

3amedanue. Takum o6paszom, dyukius Cocr(S) B LR(1)-cmbicae aBis-
erca pacmmpenuem ynkimm Cocr(S) 8 LR(0)-cmercae: Cocrpr o) (S) momy-
waerca u3 CocTpr(y)(S), ecm BO Bcex mapax BHIGPOCHTH BTODHIE “ICHHI.

Teneps Mbl MOxeM garh onpegenenue LALR(1)-rpammaruku. IlycTs
dukcupoBaHa HEKOTOPAA 'PAMMATHUKA, S — CJIOBO U3 HETEPMUHAJIOB U TEP-
MUHAJIOB, t — HeKoTopbi Tepmunal (uiu E0I). Bygem rosoputs, 9To mis
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napst (S,t) LALR(1)-603moocha ceépmia no nexomopomy npasuay, eCin
cymecTByeT apyroe cioso Sy ¢ CocTyg(g)(So) = CocTrr(o)(S1), mpuaénm ara
mapsl (Sq1,t) LR(1)-Bo3aMOxkHA CBEPTKA MO pacCMaTPUBAEMOMY IIDABUILY.
Hanee onpenenaioTcs KOHPIUKTHL (6CTECTBEHHBIM 00Pa30M), U TPAMMATH-
ka HasweBaercsi LALR(1)-epammamurot, eciu KOHOIUKTOB HET.

16.4.8. [okaxure, 9To m0basa SLR(1)-rpaMMaTuka ABISETCA TAKKE U
LALR(1)-rpammarukon, a mo6as LALR(1)-rpammaTuka ABIAETCA TAKXKe
u LR(1)-rpammaruxon.

[Ykazauue. 9T0 — mpoCTOe ClIeICTBUE ONpeIeIeHu . ] O

16.4.9. Iocrpoure amropurm nposepku seBogumoctu B LALR(1)-
rPAMMATUKE, KOTOPLI XPAHAT B CTEKE MEHBIIE MHMPOPMAIUM, YeM COOT-
Bercreyomun LR(1)-arropurm.

[Ykasanue. [locTaTodso xpaHuTh B cTeke MHOkecTBa CocTpgr(o)(S),
mOCKOIBKY cortacHo onpegenennio LALR(1)-Bo3aMoxHOCTE CBEDPTKEM MMU
onpenemaerca. (Tax aro cam arropurm Hraem e oramaaercs ot SLR(1)-
cIydas, KpoMe TabIuIbl BOBMOXKHEIX CBEPTOK. )] O

16.4.10. Ipuseaure npumep LALR(1)-rpaMmaTuxu, KOTOpas HE SBJS-
ercsa SLR(1)-rpaMmarukon. O

16.4.11. Hpuseaure npumep LR(1)-rpaMmmaruxu, KOTOpas He ABIAETCA
LALR(1)-rpaMMaTuKOn. O

16.5. O6wme 3ameyaHmnsi 0 pa3Hbix MeToAax pa3bopa

[IpumeneHue >TUX METOLOB HA IPAKTUKE MMEET CBOU XUTPOCTU U TOH-
KOCTH, KOTOPHIX MBI He Kacanuch. (Hampumep, Tabmuusl caegyeT XpaHuThb
[0 BO3MOXKHOCTH DKOHOMHO.) 1acTO OKa3bIBa€TCsA TAKKe, ITO [ HEKO-
TOPOr'0 BXOAHOI'O A3BIKA HAMOOJIE€ eCTECTBEHHAA IPAMMATHUKA HE SIBJSETCA
LL(1)-rpammaTuxon, Ho sasmsercs LR(1)-rpammaTuxon, a Takke MOXeT
OniTh 3amenena Ha LL(1)-rpaMvaTuxy 6e3 maMeHeHUs A3bIKa. Kakou u3
STUX BapUAHTOB BHIOpATH, He Bcerga sAcHO. [uneranTckuu coeet: ecau Bur
CaMU MPOEKTUPYETE BXOMHOU SA3LIK, TO HE CJAEAYeT BBINEH IPUBATHCA U YIIO-
TPeOIATH OJHU U TE K€ CUMBOJBL /IS PA3HBIX LEJIEeN — U TOr g3 OOBITHO He-
ca0xkHO HamucaTh LL(1)-rpaMMaTuKy nim pexkypCUBHBIA aHATu3aTop. Ecau
K€ BXOIHOU A3BIK 3aJaH 3apanee ¢ nomombio LR(1)-rpamMaTuku, He ABILA-
romencsa LL(1)-rpaMmvaTuxon, To dydime €€ He TPOraTh, a pa3buparh Kak
ectb. IIpu 5TOM MOr'yT OKa3aTbCsA MOJE3HBIE CPEICTBA ABTOMATUYECKOI'O
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MOPOXK I€HNA AHATU3ATOPOB, HAMOOIEE U3BECTHLIMU M3 KOTOPHIX SABJSIOTCSA
yacc (UNIX) u bison (GNU).

Bosbimoe KOIM4ecTBO MOJE3HOM M XOPOILIO M3JOXKEHHON MH(MOPMALNY
0 TEOpMH U NPAKTWKE CHHTAKCUIECKOro pasbopa mMeeTcsa B KHure Axo,
Ceru u YiapMaza (CM. CIMCOK KHUD' 1/ 9TCHUA).
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